
Chapter 5
Zorn�s Lemma and its Applications

In this chapter we introduce the principal tool for dealing with in�nite preordered sets,
namely, Zorn�s Lemma, and several of its equivalent formulations. We begin our work
by examining some relatively straightforward implications of the Axiom of Choice for
order theory and looking at a few chain conditions for preordered sets. Then, we invoke
the Bourbaki-Witt Theorem (of Chapter 1) to deduce the Hausdor¤Maximal Principle
and Zorn�s Lemma from the Axiom of Choice. (That the Axiom of Choice is equivalent
to either of these results is established in the form of an exercise.) In turn, we showcase
the power of these results by means of several applications to topology, graph theory,
linear analysis and optimization theory. Finally, we obtain another (equivalent) pillar of
set theory, namely, the Well-Ordering Theorem, and introduce the ordinal numbers and
several set decomposition principles (as these will later be used to establish an essential
characterization of chain-complete posets).

1 Chains and Antichains, Again

1.1 Chains and Antichains of an In�nite Poset

Before we proceed to the substance of this chapter, we wish to consider an immediate
application of the Axiom of Choice to order theory, illustrating, again, the implicit use of
this axiom in practice. In Section 6.4 of Chapter 1 we have proved that either the height
or the width of every in�nite poset must be in�nite, and this, without using the Axiom
of Choice. By using the Axiom of Choice, on the other hand, we may sharpen this result
as follows: Every in�nite poset has either an in�nite chain or an in�nite antichain.
First, a generalization of Proposition 6.1 of Chapter 1:

Lemma 1.1.1. Let (X;%) be a preordered set such that there is no in�nite subset S of
X any two of its elements of which are %-comparable. Then, there exist a %-minimal
and a %-maximal element in X:

The idea here is that if there is no %-maximal element of X; then for an arbitrarily
chosen x1 in X; there has to exist an x2 2 X with x2 � x1 because x1 is not %-maximal
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in X: But x2 is not %-maximal in X either, so there must be some x3 in X with x3 � x2:
Continuing this way, we obtain a sequence (xm) in X such that � � � � x2 � x1; so
fx1; x2; :::g is an in�nite S any two of its elements of which are %-comparable. This
reasoning is �ne, and we shall indeed use such arguments routinely elsewhere in the
text. But, for the moment, we would like to make it transparent that it is the Axiom of
Choice that validates our reasoning. The following proof does just that.

Proof of Lemma 1.1.1. The argument is analogous to the one we gave in Example
1.1.1 of the preceding Interlude. Let A stand for the collection of all nonempty subsets
of X; and use the Axiom of Choice to �nd a map f : A ! X with f(A) 2 A for each
A in A: Assume there does not exist a %-maximal element of X: Then, "x 6= ; for each
x 2 X: Pick any x1 in X; and de�ne xm+1 := f("xm) for every positive integer m: Then,
fx1; x2; :::g is an in�nite subset S ofX any two of its elements of which are %-comparable

We can now establish our main result easily. To wit: Every in�nite poset is either
in�nitely tall or in�nitely wide.

Proposition 1.1.2. Let (X;<) be a poset with jXj = 1: Then, there is an in�nite
subset of X which is either a <-chain or an <-antichain.

Proof. If there exist in�nitely many elements of X with the same �nite <-rank, then,
the collection of those elements is an <-antichain, and we are done. Consequently, we
assume, instead,

��r�1< (k)�� < 1 for every positive integer k: As X is in�nite, then, for
every positive integer k, there is an element y of X such that r<(y) > k:
Suppose X does not contain an in�nite <-chain. Then, by Lemma 1.1.1, there must

exist a <-minimal element y1 of X: As there are no in�nite <-chains in y"1; we can use
this lemma again to �nd a <-maximal element x1 of X such that x1 < y1: Next, we pick
any element y2 of X with r<(y2) > r<(x1): As there are no in�nite <-chains in X; there
must be a <-maximal element x2 of X such that x2 < y2 (Lemma 1.1.1). Continuing this
way, which is, again, justi�ed by the Axiom of Choice, we �nd an in�nite set fx1; x2; :::g
of <-maximal elements of X: Obviously, this set is an in�nite <-antichain in X:

1.2 Chain Conditions for Preordered Sets

Certain in�nite preordered sets mimic the behavior of �nite preordered sets closely,
at least insofar as their extrema are concerned. We next introduce two properties for
(in�nite) preordered sets that are very useful in identifying such situations.

De�nition. Let (X;%) be a preordered set. We say that (X;%) satis�es the ascending
chain condition (ACC) if for any sequence (xm) in X with � � � % x2 % x1; there is a
positive integer m such that xm � xm+1 � � � �: Dually, we say that (X;%) satis�es the
descending chain condition (DCC) if (X;-) satis�es the ascending chain condition
(ACC).
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Let (X;%) be a preordered set and consider the poset (X=�;<) induced by (X;%):
(Recall that we have [x]� < [y]� i¤ x % y here.) Clearly, (X;%) satis�es both ACC and
DCC if (X=�;<) is of �nite height. Thus, each of these properties is a relaxation of the
��nite height�condition that we have invoked numerous times in the previous chapters.
In fact, as we shall see, in many of the results we have derived under this condition,
we could do as well with either ACC or DCC or both (but this, thanks to the Axiom
of Choice). A primary example of this concerns the existence of extrema in preordered
sets. We know that every nonempty set in a preordered set that induces a poset of �nite
height has a maximal element. In fact, not only that the ��nite height�condition can
be replaced with ACC here, but this is actually the best that one can do in this regard.
Put precisely:

Proposition 1.2.1. A preordered set (X;%) satis�es ACC i¤ MAX(S;%) 6= ; for every
nonempty subset S of X:

Proof. The argument for the �only if�part of this claim is alreasy contained in the proof
of Lemma 1.1.1. to see its �if�part, assume that MAX(S;%) 6= ; for every nonempty
S � X: Then, pick any sequence (xm) with � � � % x2 % x1 and set S := fx1; x2; :::g:
By hypothesis, there is a positive integer m with xm 2 MAX(S;%): Clearly, we have
xm � xm+1 � � � �.

A few consequences of this result, and the method of replacing �niteness by a suitable
chain condition ,are explored in the following set of exercises.

Exercises
1.2.1. Let (X;<) be an in�nite poset. Show that if there is no in�nite <-antichain in X, we can �nd
a sequence (xm) in X such that either � � � � x2 � x1 or x1 � x2 � � � �.

1.2.2. Show that a poset (X;<) satis�es both ACC and DCC i¤ there are no in�nite <-chains in X:
1.2.3. Prove: If (X;<) is a lattice and there are no in�nite <-chains in X; then (X;<) is a complete
lattice.

1.2.4. (Diener) Let R be a binary relation on a nonempty setX such that every sequence (xm) inX with
� � �Rx2Rx1 is eventually constant. Prove that every sequence (xm) in X with � � � tran(R)x2 tran(R)x1
is eventually constant as well.

1.2.5. Let (X;<) be a distributive lattice that satis�es DCC, and take any two elements x and y of X
such that y < x is false. Show that there is a

W
-irreducible element z of X such that x < z holds but

y < z does not.
1.2.6. (A Generalization of the Birkho¤ Isomorphism Theorem) Prove that any distributive
lattice that satis�es DCC is order-isomorphic to a lattice of sets.

1.2.7. Let (X;<) be a distributive lattice that satis�es DCC, and x an element of X: Prove that there
is a unique subset S of J(X;<) such that x =

W
S and x 6=

W
T for any proper subset T of S: (Compare

with the Kurosh-Ore Theorem.)
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2 The Hausdor¤Maximal Principle

The discussion above shows that, despite its innocent appearence, the Axiom of Choice
is a surprisingly powerful property that leads to many profound results in a myriad of
branches of mathematics. In this section we shall derive the �rst such consequence of this
axiom in the context of order theory. In particular, we will combine the powers of the
Axiom of Choice and the Bourbaki-Witt Theorem to prove that every chain-complete
poset has a maximal element. One can then easily deduce that every chain in poset is
contained in a �-maximal chain in that poset. This is one of the main pillars of order
theory.

Lemma 2.1. Every chain-complete poset has a maximal element.

Proof. Let (X;<) be a chain-complete poset, and to derive a contradiction, assume that
MAX(S;<) = ;: Then, we have "x 6= ; for each x in X: So, by the Axiom of Choice,
there exists a map f : X ! X such that f(x) 2 "x for every x in X: As f(x) � x; we
have f(x) 6= x; for every x 2 X; but this contradicts the Bourbaki-Witt Theorem.

And follows the main course:

Theorem 2.2. Let (X;<) be a poset, and Y a <-chain in X: Then, there exists a
�-maximal <-chain in X that contains Y .

Proof. Let CY be the collection of all <-chains in X that contain Y . We have seen in
Example 8.3.6 of Chapter 1 that (CY ;�) is a chain-complete poset. Then, by Lemma
2.1, CY has a �-maximal element.

Taking Y to be any singleton subset of X in Theorem 2.2, we obtain the following
important result, which has appeared �rst in the famous 1914 treatise of Felix Hausdor¤
on set theory.

The Hausdor¤ Maximal Principle. There exists a �-maximal chain in every poset.

In fact, the Hausdor¤Maximal Principle is equivalent to the Axiom of Choice (given
the standard axioms of set theory). We leave proving this statement as an exercise.

Exercises
2.1. Prove that the Hausdor¤ Maximal Principle implies the Axiom of Choice.

Hint. Take any nonempty set X; and consider the set

F := ff 2 XS : S � 2Xnf;g and f(S) 2 S for every S 2 Sg:

Order the members of F by extension, and apply the Hausdor¤ Maximal Principle to the resulting
poset.

2.2. (The Kurepa Maximal Principle) Prove that there exists a �-maximal antichain in every poset.
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2.3. The kernel of a poset (X;<) is the set

ker(X;<) := fx 2 X : x is <-comparable to every y 2 Xg:
Use the the Hausdor¤Maximal Principle to show that ker(X;<) equals the intersection of all �-maximal
<-chains in (X;<):

3 An Application to Optimization Theory

We have seen in Section 1.2 that every preordered set without an in�nite chain contains
a maximal and a minimal element. Now that we have added the Hausdor¤ Maximal
Principle in our arsenal, we may get far less trivial facts about the existence of maximal
and minimal elements. In practice, such existence problems are often solved by im-
posing some topological structure, such as compactness and continuity, on the involved
preordered sets. After reviewing some continuity notions for preorders, we will present
a useful way of doing precisely this in the present section.

3.1 Continuity of Preorders

There are many interesting notions of continuity that can be imposed on a preorder that
is de�ned on a topological space. The following de�nitions catalogue the most commonly
used properties in this regard.

De�nition. Let X be a topological space, and % a preorder on X: We say that % is
upper semicontinuous if x" is a closed set for every x in X: Similarly, % is lower
semicontinuous if x# is a closed set for every x in X: If % is both upper and lower
semicontinuous, we say that it is continuous.

Note.Motivation for this terminology comes from of the theory of utility representation (Chapter
9). Suppose % is a preorder on a topological space X such that there is an upper (lower)
semicontinuous real map f on X with x % y i¤ f(x) � f(y) for every x and y in X: Then, per
force, % is upper (lower) semicontinuous.

Note. % is an upper semicontinuous preorder on a topological space i¤- is lower semicontinuous
preorder on that space:

Unless it is complete, continuity of a preorder on a topological space, that is, the
closedness of its principal ideals and �lters, is not enough to ensure that the preorder
itself is closed. In many applications, it is the latter property that one needs, so we give
it a name here.

De�nition. Let X be a topological space, and % a preorder on X: If % is a closed subset
of X �X (under the product topology), we say that it is closed-continuous.

In the case where X is a topological space with a countable basis, such as a metric
space, we can characterize these notions by means of convergent sequences. For instance,
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a preorder % on such a topological space X is upper semicontinuous i¤, for every x 2 X
and every convergent sequence (xm) in X,

limxm % x whenever xm % x for each m = 1; 2; ::::

Similarly, % is closed-continuous i¤, for every convergent sequences (xm) and (ym) in X,

limxm % lim ym whenever xm % ym for each m = 1; 2; ::::

This way of looking at things also makes it transparent why these properties can actually
be viewed as �continuity�properties for a preorder.
Obviously, the notion of closed-continuity of a preorder implies that of continuity.

However, a closed-continuous preorder on a topological space need not be continuous,
unless it is complete. Yet, as the discrepancy between these two notions is mostly a
technical matter, in most applications it is typical to work with closed-continuity.

Note. The term �closed-continuity� is �tting, but not at all standard. Some authors refer to
this notion simply as �continuity.�

3.2 Existence of Maximal Elements

The following is a fundamental theorem that says that any upper semicontinuous pre-
order on a compact topological space can be maximized, provided that by �maximized�
we understand ��nding a maximal element with respect to that preorder.�This con-
stitutes a major generalization of the Baire Maximum Value Theorem on the existence
of maxima for a upper semicontinuous real function de�ned on a compact topological
space.

