
PROOF OF THE BROUWER FIXED POINT THEOREM.

There are a number of known methods of deducing the Brouwer Fixed Point Theorem.

Some of these are based on well-known results of vector calculus, and some on basic

algebraic topology. A truly elementary proof of this result is also possible to give,

provided that we digress brie�y and develop some combinatorial machinery. The

involved method, which is explored below, also has the advantage of yielding a number

of results that are of interest in and of themselves.

Finite-Dimensional Simplices

De�nition. Let k and n be two nonnegative integers such that n � k: We say that
the vectors x1; :::; xk+1 in Rn are a¢ nely independent if, for any real numbers
�1; :::; �k+1;

k+1X
i=1

�ix
i = 0 and

k+1X
i=1

�i = 0 imply �1 = � � � = �k+1 = 0:

(Here 0 := (0; :::; 0) 2 Rn:)

The notion of a¢ ne independence, and its connection to the more familiar concept

of linear independence, is studied in some detail in Section F.1.5. At present we need

this concept only to introduce the general concept of a simplex which will play a

crucial role in what follows.

De�nition. For any positive integer n; the standard n-simplex is de�ned as

4n :=

(
(�1; :::; �n+1) 2 Rn+1+ :

n+1X
i=1

�i = 1

)
:

De�nition. Let k and n be two nonnegative integers with n � k; and assume that

x1; :::; xk+1 2 Rn are a¢ nely independent. We de�ne the k-simplex generated by
x1; :::; xk+1 as the convex hull of fx1; :::; xk+1g; that is, as the set

4(x1; :::; xk+1) :=
(
k+1X
i=1

�ix
i : (�1; :::; �k+1) 2 4k

)
:

Any such set is called a k-simplex in Rn, while each xi is called a vertex of this k-
simplex. Finally, for any positive integer r; the r-simplex4(xi1 ; :::; xir) in Rn is said to
be an r-face of the k-simplex4(x1; :::; xk+1); provided that fi1; :::; irg � f1; :::; k+1g:
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Exercise 1.H Given any n 2 N; let S be an n-simplex in Rn. Show that S is homeomorphic
to 4n: (Note. We have 4(e1; :::; en+1) = 4n; where ei is the ith unit vector in Rn+1.)

The following simple observation shows that any member of a k-simplex in Rn can
be written as a convex combination of the vertices of this simplex in only one way.

It is to ensure this property that we require the a¢ ne independence of the vertices of

any such simplex.

Lemma 1. Let k and n be two nonnegative integers with n � k; and assume that

x1; :::; xk+1 2 Rn are a¢ nely independent. Then, for any x 2 4(x1; :::; xk+1); there
exists a unique (�x1 ; :::; �

x
k+1) 2 4k such that x =

Pk+1 �xi x
i:

Proof. Obviously, we only need to prove the uniqueness assertion here. To this

end, take any x 2 4(x1; :::; xk+1); and assume that
Pk+1 �ix

i = x =
Pk+1 �ix

i holds

for two vectors (�1; :::; �k+1) and (�1; :::; �k+1) in 4k: Then,
Pk+1(�i � �i)xi = 0

while
Pk+1 �i = 1 =

Pk+1 �i so that
Pk+1(�i� �i) = 0: By the a¢ ne independence

of x1; :::; xk+1; therefore, we must have �i � �i = 0 for each i = 1; :::; k + 1: �

Let k and n be two nonnegative integers with n � k; and assume that the vec-

tors x1; :::; xk+1 are a¢ nely independent vectors in Rn. For any x 2 4(x1; :::; xk+1);
Lemma 1 allows us to de�ne the following set unambiguously:

Ix1;:::;xk+1(x) := fi 2 f1; :::; k + 1g : �xi > 0g;

where, of course, the numbers �x1 ; :::; �
x
k+1 are as identi�ed by Lemma 1. Note

that Ix1;:::;xk+1(x) = fi1; :::; irg i¤4(xi1 ; :::; xir) is the smallest face of the k-simplex
4(x1; :::; xk+1) that contains x: This r-simplex is the called the carrier of x in
4(x1; :::; xk+1):

Example 1. Consider the 2-simplex in R3 depicted in Figure 1.