Theorem 3.2.1. Let X be a compact topological space, and % an upper semicontinuous
preorder on X: Then,

MAX(X;%) 6= ;:

Proof. De�ne the binary relation D on X by

x D y i¤ x � y or x = y:

Then, (X;D) is a poset. So, by the Hausdor¤ Maximal Principle, there exists a �-
maximal D-chain in X; say, S:
We claim that fx" : x 2 Sg has the �nite intersection property. Indeed, suppose T

is a nonempty �nite subset of S: As T is a �nite D-chain in X; it has a D-maximum,
say, x�. Clearly, x� belongs to x" for each x in T; that is,

T
fx" : x 2 Tg 6= ;:

Given that % is upper semicontinuous, fx" : x 2 Sg is thus seen to be a collection of
closed subsets of X with the �nite intersection property. As X is compact, therefore,\

fx" : x 2 Sg 6= ;:
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(See Proposition 1.5.5 of the Appendix). It follows that there exists an element x� in X
such that x� % S: But then x� must be %-maximal in X: For, otherwise, there would
exist an element y of XnS with y � x�; and hence S [ fyg would be a D-chain in X;
contradicting the �-maximality of S:

Note. The corresponding version of Theorem 3.2.1 for minimal elements is readily obtained by
applying this result to (X;-). That is: MIN(X;%) 6= ; for any compact topological space X
and any lower semicontinuous preorder % on X:

When the underlying preorder have additional properties, we can deduce the exis-
tence of maximum elements from this result. For instance:

Corollary 3.2.2. Let X be a compact topological space, and % an upper semicontinuous
complete preorder on X: Then, max(X;%) is a nonempty and closed subset of X:

Proof. Note that
max(X;%) =

\
fx" : x 2 Xg:

Because the intersection of a collection of closed sets is closed, therefore, max(S;%) is
closed. It is nonempty by Theorem 3.2.1 and completeness of %.

Remark. The Baire Maximum Value Theorem �see Section 1.8 of the Appendix �is
a special case of Corollary 3.2.2. Indeed, if f is an upper semicontinuous real function
on a compact topological space X; then, applying Corollary 3.2.2 to the preorder % on
X, de�ned by x % y i¤ f(x) � f(y); we see that there is an element x� in X with
f(x�) � f(x) for every x 2 X:

Another instance where we can deduce the existence of a maximum element form
the existence of maximal elements obtains when the preorder at hand is a lattice order.

Corollary 3.2.3. Let X be a compact topological space, and < an upper semicontinuous
partial order on X: If (X;<) is a lattice, then there is a <-maximum element in X:

Proof. Assume that (X;<) is a lattice. By Theorem 3.2.1, there is a <-maximal element
in X; say x�: Now, take an arbitrary x in X: As (X;<) is a lattice, x _ x� exists. But
we obviously have x _ x� < x�; while by <-maximality of x� in X; this can hold only if
x� = x _ x�: Conclusion: x� < X:

Applying this corollary to (X;<) and (X;4) jointly, and recalling that every topo-
logical lattice is a topological poset, we �nd:

Corollary 3.2.4. Every compact topological lattice is (order-)bounded.

Theorem 3.2.1 is but only one representative of many theorems that provide su¢ -
cient (topological) conditions for the existence of maximal elements of a preordered set.
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However, most of such results are proved by a method similar to the one we used for
Theorem 3.2.1. The following result, in which we relax transitivity to acyclicity (Ex-
ercise 1.3 of Chapter 1) and alter the closed-continuity requirement, provides a good
illustration. Other examples are provided in the exercises below.

The Bergstrom-Walker Theorem. Let X be a compact topological space, and % a
re�exive and acyclic binary relation on X such that #x is open for every x in X: Then,

MAX(X;%) 6= ;:

We leave the proof of this result as an exercise.

Note. There is a simple converse to the Bergstrom-Walker Theorem. Suppose X is a nonempty
set, and % a re�exive and acyclic binary relation on X such thatMAX(X;%) 6= ;: Then, there
is a topology on X such that X is compact and #x is open in X for each x 2 X: To see this,
pick any %-maximal x� in X; and consider the collection of ;; X; and all subsets of X that does
not contain x�: It is easily checked that this is a topology on X: Furthermore, relative to this
topology, X is compact because any open cover of X must include X itself, while any #x is open
because this set does not contain x�:

3.3 Application: Revealed Preference Theory

Let (X; d) be a metric space and k(X) the collection of all nonempty compact subsets
of X: In this section we interpret an element of k(X) as a choice problem from which
an alternative needs to be chosen by an individual.
A choice correspondence on k(X) is de�ned as any correspondence C : k(X)� X

such that
C(S) � S for every S 2 k(X):

(We have C(S) 6= ; here because, in our terminology, a correspondence is necessarily
nonempty-valued.) Given a choice correspondence C; the set C(S) �called the choice
set for the problem S �is interpreted in decision theory as the collection of all alterna-
tives the individual (whose choice behavior is modeled through C) may be observed to
choose when confronted with the choice problem S:

Note. For any nonempty �nite set X; a nice combinatorial problem is to determine the number
of distinct choice correspondences on 2Xnf;g: (Answer is:

Qn
i=1(2

i � 1)ci , where n := jXj and

ci :=

�
n

i

�
for each i 2 [n]:

The revealed preference theory is built upon imposing certain consistency conditions
on a choice correspondence, and then using these conditions to uncover the actual choice
procedure that the involved agent uses. (The upshot here is that C is observable, but
the choice procedure of the agent is not.) The most well-known condition in this regard
is the following postulate:
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Weak Axiom of Revealed Preference (WARP). For every T and S in k(X) with
T � S; we have

C(T ) = C(S) \ T;
provided that C(S) \ T 6= ;:

This property brings two basic tenets of rational decision-making together. First, it
implies that if an agent has chosen x from the set S (thereby declaring x to be a �best�
in the context of the larger problem S); then she would choose x from a subset T of
S as well, provided that x is still available in T: Second, WARP says that if an agent
deemed two alternatives x and y �choosable�from a problem T (thereby declaring x and
y �equally good�); and viewed one of these alternatives, say y; �choosable�in a larger
problem S; then she would deem x choosable from S as well. That is, WARP implies
the following two �rationality�postulates.

�-Axiom. For every T and S in k(X) with T � S; if x 2 C(S) and x 2 T; then
x 2 C(T ):

�-Axiom. For every T and S in k(X) with T � S; if x; y 2 C(T ) and y 2 C(S); then
x 2 C(S):

Conversely, it is easily checked that �- and �-Axioms jointly imply WARP.
In contexts where X is not �nite, WARP is often combined with a continuity condi-

tion, such as the following:

Continuity (C). C has a closed-graph (with respect to the Hausdor¤ metric on k(X)
induced by d). That is, for any S; S1; S2; ::: in k(X) and any x; x1; x2; ::: in S such that

Sm !H S; xm ! x and xm 2 C(Sm) for every m = 1; 2; :::; (1)

we have x 2 C(S):1

The following is an important result of revealed preference theory that identi�es those
choice correspondences that are consistent with WARP and C. Put precisely, this result
shows that any such choice correspondence can be viewed �as if�the involved agent has
a continuous and complete preference relation over the set of all alternatives, and she
chooses from any given problem those prospects that maximize her preference relation.
(Corollary 3.2.3 ensures that this is a well-de�ned choice procedure.)

The Fundamental Theorem of Revealed Preference. Let (X; d) be a metric space,
and C a function from k(X) into 2X : Then, C is a choice correspondence on k(X) that

1See Section 3.2 of Appendix for a review of the Hausdor¤ metric and its basic properties.
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satis�es WARP and C if, and only if, there exists a (unique) continuous and complete
preference relation % on X such that

C(S) = max(S;%) for every S 2 k(X): (2)

Proof. Let C be a choice correspondence on k(X) that satis�es WARP and C. We
de�ne the binary relation % on X as

x % y i¤ x 2 Cfx; yg:

This relation is obviously complete (and hence re�exive). To see that it is transitive as
well, take any three elements x; y and z in X with x % y % z: If y 2 Cfx; y; zg; then
y 2 Cfx; yg by the �-Axiom, so, as x 2 Cfx; yg (because x % y), we get x 2 Cfx; y; zg
by the �-Axiom. If, on the other hand, z 2 Cfx; y; zg; then precisely the same reasoning
would yield y 2 Cfx; y; zg; and applying what we have just shown, we would again �nd
x 2 Cfx; y; zg: It follows that, in all contingencies, we have x 2 Cfx; y; zg: But then, by
the �-Axiom, we �nd x % z; establishing the transitivity of %. Finally, if (xm) and (ym)
are two sequences in X such that xm ! x and ym ! y; we have fxm; ymg !H fx; yg;
and hence, if xm % ym; that is, xm 2 Cfxm; ymg; for each m; property C ensures that
x 2 Cfx; yg; that is, x % y: Conclusion: % is a continuous and complete preference
relation on X:
Now take any S 2 k(X): If x 2 C(S); then, for every y 2 S; we have x 2 Cfx; yg;

that is, x % y; by the �-Axiom, so we may conclude that C(S) � max(S;%): To prove
the converse containment, suppose x is a %-maximum element of S: Pick any y 2 C(S);
and note that y 2 Cfx; yg by the �-Axiom. But we have x % y by the choice of x; and
therefore, fx; yg = Cfx; yg: Applying the �-Axiom, then, we �nd x 2 C(S); establishing
that C(S) � max(S;%); as we sought.
Conversely, suppose C is such that there exists a continuous and complete preference

relation % on X such that (2) holds. By Corollary 3.2.3, max(S;%) is a nonempty set
for each S in k(X); so C is a choice correspondence on k(X): It is easy to check that C
satis�es WARP, so we are left with the task of establishing that C has a closed-graph.
To this end, take any S; S1; S2; ::: in k(X) and any x; x1; x2; ::: in S such that (1) holds.
Let y be an element of C(S): We wish to show that x % y: Since Sm !H S; we can
use the Axiom of Countable Choice to �nd a sequence that converges to y by taking
one element from each Sm: Indeed, as each Sm is compact, and d(�; y) is a continuous
function, there exists a ym in Sm such that d(y; ym) = d(y; Sm); while

d(y; Sm) � dH(S; Sm)! 0;

so that ym ! y: Yet, as xm 2 C(Sm); (2) entails xm % ym for each m: This, along with
the facts that xm ! x and ym ! y; imply x % y (because, as % is a continuous and
complete preorder, it is closed-continuous).

Exercises
3.1. Let X be a topological space, and % a preorder on X: Show that if % is closed-continuous, then
it is continuous, but the converse is false.
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3.2. Let X be a topological space, and % a complete preorder on X: Show that if % is continuous, then
it is closed-continuous.

3.3. Show that the Lorenz order (Exercise 5.3 of Chapter 1) is closed-continuous.

3.4. Consider the preorder de�ned on `1 by (xm) % (ym) i¤ there exists a positive integer M such
that xm � ym for each m �M: Prove or disprove: % is closed-continuous.
3.5. (The Catching Up Relation) Consider the metric space (R1; d) where

d((xm); (ym)) := min

(
1;

1X
i=1

jxi � yij
)
;

and de�ne the preorder % on R1 as

(xm) % (ym) i¤ lim inf
M!1

MX
i=1

(xi � yi) � 0:

Prove that % is closed-continuous.
3.6. (Schmeidler) Let X be a connected topological space and % a continuous preorder on X. Prove:
If "x and #x are open for every x in X; then % must be complete.
3.7. Let X be a compact Hausdor¤ topological space, and % a complete preorder on X such that for
every x and y in X with x � y; there is a z 2 X such that y lies outside cl(z"): Prove that max(X;%)
is a nonempty compact subset of X:

3.8. Prove the Bergstrom-Walker Theorem.

3.9. (Tian) Let X be a compact topological space, and % a re�exive and acyclic binary relation on X:
Then, there exists a %-maximal element in X, provided that for every x and y in X with x � y; there
is a z 2 X such that y 2 int(#z):

3.10. (Richter�s Theorem) Let X be a nonempty set and 
X a nonempty collection of nonempty subsets
of X. Let C : 
X � X be a correspondence such that C(S) � S for every S 2 
X ; and de�ne the
binary relation RC on X as x RC y i¤ (x; y) 2 C(S)� S for some S 2 
X : We say that C satis�es the
Congruence Axiom if, for every S 2 
X and x; y 2 S;

x 2 C(S) and y tran(RC) x imply y 2 C(S):

Prove that there exists a complete preorder % on X such that

C(S) = max(S;%) for every S 2 
X

i¤ C satis�es the Congruence Axiom.

3.11. (Eliaz-Ok) Let (X; d) be a metric space, and C a choice correspondence on k(X) that satis�es
the following property: For every S in k(X) and y 2 S; if for every x 2 C(S) there is a T 2 k(X) with
(x; y) 2 T � C(T ); then y 2 C(S):

a. We say that a preference relation % on X is regular if, for every x and y in X with x on y;
there is a z 2 X such that either x on z while y and z are �-comparable, or y on z while x and z are
�-comparable. Prove that there is a unique regular preference relation % on X such that

C(S) = MAX(S;%) for every S 2 k(X):

b. Under what conditions on C the preference relation found above would be upper semicontinuous?
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4 Zorn�s Lemma

Some of the most important consequences of the Axiom of Choice concerns the existence
of maximal elements in certain types of posets. In Lemma 2.1, for instance, we have seen
that every chain-complete poset has a maximal element. In this section, we will prove
a substantial generalization of this. We will show that for a poset to have a maximal
element, it is enough that every chain in that poset is bounded from above. Let us �rst
give a name to such posets.

De�nition. A poset (X;<) is said to be inductive if there is an <-upper bound for
every <-chain X.

Obviously, every chain-complete poset is inductive, while the converse is false. (For
instance, [0; 1] \Q is an inductive poset which is not chain-complete.)
The following is the most commonly used form of the Axiom of Choice in practice.

It was proved by Max Zorn in 1935.

Zorn�s Lemma. Every inductive poset has a maximal element.

Proof. Let (X;<) be an inductive poset. By the Hausdor¤ Maximal Principle, there
exists a �-maximal chain S in X: As (X;<) is inductive, these exists an x in X such
that x < S: Obviously, x belongs to MAX(X;<); for, otherwise, there would exist a y
in X with y � x; and hence S [fyg would be a <-chain in X; contradicting S being the
�-maximal chain in X:

As Lemma 2.1 implies the Hausdor¤ Maximal Principle, this argument shows that
Lemma 2.1 and Zorn�s Lemma are, in fact, equivalent statements. It is also easy to
verify that Zorn�s Lemma implies the Hausdor¤Maximal Principle (given the standard
axioms of set theory) �you are asked to prove this below. As we have already seen that
the latter is equivalent to the Axiom of Choice, we may conclude that Zorn�s Lemma is
indeed none other than a reformulation of the Axiom of Choice.
Here is an immediate application of Zorn�s Lemma to �xed point theory. We will

consider more substantial applications in the following section.

Application. (The Bourbaki-Kneser Theorem) Recall that the Bourbaki-Witt Theorem
says that if (X;<) is a chain-complete poset and f is a self-map onX such that f(x) < x
for every x 2 X; then f has a �xed point, that is, f(x�) = x� for some x� 2 X: We can
now easily show that the chain-completeness of (X;<) can be relaxed to inductiveness in
this statement. (This is often called theBourbaki-Kneser Theorem in the literature.)
Indeed, if (X;<) is inductive, Zorn�s Lemma entails that there is a <-maximal element,
say x�; in X: By hypothesis, f(x�) < x�: But, as x� is a <-maximal element in X; we
cannot have f(x�) � x�, and hence, f(x�) = x�.

12



Note. Recalling how hard we had to work to prove the Bourbaki-Witt Theorem in Chapter 1, it
is impossible not to appreciate the ease with which we can deduce from Zorn�s Lemma something
that is even more general than the Bourbaki-Witt Theorem. (The work we have done for the
latter result was not in vein, however. After all, we have deduced the Hausdor¤ Maximal Prin-
ciple above from the Bourbaki-Witt Theorem, and Zorn�s Lemma from the Hausdor¤ Maximal
Principle.)

Exercises
4.1. Let (X;<) be a poset such that the <-supremum of every <-chain in X exists. Prove: For any x
in X; there exists a <-maximal x� in X and a <-minimal x� in X such that x� < x < x�:
4.2. Prove that Zorn�s Lemma implies the Hausdor¤ Maximal Principle.

4.3. (Tukey�s Lemma) Let S be a nonempty collection of sets. We say that S has �nite character if
S 2 S i¤ every �nite subset of S belongs to S: Use Zorn�s Lemma to prove that if S has �nite character,
then it has a �-maximal element.

4.3. (Rado�s Selection Principle) Let X and I be arbitrary nonempty sets and let PX and PI stand
for the collection of all nonempty �nite subsets of X and I; respectively. Let F : I ! PX be a function
such that, for every J in PI ; there is a map fJ : I ! X such that fJ(j) 2 F (j) for each j 2 J: Prove
that there is a map f : I ! X such that (i) f(i) 2 F (i) for each i 2 I; and (ii) for every J in PI there
is a K in PI such that J � K and f jJ = fK jJ :

Hint. Let G stand for the set of all G : I ! PX such that (i) G(i) 2 F (i) for each i 2 I; and
(ii) for every J in PI there is a K in PI such that J � K and fK(j) 2 G(j) for all j 2 J: De�ne the
partial order < on G by G < H i¤G(i) � H(i) for all i 2 I; and use Zorn�s Lemma to �nd a <-minimal
element, say G; of G: Isn�t G single-valued?

5 Applications of Zorn�s Lemma

Zorn�s Lemma provides a method of extending inductive arguments to the realm of
in�nite sets (which may not even be countable). This is quite a powerful method, but
it is best appreciated when seen in action. To provide a sense of what sort of things one
can do with it, therefore, we shall consider in this section several examples of the use of
Zorn�s Lemma in contexts outside that of order theory.

5.1 Applications to Linear Analysis

Existence of Linear Bases

Every �nite-dimensional linear space X has a basis. This is proved by straightforward
induction. For, if X is trivial, there is nothing to prove. Otherwise, we pick an arbitrary
nonzero vector x inX: Then, eitherX is the linear span of fxg; or there is another vector
y in X such that fx; yg is linearly independent. In the former case, we are done. In the
latter case, either X is the linear span of fx; yg; or there is another vector z in X such
that fx; y; zg is linearly independent. Continuing this way inductively, it is certain that
we will arrive at a basis in �nitely many steps. But what if X is not �nite-dimensional?
In that case, such an inductive process would obviously not deliver a basis, for it may
never end. Loosely speaking, what we need is to adapt our inductive argument to an
in�nite context. Zorn�s Lemma allows us do precisely that.
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Theorem 5.1.1. Any (nonempty) linearly independent subset Y of a linear space X can
be enlarged to a basis for X.2

Proof. De�ne

Y := fZ 2 2X : Z is linearly independent and Y � Zg:

Since Y 2 Y ; we have Y 6= ;: Moreover, (Y ;�) is obviously a poset. We wish to apply
Zorn�s Lemma to this poset.
Let Z be a �-chain in Y :We claim that

S
Z 2 Y ; that is, it is a linearly independent

subset of X. To see this, pick any positive integer m and arbitrary vectors z1; :::; zm inS
Z; and consider any real numbers (scalars) �1; :::; �m such that �1z1 + � � �+ �mzm =

0: (Here 0 is the zero vector of X.) By de�nition, each zi belongs to some linearly
independent set in X, say Zi. Since Z is linearly ordered by �; it is without loss of
generality to suppose Z1 � � � � � Zm: But then all zis must belong to Zm; and since Zm
is a linearly independent set, it follows that �1 = � � � = �m = 0: This proves our claim.
Conclusion: (Y ;�) is an inductive poset.
We may now apply Zorn�s Lemma to conclude that (Y ;�) must possess a �-maximal

element, say Z: This set is obviously linearly independent in X (because Z belongs to
Y). Moreover, Z must be able to span X: Indeed, if there existed an x in X outside of
the linear span of Z; then Z [ fxg would be a linearly independent set that contains
Y; contradicting Z being �-maximal in Y : Thus Z is a basis for X; and our proof is
complete.

The trivial linear space (that consists of only the zero vector) is assumed to have a
basis by convention. In any other linear space X, there is a nonzero vector, say, x: But,
obviously, fxg is a linearly independent subset of X: By Theorem 5.1.1, therefore, this
set can be extended to a basis for X: We proved:

Corollary 5.1.2. Every linear space has a basis.

This is a beautiful illustration of what one can achieve with Zorn�s Lemma. We shall
see several other examples below.

Note. It is known that Corollary 5.1.2 is equivalent to the Axiom of Choice (and hence, to Zorn�s
Lemma). This was proved by Andreas Blass in 1984.

Existence of Nonlinear Additive Real Maps

It is perhaps not evident from Theorem 5.1.1 how powerful Zorn�s Lemma actually is.
To give a better hint at this, we will now deduce the following perplexing result from
Corollary 5.1.2.

2We give the proof for real linear spaces, but the argument goes through with any �eld of scalars
(such as Q) playing the role of R:
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Proposition 5.1.3. There is a function f : R ! R whose graph is dense in R � R.
Furthermore, we can choose such a function to be additive, that is, with

f(x+ y) = f(x) + f(y) for every x; y 2 R:

Such a function de�es imagination, to be sure. It is, in fact, impossible to de�ne in
a constructive manner. However, it �exists� so long as we are prepared to accept the
Axiom of Choice (and hence Zorn�s Lemma) as �true.�Here is how to prove this.
We de�ne a Hamel basis for R as a subset S of real numbers such that

� For any positive integer m; any rational numbers �1; :::; �m and any s1; :::; sm in
S;

�1s1 + � � �+ �msm = 0 implies �1 = � � � = �m = 0;

� Any nonzero real number x can be uniquely expressed as a linear combination of
�nitely many members of S with nonzero rational coe¢ cients.

By using an argument entirely analogous to the one we gave for Theorem 5.1, we can
show that there exists a Hamel basis for R: (In fact, if we view R as a linear space over
the �eld of rational numbers, then this result follows readily from Corollary 5.2.)
Now, let S be a Hamel basis for R:3 Then, for any real number x; there is a unique

(�nite) subset S(x) of S and a unique map r : S(x)! Qnf0g such that

x =
X
s2S(x)

r(s)s:

Fix an element s� in S; and de�ne the self-map f on R as

f(x) :=

�
r(s�); if s� 2 S(x);
0; otherwise.

It is easily checked that f is additive. (Verify!) As f(s�) = 1; we see that f is nonzero.
But then f cannot be linear, for if there existed a nonzero real number � such that
f(x) = �x for each x in R; the range of f would be R while we have f(R) � Q: We
conclude:

Proposition 5.1.4. There exists a nonlinear additive self-map on R:

We also need the following elementary fact about additive self-maps on R:

Lemma 5.1.5. Let f be an additive self-map on R: Then,

f(�x) = �f(x) for every (�; x) 2 Q� R:
3The cardinality of S must be that of the continuum here, but we shall not use this fact in our

argument. All we need is the obvious fact that jSj � 2:
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Proof. Take any positive integers m and n; and �x an arbitrary real number a: By
induction, we see that additivity of f implies that f(nx) = nf(x) for any real number
x: Choosing x = m

n
a; therefore, we �nd f(ma) = nf

�
m
n
a
�
: But, by additivity of f;

f(ma) = mf(a) so that f
�
m
n
a
�
= m

n
f(a): Conclusion: f(�x) = �f(x) for every (�; x) 2

Q++ � R:
Since f(1) = f(1) + f(0) by additivity of f , we have f(0) = 0: Then, for any

nonpositive real number y; we have f(y) + f(�y) = f(0) = 0 so that f(�y) = �f(y):
Combining this �nding with the one of the previous paragraph, we may conclude that
f(�x) = �f(x) for every � 2 Q and x 2 R:

We can now easily prove Proposition 5.1.3. By Proposition 5.1.4, there exists a
nonlinear additive self-map f on R: By nonlinearity of f; there exist x; y > 0 such that

f(x)

x
6= f(y)

y
:

It follows that the 2-vectors (x; f(x)) and (y; f(y)) span R2: As Q is dense in R; this
entails that Q := f�(x; f(x)) + �(y; f(y)) : �; � 2 Qg is a dense subset of R2: But, as f
is additive, Lemma 5.1.5 implies that

�f(x) + �f(y) = f(�x+ �y) for every �; � 2 Q:

It follows that

Q = f(�x+ �y; f(�x+ �y)) : �; � 2 Qg
� f(!; f(!)) : ! 2 Rg:

Thus, the closure of the graph of f equals R2; and Proposition 5.1.3 is proved.

Note. Asking a tiny bit of regularity from f would restore the order here. For instance, if f is
an additive monotonic self-map on R, then it must be linear; recall Proposition 2.2.1 of Chapter
3. Using Lemma 5.1.5, we can also show easily that if f is bounded on an open interval, then it
is linear.