Figure 1 about here

Clearly, there are three vertices and seven faces of 4(x1; x2; x3): (Note. Every ver-
tex of a simplex is a 0-face of that simplex.) Here we have Ix1;x2;x3(x) = f0; 2g,
Ix1;x2;x3(y) = f0; 1; 2g; and Ix1;x2;x3(x1) = f1g: �

De�nition. Let k and n be two nonnegative integers with n � k; and let S be k-

simplex in Rn. A simplical subdivision of S is a �nite set T of k-simplices in Rn
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such that (i)
S
T = S; and (ii) T \ T 0 is either empty or a common face of T and T 0;

for any T; T 0 2 T .

Example 2. Consider the 2-simplices in R3 depicted in Figure 2.

Figure 2 about here

Here T := f4(x1; x; x3);4(x1; x; y);4(x; y; x2)g constitutes a simplical subdivision
of4(x1; x2; x3): On the other hand, f4(x1; x; x3);4(x1; y; z);4(y; z; x2);4(x2; z; x)g
is not a simplical subdivision of 4(x1; x2; x3): �

Exercise 2. Let k and n be two nonnegative integers with n � k; and let S be a k-simplex in
Rn. For any " > 0; show that there is a simplical subdivision T of S such that the diameter

of any member of T is at most ":

Sperner�s Lemma

Let k and n be two nonnegative integers with n � k; and assume that x1; :::; xk+1 2 Rn

are a¢ nely independent. Let T be any simplical subdivision of 4(x1; :::; xk+1); and
let XT denote the set of all vertices of the members of T : (Note. x1; :::; xk+1 2 XT :)

We refer to any map ` : XT ! f1; :::; k + 1g as a labeling for T ; and say that a
member T of T is completely labeled by ` if the vertices of this k-simplex bears
all the integers from 1 to k + 1, that is, `(the set of vertices of T ) = f1; :::; k + 1g:
Finally, we say that ` is a Sperner labeling for T if

`(x) 2 Ix1;:::;xk+1(x) for all x 2 XT :

That is, a Sperner labeling ` labels any given vertex x of any member of T with one
of the superscripts of the vertices of the carrier of x in 4(x1; :::; xk+1): (Note. If ` is
a Sperner labeling, then `(xi) = i for each i:)

To give an example, note that there are exactly four Sperner labelings ` for the

simplical subdivision T depicted in the left part of Figure 2. Any one of these would
label x by either 2 or 3; and y by either 1 or 2: If `(x) = 2; then 4(x1; x; x3) is a
completely labeled member of T ; and if `(x) = 3 and `(y) = 1; then 4(x1; x; y) is
a completely labeled member of T : (What if `(x) = 3 and `(y) = 2?) If, in another
simplical subdivision T of4(x1; x2; x3); a point in the interior of this set was a vertex
of a member of T ; then that point would be labeled by a Sperner labeling as either
1; 2; or 3: Figure 3 provides two further illustrations.

Figure 3 about here
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Here comes the upshot: A Sperner labeling always produces a completely labeled

subsimplex! In fact, as Emanuel Sperner proved in 1928, much more is true:

Sperner�s Lemma. Let k and n be two nonnegative integers with n � k; and assume
that x1; :::; xk+1 2 Rn are a¢ nely independent. For any simplical subdivision T of

the simplex 4(x1; :::; xk+1) and any Sperner labeling ` for T ; the number of members
of T that are completely labeled by ` is odd.

Since zero is not an odd number, this result also ensures, in particular, the exis-

tence of a completely labeled subsimplex within any simplical subdivision of a given

simplex. But wait, why are we delving into combinatorics all of a sudden? All this

seems to be way o¤ the mark of proving the Brouwer Fixed Point Theorem. Well, not

at all! Believe it or not, Sperner�s Lemma brings us at the very brink of the latter.

All we need is a bridge between these two results. We build this bridge next, and

worry about proving Sperner�s Lemma later.

The K-K-M Lemma

The following result, which is equivalent to Brouwer�s Fixed Point Theorem, is the

main consequence we wish to deduce from Sperner�s Lemma. It was proved jointly

by Bronislaw Knaster, Kazimierz Kuratowski and Stefan Mazurkiewicz in 1929 �it

is thus aptly called the K-K-M Lemma.