The Hahn-Banach Theorem

One of the most important results of linear functional analysis is the Hahn-Banach
Theorem which, in its most standard form, says that every bounded linear functional
de�ned on a subspace Z of a given normed linear space X can be extended to the entire
space X: The typical argument for this result establishes �rst that every bounded linear
functional de�ned on Z can be extended to the subspace Z+ spanfxg for any x 2 XnZ:
This is the inductive step of the proof. Next, we use Zorn�s Lemma to carry out the
entire extension. In our last application of this section, we shall provide the details of
this argument, and in fact, establish a substantially more general result.
Let X be a (real) linear space and (Y;<) a vector lattice. Let us agree to refer to a

map � : X ! Y as sublinear if

�(x) + �(y) < �(x+ y) and �(�x) = ��(x)
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for every x; y 2 X and real number � � 0: The extension result that we are after is the
following:

The (Generalized) Hahn-Banach Theorem. Let X be a (real) linear space and (Y;<)
a conditionally complete vector lattice. Let � : X ! Y be a sublinear map and Z a
linear subspace of X: If L : Z ! Y is a linear function with �jZ < L; then there exists
a linear function L� : X ! Y with L�jZ = L and � < L�:

Proof. Let L : Z ! Y be a linear function with �jZ < L. If Z = X there is nothing
to prove, so assume that there exists a vector x in XnZ: We will �rst show that L can
be extended to a linear functional K de�ned on the linear subspace W := Z+ spanfxg
such that �jW < K: For any w 2 W; there exist a unique zw 2 Y and �w 2 R such that
w = zw + �wx: (Why unique?) It follows that K is a linear extension of L to W i¤

K(w) = L(zw) + �w� (3)

where y := K(x): All we need to do is to choose a vector y in Y that would ensure
�(w) < K(w) for all w 2 W: Clearly, such a y exists i¤

�(z + �x) < L(z) + �y for all z 2 Z and � 2 Rnf0g: (4)

On the other hand, given the positive homogeneity of � and linearity of L; this is equiv-
alent to say that, for any z 2 Z;

�
�
��1z + x

�
< L

�
��1z

�
+ y if � > 0;

and
�
�
���1z + x

�
< L

�
���1z

�
+ y if � < 0:

Put di¤erently, (4) holds i¤ �(u+x) < L(u)+ y and �(v�x) < L(v)� y for all u; v 2 Z:
We thus wish to pick a y in Y such that

�(u+ x)� L(u) < y < L(v)� �(v � x) for all u; v 2 Z: (5)

Clearly, we can do this i¤^
f�(u+ x)� L(u) : u 2 Zg <

_
fL(v)� �(v � x) : v 2 Zg:

(By conditional completeness of Y; both sides of this expression are well-de�ned.) It
follows that (5) holds for some y 2 Y if �(u + x) + �(v � x) < L(u) + L(v) for every
u; v 2 Y: And indeed, given that � is subadditive and �jZ < L; we have

�(u+ z) + �(v � z) < �(u+ v) < L(u+ v) = L(u) + L(v)

for every u; v 2 Y: So, tracing our steps back, we may conclude that there exists a linear
function K : W ! Y with KjZ = L and �jW < K:
We may now complete our proof by invoking Zorn�s Lemma. Let L stand for the set

of all linear functions K : W ! Y with KjZ = L and �jW < K; for some linear subspace
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W of X with Z � W: By what we just proved, L 6= ;: De�ne next the binary relation
D on L as

K1 D K2 if and only if K1 is an extension of K2:

It is easily veri�ed that (L;D) is an inductive poset. Then, by Zorn�s Lemma, there is
a D-maximal element L� of L: But then L� must be de�ned on X; for, otherwise, we
could have extended it further by using the argument outlined in the previous paragraph,
contradicting the D-maximality of L�: Since L� 2 L; we are done.

Note. It is known that the use of Zorn�s Lemma cannot be avoided entirely in the proof of the
Hahn-Banach Theorem. It is possible, however, to prove this result by using a weaker postulate
than the Axiom of Choice.

The Kantorovich Extension Theorem

Most extension results for linear operators are obtained by using Zorn�s Lemma as in
the proof above. Often, however, this is implicit, for the sought extension is achieved,
indirectly, through the Hahn-Banach Theorem. We conclude this section by giving an
illustration of this situation.

The Kantorovich Extension Theorem. Let (X;<X) and (Y;<Y ) be two vector lattices,
the latter being conditionally complete. Let Z be a linear subspace of X such that for
every x 2 X there is a z 2 Z such that z <X x: If L : Z ! Y is a positive operator,
then there is a positive operator L� : X ! Y with L�jZ = L:

Proof. Let L : Z ! Y be a linear function with L(Z+) � Y+: (Here, of course,
Z+ := Z \ 0"X .) We de�ne the map � : X ! Y by

�(x) :=
V
L(Z \ x+"):

By hypothesis, Z \ x+" 6= ; for each x 2 X: Moreover, Z \ x+" � Z+; so, by positivity
of L; the set L(Z \ x+") is <Y -bounded from below by L(0X) = 0Y : Thus, as (Y;<Y ) is
conditionally complete, � is well-de�ned. Besides, for any x 2 X+; we have Z\(�x)+" =
Z+; so �(�x) = L(0X) = 0Y :
Now, it is an easy exercise to check that � is a sublinear map such that �jZ = L: Then,

by the Hahn-Banach Theorem, there is a linear function L� : X ! Y with L�jZ = L
and � < L�: But, for any x 2 X+; we have

0Y = �(�x) <Y L�(�x);

so L�(x) 2 Y+: This shows that L� is a positive operator, and completes our proof.

5.2 Applications to Graph Theory

Basics of Graph Theory
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Zorn�s Lemma is one of the primary tools used in the theory of in�nite graphs. Before
giving some illustrations of this, we will introduce below some basic concepts of graph
theory. These will also be used later in the text in the context of some other applications.
A graph is an ordered pair (V;E) such that V is a nonempty set and E is a nonempty

set of two-element subsets of V �any graph (V;E) with jV j = 1 is called an in�nite
graph. Here the elements of V and E are referred to as vertices and edges of (V;E):
(A common convention of graph theory is to assume V \E = ;; we adopt this convention
here as well.) We envision a graph (V;E) pictorially by plotting its vertices as dots on a
plane and joining two dots by a line segment if the corresponding two vertices constitute
an edge of (V;E): (See Figure 5.2.1.) Thus, two vertices x and y of (V;E) are said to
be adjacent if fx; yg 2 E; and two edges e and f of (V;E) are called adjacent if e\ f
consists of a single vertex. If any two vertices in (V;E) are adjacent, we say that (V;E)
is a complete graph. A nonempty subset S of V is said to be independent in the
graph (V;E) if no two elements of S are adjacent in this graph. The degree of a vertex
x of (V;E) is the number of vertices of (V;E) that are adjacent to x: (The numbers next
to the vertices of the graph depicted on the left-hand side of Figure 5.2.1 are the degrees
of the corresponding vertices.)
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Figure 5.2.1

Let (V;E) and (W;F ) be two graphs. We say that (W;F ) is a subgraph of (V;E);
and denote this by writing

(V;E) w (W;F );
if W � V and F � E: If (W;F ) is a subgraph of (V;E) distinct from (V;E); it is said to
be a proper subgraph of (V;E): On the other hand, if (W;F ) is a subgraph of (V;E)
such that W = V; we say that (W;F ) is a spanning subgraph of (V;E):
For any two distinct vertices x and y of a graph (V;E); a path from x to y in

this graph is a k-tuple of the form (e1; :::; ek) where k is a positive integer and e1 :=
fx1; x2g; :::; ek := fxk; xk+1g with x1; :::; xk+1 being distinct vertices of (V;E) such that
x1 = x; xk+1 := y; and xi and xi+1 are adjacent for each i 2 [k]: (The length of such a
path is de�ned as k; and we say that this path �passes through�any one of the vertices
xi:) A �nite path in (V;E) is any path from some vertex of (V;E) to another. (In the
right-hand side of Figure 5.2.2, a path of length 5 is highlighted.) A graph (V;E) is
called connected if there is a path from any one vertex of (V;E) to any other vertex.
A w-maximal connected subgraph of (V;E) is referred to as a connected component
of (V;E): Finally, an in�nite path in a graph (V;E) is a sequence (em) in E such that
(e1; :::; ek) is a �nite path for every positive integer k:
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A cycle in a graph (V;E) is a k-tuple of the form (e1; :::; ek) where k is a positive
integer with k � 2; and e1 := fx1; x2g; :::; ek := fxk; xk+1g with (e1; :::; ek�1) being a
path from x1 to xk; and xk+1 = x1: The length of such a cycle is de�ned as k: (In the
left-hand side of Figure 5.2.2, a cycle of length 5 is highlighted.) If there is no cycle
in the graph (V;E); we say that this graph is a forest. In turn, a connected forest is
called a tree. (The �rst graph in Figure 5.2.1 is not tree while the second graph there
is a tree.) Equivalently, (V;E) is a tree i¤ there is a unique path from any one vertex of
(V;E) to any other vertex in (V;E): A subtree (subforest) of a graph is a subgraph
of that graph which is a tree (forest).

Existence of Spanning Subtrees

Our �rst application of Zorn�s Lemma says that we can span any connected graph by
means of a tree.

Proposition 5.2.1. Every connected graph contains a spanning subtree.

This is proved fairly easily by applying Zorn�s Lemma to the poset (T ;w) where T
is the collection of all subtrees of the involved graph. We leave working out the details
as an exercise.

König�s Lemma

Here is another fundamental question of graph theory: When does a graph possess an
in�nite path? The following famous result, which provides a surprisingly simple answer
to this query for trees, was proved by Dénes König in 1936.

König�s Lemma. Every in�nite tree in which each vertex has a �nite degree contains
an in�nite path.

In this case applying the Axiom of Choice directly is easier than using Zorn�s Lemma.
(Indeed, the structure of König�s Lemma is reminiscent of Proposition 1.2.2.) To this
end, we shall �rst highlight an order structure hidden in any given tree.
Let (V;E) be a tree, and pick an arbitrary vertex r of this tree. (We think of r as

the root of this tree.) We de�ne the binary relation <r on V as follows: x <r y i¤ there
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is a path from r to y that passes through x: Then: (V;<r) is a poset. Indeed, re�exivity
and transitivity of <r are trivial, while its antisymmetry follows from the fact there are
no cycles in (V;E): (The partial order <r is sometimes referred to as a tree-order.) In
the following argument, all order-theoretic references are understood with respect to <r.

Proof of König�s Lemma. Let (V;E) be an in�nite tree in which the degree of each
vertex is �nite. Fix any vertex r in V; and let B stand for the <r-covering relation on
V: (Clearly, x B y implies that x and y are adjacent.) De�ne S(x) := fy 2 V : x B yg
for each x 2 V:
Now, v# is an in�nite set for some v 2 S(r); otherwise we contradict V being an

in�nite set. (Indeed, V =
S
fv# : v 2 S(r)g:) Pick any x1 in S(r) with jx#1j = 1:

Then, v# is an in�nite set for some v 2 S(x1); otherwise we contradict x
#
1 being an

in�nite set. (Indeed, x#1 =
S
fv# : v 2 S(x1)g:) Pick any x2 in S(x1) with jx#2j = 1:

Continuing this way, we obtain a sequence (xm) in V such that r B x1 B x2 B � � �: Then,
(fr; x1g; fx1; x2g; :::) is an in�nite path in (V;E):

Note. The argument above deduces König�s Lemma from the Axiom of Dependent Choice
(Exercise 1.6). In fact, it is not di¢ cult to prove that König�s Lemma is equivalent to the
following form of the Axiom of Choice: For any nonempty countable collection A of nonempty
�nite sets, there exists a function f : A !

S
A such that f(A) 2 A for each A 2 A: (We leave

proving this as an exercise.)

Combining Proposition 5.2.1 and König�s Lemma yields a nice generalization of the
latter result, and provides a su¢ cent condition for a connected graph to contain an
in�nite path.

Proposition 5.2.2. A connected in�nite graph either has a vertex with in�nite degree
or it contains an in�nite path.

Finite Colorability of In�nite Graphs

Our �nal application to the theory of in�nite graphs requires the introduction of some
more terminology. Let (V;E) be a graph. A coloring of (V;E) is an ordered pair (C; c)
where C is a nonempty set (of colors) and c : V ! C is any map with c(x) 6= c(y) for
any adjacent vertices x and y of (V;E): (We think of c painting each vertex of (V;E) to
a color such that no two vertices connected by an edge are painted to the same color.)
In turn, the chromatic number of (V;E) is de�ned as the minimum number of colors
necessary for a coloring of (V;E) to exist, that is, it equals

minfjCj : (C; c) is a coloring of (V;E) for some c : V ! Cg:

For any positive integer k at least as large as the chromatic number of (V;E); we say
that the graph (V;E) is k-colorable. (Naturally, a coloring (C; c) of (V;E) is referred
to as a k-coloring if jCj � k:)
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Note. It is not di¢ cult to prove that every graph has a chromatic number �you are asked to
prove this in an exercise below. In fact, it can be shown that this statement is equivalent to the
Axiom of Choice. (See Galvin and Komjáth (1991).)

The following is a fundamental result on in�nite graphs which shows that problems
concerning in�nite graphs with �nite chromatic number can sometimes be reduced to
the �nite case. It was proved by Nicolaas de Bruijn and Paul Erdös in 1951.

The de Bruijn-Erdös Theorem. For any integer k � 2; a graph (V;E) is k-colorable if,
and only if, every �nite subgraph of (V;E) is k-colorable.

To facilitate our discussion, let us �rst introduce an auxiliary concept, and say that
a graph (V;E) is locally k-colorable if every �nite subgraph of (V;E) is k-colorable.
(This concept is auxiliary, because by the de Bruijn-Erdös Theorem, there is no locally
k-colorable graph which is not k-colorable.) The following lemma (which does not use
the Axiom of Choice) tells us why we should expect Zorn�s Lemma to be instrumental
in proving the de Bruijn-Erdös Theorem.

Lemma 5.2.3. Let (V;E) be a locally k-colorable graph, and assume that E is �-
maximal among all collections F of two-element subsets of V such that (V; F ) is locally
k-colorable. Then, (V;E) is k-colorable.

Proof. We consider the binary relation � on V de�ned as: x � y i¤ x and y are
not adjacent. We wish to show that � is an equivalence relation. It is plain that this
relation is re�exive and symmetric. To see that it is also transitive, take any vertices x;
y and z of (V;E) such that x � y and y � z: Then, fx; yg does not belong to E; so,
by �-maximality of E; the graph (V;E [ffx; ygg) is not locally k-colorable. Therefore,
there is a �nite subset V1 of V such that x; y 2 V1 and (V1; E1) is not k-colorable, where

E1 := fe 2 E : e is a two-element subset of V1g [ ffx; ygg:

Similarly, there is a �nite subset V2 of V such that y; z 2 V2 and (V2; E2) is not k-
colorable, where

E2 := fe 2 E : e is a two-element subset of V2g [ ffy; zgg:

Yet, (V1 [ V2; E1 [ E2) is a �nite subgraph of (V;E); so it is k-colorable. But, if (C; c)
is a k-coloring of this graph, we have c(x) = c(y) (otherwise G1 would be k-colorable)
and c(y) = c(z) (otherwise G2 would be k-colorable). It follows that c(x) = c(z); and
hence x and z cannot be adjacent in (V;E) (otherwise (C; c) would not be a coloring of
(V;E)). Thus, x � z; so we may conclude that � is transitive.
To complete our proof, we consider the quotient set V=� of V relative to �; which

is, obviously, a partition of V (Proposition 2.1 of Chapter 1). By de�nition of �, each
equivalence class that belongs to V=� is independent in (V;E) while every member of
such a class is connected by an edge of (V;E) to every member of any other such class. As

22



(V;E) is a locally k-colorable, therefore, there can be at most k many such equivalence
classes, so we may enumerate V=� as fV1; :::; Vlg for some l 2 [k]: Then, ([k]; c); where
c : V ! [k] is de�ned by c(x) := i for any x in Vi; is an l-coloring of (V;E); and we are
done.

The more edges that a graph possesses, the higher the chromatic number of that
graph. It is thus only intuitive that the condition �E is �-maximal among all collections
F of two-element subsets of V such that (V; F ) is locally k-colorable� is redundant in
Lemma 5.2.3. We now use Zorn�s Lemma to �esh out this intuition.

Proof of the de Bruijn-Erdös Theorem. We only need to prove the �if�part of the
assertion. To this end, let (V;E) be a locally k-colorable graph, and de�ne

E := fF � V : (V; F ) is locally k-colorableg;

where V is the collection of all two-element subsets of V: As it contains E; we have
E 6= ;: Moreover, it is a routine exercise to verify that (E ;�) is an inductive poset. By
Zorn�s Lemma, therefore, E contains a �-maximal element, say, F: Then, by Lemma
5.2.3, (V; F ); and hence (V;E); is k-colorable.

Note. It is not known at present if the Axiom of Choice can be avoided in the proof of the de
Bruijn-Erdös Theorem.

5.3 Applications to Topology

The Subbasis Lemma

Let X be a nonempty set and S a nonempty collection of subsets of X whose union
equals X: Then, the collection of all intersections of �nitely many elements of S is a
basis for a topology on X: As we have reviewed in Section 1.2 of Appendix, we refer
to this topology as the �topology of X generated by using S as a subbasis.�Usually, S
consists of sets whose structure is much easier to work with than those that belong to
the associated topology on X: It is thus quite useful to be able to describe a topological
property in terms of subbasis elements (instead of the collection of all open sets). It turns
out that compactness is a topological property that can be described in this manner.
To be precise, let us recall that compactness of a set S in a topological space X

means that we can extract a �nite cover of S from any open cover of S: (See Section
1.5 of Appendix.) A major result of topology says that, in fact, it is enough to consider
only the covers that are made up of subbasis elements when verifying the compactness
of a set. As we shall see shortly, this result, which was proved by James Alexander in
1939, often simpli�es the task of establishing the compactness of a given set. More to
the present point, its proof is a showcase for what one can do with Zorn�s Lemma.

Alexander�s Subbasis Lemma. Let X be a topological space, and S a subbasis for the
topology of X. Then, a subset S of X is compact if, and only if, we can extract a �nite
subcover of S from every open cover U of S with U � S:
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Proof.We only need to prove the �if�part of the assertion. To this end, take any subset
S of X, and suppose S is not compact. We wish to �nd an open cover U of S such that
U � S and there is no �nite subset of U that covers S:
Let F stand for the collection of all open covers of S from which we cannot extract a

�nite subcover of S: As S is not compact, F 6= ;; and hence, (F;�) is a poset. We wish
to apply Zorn�s Lemma to this poset. Let G be a �-chain in F: Observe that

S
G is

an open cover of S; and no �nite subset of
S
G can cover S, for otherwise, at least one

member of G would contain a �nite subset that covers S (because G is a �-chain). It
follows that (F;�) is inductive, so we may apply Zorn�s Lemma to conclude that there
is a �-maximal element of F; say, O:

Claim 1. If O 2 O; then all open subsets of O must belong to O.

Proof of Claim 1. Suppose O is in O; but an open subset U of O does not belong
to O. Then O [ fUg is an open cover of S; and we cannot extract a �nite subcover of
S from O [ fUg: It follows that O [ fUg belongs to F, contradicting the �-maximality
of O in F.

Claim 2. For any positive integer m and open subsets O1; :::; Om of X;

O1 \ � � � \Om 2 O implies Oi 2 O for some i 2 [m]:

Proof of Claim 2. (We prove this for m = 2; but the argument extends in the
straightforward way.) Suppose neither O1 nor O2 belongs to O for some open subsets
O1 and O2 of X: Then, neither O[ fO1g nor O[ fO2g may belong to F �because O is
�-maximal in F �and hence there exist �nite subsets O1 and O2 of O such that both
O1 [ fO1g and O2 [ fO2g covers S: But then O1 [ O2 [ fO1 \O2g covers S as well, so
O1 \O2 cannot belong to O (because O 2 F).

Next, we wish to show that U := O \ S covers S: Indeed, if x 2 S; then x 2 O for
some O 2 O (because O is an open cover of S): Since O is open, there is an element U of
the basis for the topology of X such that x 2 U � O: As S is a subbasis for the topology
of X, U equals the intersection of �nitely many members of S; say, S1; :::; Sm: But, by
Claim 1, U 2 O; and hence, by Claim 2, x 2 Si 2 O for some i 2 [m]: Conclusion: U
covers S: But, as O belongs to F; and U � O; no �nite subset of U may cover S: As
U � S; we are done.

The Tychono¤Theorem

To demonstrate how useful Alexander�s Subbasis Lemma is, we use this result to give
a short proof for the famous Tychono¤ Theorem. (Once again, at the background is
Zorn�s Lemma.)
Let us �rst review the standard method of topologizing the product of an arbitrary

collection of topological spaces. Let I be a nonempty (index) set, and let Xi be a
topological space for each i in I: Let X stand for the cartesian product of all Xis, that
is, de�ne X as the collection of all maps f : I !

S
fXi : i 2 Ig such that f(i) 2 Xi
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for each i 2 I: By the Axiom of Choice, X is a nonempty set. For each i in I; the ith
projection map �i : X ! Xi is de�ned by �i(f) := f(i): In turn, we de�ne

Si := f��1i (Oi) : Oi is an open subset of Xig

for each i 2 I; and let
S :=

[
fSi : i 2 Ig:

The product topology on X is the topology generated by using S as a subbasis.

Note. For each i 2 I and each subset A of Xi; we have f 2 ��1i (A) i¤ f(j) 2 Xj for each
j 2 Infig and f(i) 2 A: If, for instance, I = N; then ��11 (A) equals A �X2 �X3 � � � � for any
subset A of X1:)

Note. An element of the basis for the product topology on X is the cartesian product of a
collection like fOi : i 2 Ig where Oi is an open subset of Xi for each i 2 I; and Oi = Xi for all
but �nitely many i 2 I: This shows that our de�nition here conforms fully with the de�nition of
the product topology we gave in Section 1.4 of Appendix in the case of the product of �nitely
many topological spaces.

Here is a fundamental theorem of general topology:

The Tychono¤Theorem. The cartesian product of any nonempty collection of compact
topological spaces is compact (relative to the product topology).

Proof. Let I be a nonempty set and fXi : i 2 Ig a nonempty collection of compact
topological spaces. Let X denote the cartesian product of these spaces, and where S
is as de�ned above, take any subset O of S that covers X: In account of Alexander�s
Subbasis Lemma, our proof will be complete if we can extract a �nite subcover of X
fromO: To this end, for each i in I; de�ne Ui to be the collection of all open subsets Oi of
Xi such that ��1i (Oi) 2 O: It is easily seen that Xj =

S
Uj for some j 2 I: (Otherwise,

by the Axiom of Choice, there is a function f in X such that f(j) =2
S
Uj for every j in

I: But, clearly, this function does not belong to
S
O, which contradicts O being a cover

of X:) As Xj is compact, then, there is a �nite subset of Uj that covers Xj; that is, there
is a �nite collection V of open subsets of Xj such that Xj =

S
V and ��1j (V ) 2 O for

each V 2 V : But then
f��1j (V ) : V 2 Vg

is a �nite subcover of X extracted from O:

Note. John Kelley has proved in 1950 that the Tychono¤ Theorem is actually equivalent to the
Axiom of Choice (and hence to Zorn�s Lemma).

Exercises
5.1.Let X be a linear space and X the collection of all linear subspaces of X: Prove that dimX =
height(X ;�):

5.2. Prove Proposition 5.2.1.
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5.3. We say that a spanning subgraph (V; F ) of a graph (V;E) is proper if for every v 2 V there is
a w 2 V such that fv; wg 2 F: Prove: If a graph (V;E) is proper, then it contains a proper spanning
subforest.

5.4. Give a direct proof for Proposition 5.2.2 by using the Axiom of (Dependent) Choice instead of
Proposition 5.2.1.

5.5. (Jung) Let (V; F ) be a spanning subtree of a graph (V;E); and designate a vertex r of (V; F ) as
its root. We say that (V; F ) is a normal spanning subtree of (V;E) if any two vertices x and y of
(V;E) that are adjacent in (V;E) are <r-comparable. (Here <r is the tree-ordering we de�ned above
just before the proof of König�s Lemma.) Prove:

a. An uncountable complete graph cannot have a normal spanning subtree.
b. Every countable connected graph contains a normal spanning subtree.

5.6. (Galvin-Komjáth) Prove that every graph has a chromatic number.

5.7. A graph (V;E) is said to be a comparability graph if there exists a partial order < on V such
that fx; yg 2 E i¤ x and y are distinct and <-comparable. Prove that (V;E) is a comparability graph
i¤ every �nite subgraph of (V;E) is a comparability graph.

5.8. (An Application to Metric Analysis) Let (X; d) be a metric space and

N := fN"(x) : " > 0 and x 2 Xg;

where N"(x) is the "-neighborhood of x relative to the metric space (X; d): LetM be a nonempty subset
of N such that supfdiam(N) : N 2 Mg < 1: Prove that there is a subset K ofM such that any two
members of K are disjoint, and [

M =
[
fN5"(x) : N"(x) 2 Kg:

Hint. Let Y stand for the collection of all subsets K ofM such that (1) any two members of K are
disjoint, and (2) if a member N of M intersects a member of K; than N intersects a member of M
whose radius is at least half the radius of N: Apply Zorn�s Lemma to (Y;�).
5.9. Consider the following axiom: For any nonempty collection A of nonempty �nite sets, there exists
a function f : A !

S
A such that f(A) 2 A for each A 2 A: Using this axiom, but not the Axiom of

Choice, prove that the cartesian product of any collection of compact Hausdor¤ topological spaces is
compact (relative to the product topology).

5.10. (The Birkho¤-Frink Compactness Theorem) Let (X;<) be a poset with jXj � 2; and recall that
the <-interval topology on X is the one generated by using f"x : x 2 Xg [ f#x : x 2 Xg as a subbasis.
Prove: X is compact with respect to the <-interval topology i¤ (X;<) is a complete lattice.

6 The Well-Ordering Principle

6.1 Well-Ordered Sets

First Impressions

Another equivalent (and extremely useful) formulation of Zorn�s Lemma is based on the
notion of well-ordering. Before we get into this formulation, however, we would like to
provide a brief review of the theory of well-ordered sets.

De�nition. A partial order < on a nonempty set X is said to be a well-ordering
on X if every nonempty subset of X has a <-minimum. In this case X is said to be
well-ordered by <, and (X;<) is called a woset (short for well-ordered set).
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Note. A well-ordering is, per force, a linear order �that is, every woset is a loset �because a two-
element set in a woset has a minimum. The converse is, of course, false. (R is not well-ordered
by its usual (linear) order.)

Trans�nite Induction

Well-ordered sets are useful because they possess an inductive structure. To wit, suppose
(X;<) is an in�nite woset. Then, we can think of X as if it is �constructed inductively�
starting from the <-minimum of X; say, x1: For, there is a <-minimum of Xnfx1g; say,
x2; and a <-minimum of Xnfx1; x2g; say, x3; and so on. Of course, if X is uncountable,
we cannot exhaust X in this manner. But even after a sequence (xm) in X with � � � �
x2 � x1 is formed we can continue our induction with the <-minimum of Xnfx1; x2; :::g
and continue in this manner. (Put more generally, after any initial segment #x in (X;<)
is obtained, there is a well-de�ned �next step�in a woset, namely, x:)
Such a procedure is referred to as trans�nite induction for obvious reasons. It can

be formalized in the form of the following result, which is much in the same spirit with
the usual notion of mathematical induction.

The Principle of Trans�nite Induction. Let (X;<) be a woset, and S a nonempty
subset of X such that

#x � S implies x 2 S
for every x 2 X: Then, S = X:

Proof. To derive a contradiction, assume that XnS is a nonempty set. Then, there
exists a <-minimum in XnS; say, x; because X is well-ordered by <. (In particular, x
does not belong to S:) But then, for any y in X with x � y; the set XnS cannot contain
y; that is, we have y 2 S for any such y: By our hypothesis, therefore, x belongs to S; a
contradiction.

Note. This result reduces to the Principle of Mathematical Induction when (X;<) equals (N;�):

Order-Isomorphism of Wosets

As a typical application of the Principle of Trans�nite Induction, we now show that if
two wosets are order-isomorphic, then the order-isomorphism between them is unique.

Proposition 7.1.1. There can be at most one order-isomorphism from one woset onto
another woset.

Proof. Let f and g be two order-isomorphisms from a woset (X;<X) onto another
woset (Y;<Y ). De�ne

S := f! 2 X : f(!) <Y g(!)g:
We wish to show that S = X: To this end, let x be an arbitrary element of X with
#x � S: Then, for any y in #x; we have f(y) <Y g(y): On the other hand, as x �X y;
we have f(x) �Y f(y). Conclusion: f(x) �Y g(y) for every y in #x: It follows that
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g�1(f(x)) does not belong to #x: However, as (X;<X) is a woset, there is a <X-minimum
element in Xn#x: Clearly, this element must be x; and hence, g�1(f(x)) <X x; that is,
f(x) <Y g(x); that is, x 2 S: In account of our arbitrary choice of x; and the Principle
of Trans�nite Induction, then, S = X; as we sought.
Replacing the roles of f and g in the argument above, we �nd that g(x) <Y f(x) for

every x 2 X: As <Y is antisymmetric, therefore, f = g:

Proposition 7.1.1 is but an illustration of how well-behaved wosets are in general.
The following result demonstrates further that such losets are very special. To wit,
unlike many losets, we �nd here that a woset can never be order-isomorphic to any one
of its initial segments.

Lemma 7.1.2. Let (X;<) be a woset. Then, (X;<) is not order-isomorphic to (#x;<)
for any x in X:

Proof. Suppose we can �nd an x in X and an order-isomorphism from (X;<) onto
(#x;<): Then x � f(X); so we obviously have x � f(x); which means that

S := fz 2 X : z � f(z)g

is a nonempty set. As < is a well-ordering on X; there is a <-minimum of S; say, x�:
Obviously, #x� \ S = ;: But x� � f(x�) so that f(x�) � f(f(x�)) (because f is an
order-isomorphism). This means that f(x�) belongs to #x� \ S; a contradiction.

Note. Neither of the results above are valid for losets in general. For instance, x 7! �e�x
and x 7! �e�2x are two distinct order-isomorphisms of R onto an initial segment of R; namely,
(�1; 0):

We continue on cataloging the special properties of wosets. Our next task is to
show that if two wosets are not order-isomorphic, then one of these wosets must be
order-isomorphic to an initial segment of the other.

Proposition 7.1.3. Let (X;<X) and (Y;<Y ) be two wosets. Then, either (X;<X) is
order-isomorphic to a <Y -decreasing subset of Y; or (Y;<Y ) is order-isomorphic to a
<X-decreasing subset of X:

Proof. The assertion is clearly true for �nite losets, so we may assume that both X and
Y are in�nite. Let S be the collection of all elements x of X such that (#x;<X) and
(#y;<Y ) are order-isomorphic for some y in Y: (It is plain that S is nonempty.) We de�ne
f : S ! Y by f(x) := y where y is an element of Y such that (#x;<X) and (#y;<Y )
are order-isomorphic. By Lemma 7.1.2, for each x in S there is a unique such y; so f is
well-de�ned. Furthermore, it is easily checked that f is an order-embedding, that is, f
is an order-isomorphism from (S;<X) onto (f(S);<Y ). Another routine exercise is that
S is a <X-decreasing subset of X and f(S) is a <Y -decreasing subset of Y: Therefore, if
S = X or f(S) = Y; we are done. Put di¤erently, if our assertion is false, then S 6= X
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and f(S) 6= Y: In that case, let x� be the <X-minimum element of XnS and y� the
<Y -minimum element of Y nf(S): Then, #x� = S and #y� = f(S); and it follows that x�
belongs to S; a contradiction.

Proposition 7.1.3 uncovers a surprising connection between any two wosets: Two
wosets are either order-isomorphic or (exclusive) one of them is order-isomorphic to an
initial segment of the other. To see this more clearly, note that if (X;<) is a woset and
S a nonempty <-decreasing subset of X; then either S = X or S = #x for some x in X:
(Proof. If S 6= X; choose x to be the <-minimum of XnS:) Therefore, Proposition 7.1.3
gives us the following:

Corollary 7.1.4. Let (X;<X) and (Y;<Y ) be two wosets. Then, exactly one of the
following must hold:

(a) (X;<X) and (Y;<Y ) are order-isomorphic;
(b) (X;<X) is order-isomorphic to (#y;<Y ) for some y 2 Y ;
(c) (Y;<Y ) is order-isomorphic to (#x;<X) for some x 2 X:

6.2 The Well-Ordering Principle

It is obvious that the set of all natural numbers is well-ordered by the usual order �.
On the other hand, (2f1;2g;�) is not a woset since the set ff1g; f2gg does not have
a �-minimum. Similarly, ([0; 1];�) is not a woset. However, a fundamental theorem
(or axiom, if you will) of set theory says that, on any given set, we can always de�ne
linear order that well-orders that set. So, for instance, we can well-order 2f1;2g; say, by
using the partial order < on 2f1;2g that satis�es f1; 2g � f2g � f1g � ;. (Notice that
ff1g; f2gg does have a <-minimum, which is f1g:) To give another example, consider
the set f1; 2g � N: We can well-order this set by using the linear order < on f1; 2g � N
with

� � � � (2; 2) � (2; 1) � � � � � (1; 2) � (1; 1):
Less trivially, we can well-order Q: After all, Q is countably in�nite, that is, there is

a bijection f from Q onto N: Consider the binary relation < on Q de�ned by

r < s if and only if f(r) � f(s):

Obviously, (Q;<) and N are order-isomorphic. Thus, as the latter is a woset, so must
the former.
Of course, lurking in the background of the previous argument is the Axiom of

Countable Choice (because we used the countability of Q). This suggests that we may
be able to do something better by using the full strength of the Axiom of Choice. Indeed,
this is very much the case. For, in 1904, Ernst Zermelo proved that any nonempty set
can be well-ordered, thereby causing a sensation in the mathematics community at large.

The Well-Ordering Principle. Every nonempty set can be well-ordered.
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This is one of the most surprising consequences of the Axiom of Choice. It is, in
fact, equivalent to the Axiom of Choice, even though the Well-Ordering Principle seems
impossible, and the Axiom of Choice self-evident.
The proof of the Well-Ordering Principle (that is, its derivation from Zorn�s Lemma)

is not hard, but a bit tedious, so we shall only sketch the elements of the main argument
here.

Proof of the Well-Ordering Principle. Let S be a nonempty set, and let W stand for
the collection of all wosets (T;<) such that T � S: Since, for any x in S; the ordered
pair (fxg;4fxg) is a woset, W is nonempty. Next, de�ne the binary relation D onW as
follows: (A;<1) D (B;<2) i¤

� A � B and <1 � <2; and

� x <1 B for every x 2 AnB:

It is readily checked that D is a partial order on W. We wish to apply Zorn�s Lemma
to the poset (W ;D):
Fix an arbitrary subset V of W such that (V ;D) is a loset. We de�ne

V :=
[
fT : (T;<) 2 Vg and <V :=

[
f< : (T;<) 2 Vg:

The proofs of the following three claims are left as exercises:

Claim 1. (V;<V ) is a loset.

Claim 2. (V;<V ) is a woset.

Claim 3. For every (T;<) 2 V and x 2 V nT; we have x <V T:

Here Claim 1 helps proving Claim 2. In turn, in view of the arbitrariness of (V ;D);
Claims 2 and 3 entail that (W ;D) is inductive. By Zorn�s Lemma, therefore, there is a
D-maximal element in W, say (T;<):
Obviously, T � S: To complete the proof, it is thus enough to show that S � T: But

if there existed an x in SnT; then

(T [ fxg;< [f(x; a) : a 2 T or a = xg)

would be a woset that contains T; contradicting (T;<) being D-maximal in W : Thus
S = T; and hence < is a well-ordering on S:

The following subsections provide some applications of the Well-Ordering Principle.
We shall encounter several others as we develop the theory of partially ordered sets
further.
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6.3 Application: More on Chains and Antichains

We have seen earlier that every in�nite poset has either an in�nite chain or an in�nite
antichain. This may lead one to think that the cardinality of a poset always matches
that of either a chain or an antichain in it. Put di¤erently, the question is if for any
poset there is either a chain or an antichain that can be put into one-to-one and onto
correspondence with the entire poset. We are now in a position to prove that the answer
to this question is false.

Lemma 7.3.1. Any uncountable subset S of R contains a strictly decreasing sequence
that converges in S:

Proof. Let us �rst show that there is an element x in S such that (x; x+ �)\ S 6= ; for
every � > 0: (In fact, there are uncountably many such x in S:) To this end, de�ne

T := fx 2 S : (x; x+ �) \ S = ; for some � > 0g:

Then, by the Axiom of Choice, there is a map � : T ! R++ such that (x; x+�(x))\S = ;
for each x 2 T: Notive that, for any distinct elements x and y of T , the sets (x; x+ �(x))
and (y; y + �(y)) must be disjoint. It follows that there is an injection from T into a
collection of disjoint nondegenerate intervals. As the latter set is countable, so is T: As
S is uncountable, then, SnT is an uncountable (and hence nonempty) set.
Let x be as found in the previous paragraph. We pick any x1 in

(x; x+ 1) \ S;

and then any x2 in
(x;minfx1; x+ 1

2
g) \ S;

and so on. The resulting sequence (xm), which is well-de�ned by the Axiom of Choice,
is strictly decreasing and it converges to x:

Obviously, there cannot be an in�nite descending chain in a woset. Consequently,
the following is an immediate consequence of Lemma 7.3.1.

Corollary 7.3.2. Let S be a subset of R. If (S;�) is a woset, then S is countable.

We are now ready for:

Proposition 7.3.3. There is an uncountable poset in which every chain and every
antichain is countable.

Proof. By the Well-Ordering Principle, there is a well-ordering < on R: Let us de�ne
the partial order D on R as

x D y i¤ x � y and x < y:
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Clearly, � and< agree on anyD-chain inR: Therefore, everyD-chain inR is well-ordered
by �. Similarly, every D-antichain in R is well-ordered by �. Applying Corollary 7.3.2
(and its dual), therefore, shows that (R;D) is an uncountable poset all of whose chains
and antichains are countable.

We summarize: Every in�nite poset has either chains or antichains of arbitrarily
large (�nite) size. We have proved this in Corollary 6.4.2 of Chapter 1 without using the
Axiom of Choice. With the Axiom of Choice, we can state this property more sharply:
Every in�nite poset has either an in�nite chain or an in�nite antichain (Proposition
1.2.2). However, as we have just seen, all chains and antichains of an uncountable poset
may well be countable.

6.4 The Cardinality Ordering

First Impressions

As we have discussed brie�y in Section 4.2 of Chapter 3, one of the basic premises of
Cantorian set theory is that a set is �less crowded�than another if its elements can be
matched with those of the other in a one-to-one manner in a way that the elements of
the former set are exhausted. This is formalized as follows:

De�nition. Let S and T be two nonempty sets. We say that S has higher cardinality
than T , and denote this by writing

S %card T;

if there exists an injection from T into S: If both S %card T and T %card S hold, we
say that S and T have equal cardinality, and write S �card T: We write S �card T to
mean S %card T but not T %card S:

Note. According to our de�nition, S �card T means that there exist two injections, one from
S into T and another from T into S: In turn, the Schröder-Bernstein Theorem says that this
happens i¤ there is a bijection from S onto T:

Note. For any nonempty sets R; S and T with R %card S and S %card T; we have R %card T;
while, trivially, S �card S:

Examples

Recall that a set being countably in�nite means that there is a bijection between that
set and N: By the Schröder-Bernstein Theorem, therefore, a set is countably in�nite
i¤ its cardinality is equal to that of N: In particular, Q �card N: Here are some other
examples.

Example 7.4.1. [0; 1] �card N: This is an immediate consequence of the fact that [0; 1]
is uncountable.
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Example 7.4.2. 2N �card f0; 1g1: Indeed, the map f : 2N ! f0; 1g1; de�ned by
f(S) := (xm(S)); where xm(S) := 1 if m 2 S and xm(S) := 0 otherwise, is a bijection.

Example 7.4.3. For any set X; we have 2X �card X; this is known as Cantor�s Paradox.
(See the �nal remark in Section 1.3 of Chapter 2.)

Example 7.4.4. Let X and Y be two nonempty sets and f a map from X into Y: Then,
X %card f(X): To see this, de�ne the collection A := ff�1(y) : y 2 f(X)g; which is a
partition of X: By the Axiom of Choice, there is a map g : A ! X such that g(A) 2 A
for each A 2 A: As A \B = ; for any two distinct A and B in A; this map is injective.
Thus: X %card A: But y 7! f�1(y) is a bijection from f(X) onto A; so A �card f(X):
Combining these two �ndings yields X %card f(X); as we claimed.

Example 7.4.5. Let X and Y be two disjoint sets such that X is in�nite and Y is
countable. Then X �card X [ Y: As X is in�nite, there is a countably in�nite subset,
say, Z; of X (Example 1.1.1). Then, there Z [ Y is also countably in�nite, so there is a
bijection g from Z onto Z [ Y: Then, f : X ! X [ Y; de�ned by

f(x) :=

�
g(x); if x 2 Z
x; otherwise

is a bijection.

Notice that we have not introduced %card above as a binary relation on a suitably
large collection of sets. This is because it is impossible to determine a universal domain
for %card. (Recall that there is no such thing as the �set of all sets.�) Yet, if we are
given a particular nonempty collection X of nonempty sets to begin with, this di¢ culty
does not arise. Given such a prespeci�ed collection, we can interpret (X ;%card) as a
preordered set by viewing %card as a preorder on X : We follow this practice in what
follows.
Our main objective here is to determine the order structure of such a preordered set.

We do this next by using the Well-Ordering Principle.

Theorem 7.4.1. For any nonempty collection X of nonempty sets, (X ;%card) is a
preordered set such that %card is complete and every nonempty subset of X has a %card-
minimum.

Proof. We have already noted above that (X ;%card) is a preordered set. Besides, any
two elements S and T of X can be well-ordered, thanks to the Well-Ordering Principle.
But then, by Proposition 7.1.3, either S %card T or T %card S for any S and T in X .
Conclusion: %card is complete preorder on X :
It remains to prove that any nonempty subset of X has a %card-minimum. To this

end, pick any nonempty subset, say, S; of X and assume min(S;%card) = ;: Then, there
is a sequence (Sm) of elements of S such that

S1 �card S2 �card � � �
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(Recall the way we proved Lemma 1.2.1.) By the Well-Ordering Principle, there exists
a well-ordering <i of Si for each i: As S1 �card Si; Corollary 7.1.4 entails that, for every
positive integer i � 2, there is an xi in S1 such that (#xi;<1) and (Si;<i) are order-
isomorphic. (Here, of course, #xi = fz 2 S1 : xi �1 zg:) As Si+1 �card Si; we must
have xi+1 �1 xi for each i = 2; 3; ::: But then fx2; x3; :::g is a subset of S1 without a
<1-minimum, contradicting (S1;<1) being a woset.

In the remaining part of this section, we shall investigate some properties of the
cardinality ordering that will be needed in the subsequent development. We begin with:

Lemma 7.4.2. Let X and Y be two disjoint in�nite sets with X �card Y: Then, X �card
X [ Y:

Proof. A moment�s re�ection shows that our task will be done if we can show that
X �card X � [2]: To this end, let L stand for the collection of all pairs (S; f) where S
is a nonempty subset of X such that there is a bijection from S onto S � [2]; and f is
one such bijection. As X is an in�nite set, it contains a countably in�nite set (Example
1.1.1), and of course, for any such set S we have S �card S� [2]: Thus: L 6= ;:We de�ne
the binary relation < on L as

(S; f) < (T; g) i¤ S � T and f jT = g:

It is easily checked that (L;<) is an inductive poset, so Zorn�s Lemma entails that there
is a <-maximal element, say, (S�; f�) of L:
We wish to show thatXnS� is a �nite set. Indeed, if XnS� is in�nite, then it contains

a countably in�nite set, say, T: But, there is, of course, a bijection g from T onto T � [2]
for any such T: Then, where h : S� [ T ! (S� [ T ) � [2] is de�ned as hjS� := f � and
hjT := g; we have (S� [ T; h) 2 L, contradicting the �-maximality of (S�; f�) in L:
Given that XnS� is a �nite set, we have X �card S� (Example 7.4.5), and this

implies X � [2] �card S� � [2]: As S� �card S� � [2]; therefore, we may conclude that
X �card X � [2]; as we sought.

The following is a major generalization of what we have found in Example 7.4.5.
Apparently, the cardinality of the union of two in�nite sets is equal to that of the one
with the larger cardinality.

Corollary 7.4.3. Let X and Y be two disjoint sets such that X is in�nite. If X %card Y;
then X �card X [ Y:

Proof. Obviously, X %card Y implies X � [2] %card X [ Y; while, by Lemma 7.4.2,
X �card X � [2]: As X [ Y %card X is trivially true, we are done.

It is obvious that, by induction, we can extend these result to the case of the union
of �nite collections of in�nite sets. By using a di¤erent method, we can also do this for
countably many collections. In fact, much more is true: The cardinality of the union of
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a collection X of sets (one of which is in�nite) is equal to that of the cardinally largest
set X in X , provided that the cardinality of X itself not higher than that of X: This is
a consequence of the following result.

Theorem 7.4.4. Let X be an in�nite set. Then, X �card X �X:

Proof. We proceed as in the proof of Lemma 7.4.2. Let L stand for the collection of
all pairs (S; f) where S is a nonempty subset of X such that there is a bijection from S
onto S � S; and f is one such bijection. As X is an in�nite set, it contains a countably
in�nite set, and any such set belongs to L: Thus: L 6= ;: We de�ne the binary relation
< on L as

(S; f) < (T; g) i¤ S � T and f jT = g:
It is easily checked that (L;<) is an inductive poset, so Zorn�s Lemma entails that there
is a <-maximal element, say, (S�; f�) of L:
We wish to show that S� �card XnS�: To derive a contradiction, suppose this is false.

Then, by Theorem 7.4.1, we have XnS� %card S�; and it follows that there is a subset Z
of XnS� such that Z �card S�: Then, as S� �card S� � S�; we also have

Z �card S� �card Z � S� �card S� � Z �card Z � Z:

Applying Lemma 7.4.2 (twice), then,

Z �card (Z � S�) [ (S� � Z) [ (Z � Z) =: W;

that is, there is a bijection g from Z onto W . But

(S� [ Z)� (S� [ Z) = (S� � S�) [W:

Therefore, for the map h : (S� [ Z) � (S� [ Z) ! S� [ T de�ned as hjS� := f � and
hjZ := g; we have (S� [ Z; h) 2 L, contradicting the �-maximality of (S�; f�) in L:
Given that S� �card XnS�, Corollary 7.4.3 ensures that X �card S�; and hence

X � X �card S� � S�: As S� �card S� � S�; therefore, we �nd X �card X � X; as we
sought.

Corollary 7.4.5. If X and Y be two sets such that X is in�nite and X %card Y; then
X %card X � Y:

Corollary 7.4.6. Let I be a nonempty (index) set, and let Xi be a nonempty set for
each i 2 I: If X is an in�nite set such that X %card I and X %card Xi for each i 2 I;
then

X %card
[
fXi : i 2 Ig:

Proof. Without loss of generality, we assume that Xi \Xj = ; for any distinct i and j
in I throughout the argument. We are given an in�nite set X such that, for each i in I;
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there is an injection fi fromXi into X:We can then de�ne the map f from
S
fXi : i 2 Ig

into X � I by setting
f(x) := (fi(x); i)

where i is the element of I with x 2 Xi: It is easily veri�ed that f is injective, so we
may conclude that X � I %card

S
fXi : i 2 Ig: As X %card I and Corollary 7.4.5 jointly

imply X %card X � I; we are done.

Example 7.4.6. X �card X1 for any in�nite set X: Indeed, X1; the set of all sequences
inX; has obviously the same cardinality withX�N; so this is an immediate consequence
of Corollary 7.4.6.

Example 7.4.7. Let X be a in�nite set and P(X) the collection of all �nite subsets of
X: Then, X �card P(X): (Compare with Example 7.4.3.) To see this, let Pi(X) := fS 2
P(X) : jSj = ig; and note that, by Lemma 7.4.2 (and induction), X �card X � [i] %card
Pi(X); for each positive integer i: Then, by Corollary 7.4.6,

X %card
1[
i=1

Pi(X) = P(X);

while, obviously, P(X) %card X: We proved: The cardinality of an in�nite set and the
cardinality of the set of all �nite subsets of that set is the same.

Example 7.4.8. R �card C(R): As Q is dense in R; any continuous real function on R
is identi�ed by its values on Q: That is, C(R) �card RQ; while

RQ �card
[
fR� frg : r 2 Qg �card R:

6.5 Ordinals

For reasons that will become clear as we develop order theory further, we would like
to be able to speak of all order-isomorphic wosets as a single entity. Consequently, we
de�ne an ordinal number, or simply an ordinal, as a collection of all wosets that are
order-isomorphic to each other. In turn, any woset that belongs to a particular ordinal
� is referred to as a �woset with ordinality �:�
The ordinality of the empty set �there is only one empty set �is denoted as 0: The

ordinality of [n]; hence of any �nite woset with n elements, is denoted as n: Any such
ordinal is said to be a �nite ordinal. (Thus, there is no di¤erence between ordinality
and cardinality of a �nite set.) Similarly, if there is a countable (uncountable) woset
with ordinality �; we say that � is a countable (uncountable) ordinal. Finally,
the ordinality of N is denoted by !; which is often referred to as the �rst countable
ordinal.
Let � and � be two ordinals. We say that � is greater than �, and denote this by

writing
� �ord �;
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if some (hence any) woset in � is order-isomorphic to a decreasing subset of some (hence
any) woset in �: That is, � �ord � i¤ there are wosets (X;�X) and (Y;�Y ) with
ordinalities � and �; respectively, such that (Y;�Y ) is order-isomorphic to (Z;�X) for
some �X-decreasing subset Z of X: (As usual, � >ord � means that � �ord � but not
� �ord �: For any ordinal �; we denote by #� the set of all ordinals � with � >ord �:)
When we are given a nonempty collection � of ordinals, by (�;�ord); we mean the
ordered pair in which we view �ord as a binary relation on �:
The ground sets of any two wosets with the same ordinality have, of course, the same

cardinality. Consequently, it is not really ambiguous to write something like

� %card S

where � is an ordinal and S a nonempty set. This is simply a short-hand for saying that
X %card S for some (and hence any) set X which can be well-ordered to yield a woset
with ordinality �: Statements like S %card � and � �card S are similarly understood.

Note. We are resisting the temptation of de�ning �ord universally on �the set of all ordinals.�
The reason is analogous to why we were unable to de�ne the cardinality ordering above univer-
sally. We shall shortly see that �the set of all ordinals�does not exist.

For any ordinal �; there is an ordinal �+1 �this is called the immediate successor
of � �such that �+1 >ord � and � >ord � implies � �ord �+1: (For instance, if (X;<)
is a woset with ordinality �; then (Y;D) has ordinality � + 1; where Y = X [ fXg
and D agrees with < on X and states fXg B x for each x 2 X:) The immediate
predecessor of an ordinal is dually de�ned, but note that not every ordinal has an
immediate predecessor; those ordinals without an immediate predecessor are called limit
ordinals. For instance, every ordinal � with ! >ord � is �nite, and hence ! >ord � + 1:
This means that !; the ordinality of N; is a limit ordinal.
Our main objective here is to determine the order structure of any given collection

of ordinals. (Compare with Theorem 7.4.1.) The main tool of analysis for this is, again,
the Well-Ordering Principle.

Theorem 7.5.1. Let � be a nonempty collection of ordinals. Then, (�;�ord) is a woset.

Proof. It is obvious that �ord is a re�exive and transitive binary relation on �: Fur-
thermore, combining Lemma 7.1.2 and Corollary 7.1.4 shows that �ord is antisymmetric
as well. In view of Proposition 7.1.3, therefore, we may conclude: (�;�ord) is a loset.
It remains to prove that any nonempty subset of � has a �ord-minimum. This is done
exactly as in Theorem 7.4.1, so we leave it as an exercise.

Remark. For any ordinal � >ord 0; Theorem 7.5.1 entails that (#�;�ord) is a woset,
where, of course, #� is the collection of all ordinals � with � >ord �: This raises the
question: What is the ordinality of (#�;�ord)? As one would expect, the answer is �:
Indeed, if (X;<X) is a woset with ordinality �; and � is an ordinal with � >ord �; then,
an arbitrarily �xed woset (Y;<Y ) with ordinality � is order-isomorphic to (#x�;<X)
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for some (unique) x� 2 X (Corollary 7.1.4). Then, the map � 7! x� is an order-
isomorphism from (#�;�ord) onto (X;<X); establishing that the ordinality of (#�;�ord)
is �: In particular,

� �card #� for any in�nite ordinal �: (6)

Remark. (The Burali-Forti Paradox) We are now in a position to establish that the set
of all ordinals does not exist. Suppose otherwise, and name this set as �. By Theorem
7.5.1, (�;�ord) is a woset. Let � be the ordinality of this woset. By the previous
remark, then, the ordinality of (#�;�ord) is �: Having the same ordinalities, therefore,
(�;�ord) and (#�;�ord) are order-isomorphic, but, as � 2 �; this contradicts Lemma
7.1.2. Conclusion: The set of all ordinals is not a set!

The following observation is quite useful. It makes it easier to construct counter-
examples in the context of in�nite posets.

Corollary 7.5.2. There exists an uncountable ordinal 
 such that every ordinal � with

 > ord � is countable.

Proof. Using the Well-Ordering Principle on R shows that the set of all uncountable
ordinals, say, �; is nonempty. By Theorem 7.5.1, this set has a �ord-minimum, which is
the ordinal we are looking for.

The ordinal 
; the existence of which is ensured by Corollary 7.5.2, is called the �rst
uncountable ordinal.

Note. Since R is uncountable, the ordinality of R is greater than 
: Therefore, we have R
%card 
: Cantor�s famous continuum hypothesis says that we have, in fact, R �card 
: It is
known from the work of Kurt Gödel and Paul Cohen, respectively, that this hypothesis cannot
be disproved or proved within the standard model of set theory even if we enrich this model with
the Axiom of Choice.

We now use the ordinals to give a more precise meaning to the �number of elements�
of an in�nite set.

De�nition. For any nonempty set X; we de�ne the cardinality of X as the �ord-
minimum of the collection of all ordinals � with the property that there is a well-
ordering < on X such that the ordinality of (X;<) is �: We denote the cardinality of
X by card(X); and set card(;) := 0:

Note. For any positive integer n; we have card([n]) = n: Put di¤erently,� card(X) = jXj for
any �nite set X. Moreover, jXj =1 implies card(X) �ord !:
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Note. For any in�nite set X; there are many well-orderings on X; and as these may induce
di¤erent initial segments, the ordinalities of the resulting wosets are in general distinct. For
instance, suppose we well-order N with the linear order �1 with 1 �1 � � � � 3 �1 2: Obviously,
(N;�1) is a woset. Moreover, the map f : N ! N; de�ned by f(x) := x + 1; is an order-
isomorphism from (N;�) onto (#1;�1); so the ordinality of (N;�1) is strictly greater than !:
In fact, it is easily veri�ed that the ordinality of (N;�1) is ! + 1: Also clear is that we can
well-order N to obtain wosets of ordinality !+k for any positive integer k (among many others).
The point here is that the card(X) is a representative of the potential ordinalities that can be
induced through well-orderings of X; it is the �ord -minimum of all such ordinals. (In particular,
card(N) = !:)

Note. Given any in�nite ordinal �; we know that the ordinality of (#�;�ord) is �: But of course,
card(#�) need not be �: (For instance, card(#(! + 1)) = !:) In general, we can only say that
� �ordcard(#�):

Note. Given any in�nite ordinal �; we have � �card #�: Indeed, suppose S is a set such that
there is a well-ordering < on S with the ordinality of (S;<) being �: Then, by Proposition 7.5.3,
S �card #card(S): But � �ordcard(S); so #card(S) � #�; and this implies #� %card S:

Let S be a countable set. If S is �nite, then its cardinality is equal to [n] for some
positive integer n; so we may enumerate it as fx1; :::; xng: Similarly, if S is countably
in�nite, then there is a bijection from N onto S; and hence, we can enumerate S as
fx1; x2; :::g: (If f is a bijection from N onto S; then set x1 := f(1); x2 := f(2); and so
on.) We now introduce a similar method of enumeration for an arbitrary nonempty set
by using the ordinals.

Proposition 7.5.3. For any nonempty set X; we have

X �card #card(X):

Proof. Let < be a well-ordering on X such that the ordinality of (X;<) is card(X):
De�ne f : X ! #card(X) by f(x) := �x; where �x is the ordinality of (#x;<): We wish
to show that f is a bijection. First, note that if x and y are two distinct elements of
X; then either #x is an initial segment of (#y;<); or #y is an initial segment of (#x;<);
because < is a linear order. By Lemma 7.1.2, therefore, (#x;<) and (#y;<) cannot be
order-isomorphic, that is, �x 6= �y: Thus: f is injective. Second, if � is an ordinal with
card(X) >ord �; then, by Corollary 7.1.4, there is a woset (Y;D) with ordinality � such
that (Y;D) is order-isomorphic to (#x;<); that is, � = �x; for some x in X: Thus: f is
surjective.

Proposition 7.5.3 allows us to well-order any given nonempty set by its cardinality.
Thanks to this result, we can �enumerate�such a set X as fx� : � 2 #card(X)g: Indeed,
Proposition 7.5.3 says that there is a bijection f from #card(X) onto X; so, setting
x� := f(�) for each � in #card(X); we �nd

X = fx� : � 2 #card(X)g:

Of course, when X is countable, this way of expressing X is none other than the usual
way in which we enumerate such a set.
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Note. Our treatment of cardinality and ordinal numbers here is geared only towards our present
needs, and is precursory at best. For a more comprehensive account, you should consult on a
text on set theory proper, such as Hrbacek and Jech (1999).

6.6 Set-Decomposition Principles

Our �nal business in this chapter is to outline two basic principles about the decompo-
sition of an in�nite set. The �rst one of these is fairly elementary:

Proposition 7.6.1. Every in�nite set can be written as the union of a collection of
countably in�nite disjoint sets.

This is proved easily by applying Zorn�s Lemma to the poset (L;<) where L is the
collection of all collections of countably in�nite disjoint subsets of X: We leave working
out the details to the reader, and move to the remaining two decomposition principles.
Before we proceed, let us recall the de�nition of directed sets.

De�nition. Let (X;%) be a preordered set. A nonempty subset D of X is said to be
%-directed if for every x and y in D there is a z in D with z % fx; yg:

Note. Given a preordered set (X;%); a nonempty subset D of X is %-directed i¤ every nonempty
�nite subset of D has an %-upper bound in D:

Our objective here is to express any in�nite directed set in a poset as the union of
a collection of directed sets in that poset each of which has strictly smaller cardinality
than our target set. As a preliminary for our second decomposition, we show next that
this can surely be done in the case of countably in�nite directed sets.

Lemma 7.6.2. Let (X;<) be a poset and D a countably in�nite <-directed subset of
X: Then, there is a countable collection fD1; D2; :::g of �nite <-directed subsets of X
such that

D1 � D2 � � � � and D =
1[
i=1

Di:

Proof. Let fy1; y2; :::g be an enumeration of D: De�ne D1 := fy1g: As D is <-directed,
we can �nd an x1 in D such that x1 < fy1; y2g; we de�ne D2 := D1 [ fy2; x1g: Next, we
�nd an x2 in D such that x2 < D2 [fy3g; and de�ne D3 := D2 [fy3; x2g: Proceeding in
this manner inductively, we obtain a countable collection fD1; D2; :::g with the required
properties.

Our �nal decomposition principle, which is due to Markowsky (1976), extends the
coverage of Lemma 7.6.2 to the context of an arbitrary in�nite directed set.

Theorem 7.6.3. Let (X;<) be a poset and D an in�nite directed subset of X: Then,
there is a �-chain D of <-directed subsets of X such that D =

S
D and D �card S for

each S 2 D:
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Proof. (Throughout the proof, P(S) stands for the collection of all �nite subsets of S;
for any nonempty set S:) We begin with observing that, by the Axiom of Choice, there
is a map f : P(D) ! D such that f(S) < S for every nonempty �nite subset S of X:
For any in�nite subset B of D; we de�ne

U1(B) := B [ ff(A) : A 2 P(B)g

and then, set U2(B) := U1(U1(B)); and U3(B) := U1(U2(B)); and so on. Finally, we
de�ne

U(B) := U1(B) [ U2(B) [ � � �;
which is, clearly, a <-directed subset of D that contains B:4 Let us also put on record
to the following observation about the U operator:

Claim. B �card U(B) for every in�nite subset B of D:

Proof of Claim. Take any in�nite subset B of D: By Example 7.4.7 and Lemma
7.4.2, B �card U1(B): Then, by the same results, U1(B) �card U2(B); and hence, B �card
U2(B): Continuing inductively, we thus �nd that B �card Ui(B) for each i = 1; 2; :::
Then, by Corollary 7.4.6, B �card U(B); as we sought.

We wish to construct D by trans�nite induction. To this end, we �rst well-order D
by its cardinality, and write

D = fx� : � 2 #card(D)g:

Next, we �x an arbitrary ordinal � with � >ordcard(D): (As there is no �ord-maximum
ordinal, there is surely such an ordinal �:)We being our construction at ! (the ordinality
of N) by de�ning

D! := U(fx� : � 2 #!g):
Now take any ordinal � in #�; and suppose D� is de�ned for any ordinal � with � >ord
� �ord !: We then de�ne

D� :=

8><>:
[
fD� : � >ord � �ord !g; if � is a limit ordinal

U(D��1 [ fx� : � 2 #�g); otherwise.

By the Principle of Trans�nite Induction, D� is de�ned for every � in #� (in particular,
for every � in card(D)):

4The idea of proof is similar to the previous one, although we have to be more careful at present.
We wish to adjoin B here an upper bound for it, but as B is in�nite, we do not know if there is such
an upper bound. Instead we adjoin B an upper for each �nite subset of B separately. This gives us
U1(B): Then, we need to adjoin an upper bound for each �nite subset of U1(B), this gives us U2(B);
and so on. When we put all this together we arrive at U(B); a directed set that contains B:
Of course, B is not important here. Rather, what matters is the operator U that matches any given

B to such a directed set. This operator plays the key role in our trans�nite induction.
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We let D := fD� : � 2 #�g: It is plain that D is a �-chain of <-directed subsets
of X: For any � in #card(D); we have � + 1 2 #card(D) (because card(D) is a limit
ordinal). Thus, for any such �; � + 1 is not a limit ordinal and hence it contains x�: It
follows that D =

S
D: It remains to prove that D �card S for each S 2 D:

Take any � in #�: Suppose, as our trans�nite induction hypothesis,

� %card D� for every � 2 #�:

Then, by (6) and Corollary 7.4.6, � %card
S
fD� : � 2 #�g: Conclusion: � %card D� if � is

a limit ordinal in #�: If, on the other hand, � is not a limit ordinal, then � %card ��1 %card
D��1 by our trans�nite induction hypotesis while, by (6), � �card fx� : � 2 #�g: So,
by Corollary 7.4.3 and the Claim above, we �nd � %card D� again. By the Principle of
Trans�nite Induction, therefore, #� equals f� 2 #� : � %card D�g: Then, for each � in
#card(D); we have D �card � %card D�; and our proof is complete.

Exercises
7.1. Show that the direct sum of two wosets is a woset.

7.2. Show that the product of two wosets is a woset.

7.3. Prove that the Well-Ordering Principle implies the Axiom of Choice.

7.4. Let (X;<) be a loset. Use the Axiom of Choice to prove that < is a well-ordering i¤ there does
not exist a sequence (xm) in X with x1 � x2 � � � �.

7.5. Let (X;<) be a woset. De�ne the binary relation D on 2X by S D T i¤ the D-minimum element
of S4T belongs to T: (Note. S4T is the union of SnT and TnS:) Show that (2X ;D) is a woset.
7.6. Let (X;<) be a woset and x 2 X: Show that (X;<) and (#x;<) cannot be order-isomorphic.
7.7. Let (X;<X) and (Y;<Y ) be two wosets. Prove that either (X;<X) and (Y;<Y ) are order-
isomorphic, or (X;<X) and (#y;<Y ) are order-isomorphic for some y 2 Y; or (#x;<X) and (Y;<Y ) are
order-isomorphic for some x 2 X:

7.8. Let (X;<) be a woset and S a nonempty subset of X. Prove: If #x � S for every x 2 X; then
S = X:

Hint. Use trans�nite induction.

7.9. Let (X;<) be a woset with ordinality 
; the �rst uncountable ordinal. Prove: If S is a countable
subset of X; then x < S for some x 2 X:

Hint. Xn
S
f#y : y 2 Sg is not empty.

7.10. Prove Claims 1, 2 and 3 we left unproved while establishing the Well-Ordering Principle above.

7.11. Prove Proposition 7.6.1.

7.12. Let (X;<) be a poset. We say that a subset Y of X is <-co�nal if for every x 2 X there is a
y 2 Y with y < x: Prove that there is a <-co�nal subset Y of X such that (Y;<) is well-founded (that
is, every nonempty subset of Y has a <-minimal element).
7.13. (De�nition by Trans�nite Induction) Let (X;<) be a loset. For any nonempty set Y and x in
X; let Gx be the collection of all functions from x#nfxg into Y; and de�ne G :=

S
fGx : x 2 Xg: Given

any map G : G ! Y , prove that there is a unique function f : X ! Y such that

f(x) = G(f jx#nfxg) for every x 2 X:

7.14. Prove that card(X) is a limit ordinal for any in�nite set X:
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7.15. Prove that XX �card 2X for any in�nite set X:

7.16. Suppose A and B are two bases for an in�nite-dimensional linear space. Prove that A �card B:

7.17. (Gajek-Zagrodny) Prove: For any preordered set (X;%); there exists a nonempty subset W of X
such that (i) % \ (W �W ) is a well-ordering, and (ii) for every x 2 XnW there is a y 2 W such that
y � x does not hold.

Hint. Let L be the collection of all nonempty subsets of X that are well-ordered by %. De�ne D
� L� L by S D T i¤ S � T and S" \ T � S: Apply Zorn�s Lemma to (L;D):
7.18. (Gajek-Zagrodny) Let (X;%) be a preordered set such that every well-ordered subset of X has
an %-upper bound in X: Use the previous exercise to show that MAX(X;%) 6= ;:
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