The K-K-M Lemma. Given any n 2 Z+; let fS1; :::; Sn+1g be a set of closed subsets
of 4n � Rn+1 such that

4(ei1 ; :::; eir) � Si1 [ � � � [ Sir (1)

for every r 2 f1; :::; n+ 1g and fi1; :::; irg � f1; :::; n+ 1g: Then,
Tn+1 Si 6= ;:

Proof. Let m 2 N; and take any simplical subdivision Tm of 4n such that the

diameter of any member of Tm is at most 1
m
(Exercise 2). Consider any vertex x of

any one member of Tm. Let 4(ei1 ; :::; eir) be the carrier of x in 4n: By (1), then,

there exists some index i(x) such that x 2 Si(x):We de�ne ` : XTm ! f1; :::; n+1g by
`(x) := i(x); and note that ` is a Sperner labeling for Tm: So, by Sperner�s Lemma,
there exists at least one completely labeled member 4(x1m; :::; xn+1m ) of Tm such that
xim 2 Si; i = 1; :::; n+1: (Yes?) Now, since4n is compact, there exist positive integers
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m1 < m2 < � � � such that (x1mk
) converges to some x 2 4n: Since the diameter of

4(x1mk
; :::; xn+1mk

) is at most 1
mk
; it is clear that each of (ximk

) converges also to x;

i = 2; :::; n+1: Then, since each Si is closed, and each ximk
is in Si; therefore, we �nd

x 2 Si; i = 1; :::; n+ 1: �

We shall use the K-K-M Lemma to prove the Brouwer Fixed Point Theorem. But,

please, make no mistake about it, this result is good for much more. Indeed, many

results that are traditionally proved by the Brouwer Fixed Point Theorem is often

more easily proved by the K-K-M Lemma. Here are two illustrations.

Exercise 3. (Fan) Given any n 2 N, let X be a nonempty subset of Rn: Let fSx : x 2 Xg be
a class of nonempty closed subsets of Rn such that

(i) Sx is bounded for some x 2 X; and
(ii) for any �nite subset fx1; :::; xkg of X; we have 4(x1; :::; xk) � Sx1 [ � � � [ Sxk :
Show that

T
x2X �(x) 6= ;:

Exercise 4.H (Gale) Let � : 4n ! Rn+1 be a continuous map that satis�es

n+1X
i=1

pi�i(p) � 0 for all p 2 4n;

where �i stands for the ith component map of �, i = 1; :::; n+ 1: Show that

fp 2 4n : �(p) 2 Rn�g 6= ;:

(Note. If we interpret here 4n as the space of normalized prices, and �(p) as the excess

demand vector at the normalized price vector p; then this result can be viewed as proving

the existence of a price vector at which none of the n+ 1 commodities in the economy is in

excess demand �such a p is often called a free-disposal equilibrium.)

Proof of the Brouwer Fixed Point Theorem

We are now amply prepared to prove the Brouwer Fixed Point Theorem. Fix

any positive integer n; and take any closed, bounded and convex subset S of Rn:
Clearly, S is a retract of some n-simplex in Rn �why? �and any n-simplex in Rn

is homeomorphic to 4n (Exercise 1). Therefore, we will be done as soon as we show

that 4n has the �xed point property (Propositions 8 and 9).

To this end, take any continuous self-map � on 4n; and de�ne

Si := fx 2 4n : �i(x) � xig; i = 1; :::; n+ 1;
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where, for each i; �i is the real map de�ned by �i(x) := the ith component of the

vector �(x): Clearly, continuity of � implies that of each �i; and hence, by Proposition

D.1, each Si is closed. Also, given any r 2 f1; :::; n+1g and fi1; :::; irg � f1; :::; n+1g;
if x 2 4(ei1 ; :::; eir); then

�i1(x) + � � �+ �ir(x) �
n+1X
i=1

�i(x) = 1 = xi1 + � � �+ xir

so �ik(x) � xik , that is, x 2 Sik ; for some k 2 f1; :::; rg: This establishes (1), and
hence we may apply the K-K-M Lemma to conclude that

Tn+1 Si 6= ;: This means
that there is some x 2 4n with �i(x) � xi for each i = 1; :::; n+1: Since

Pn+1�i(x) =

1 =
Pn+1 xi; therefore, we have �i(x) = xi for each i = 1; :::; n+1; that is, �(x) = x:

Conclusion: 4n has the �xed point property.

Exercise 5. (Peleg) Here is a way to deduce the K-K-M Lemma from the Brouwer Fixed

Point Theorem. Take any n 2 Z+ and let fS1; :::; Sn+1g be as in the K-K-M Lemma. First,

de�ne the real map � on 4n by �(x) := 1 +
Pn+1

d2(x; Si); and then, apply the Brouwer

Fixed Point Theorem to the map � : 4n !4n given by

�(x) := 1
�(x) (x1 + d2(x; S1); :::; xn+1 + d2(x; Sn+1))

to �nd a point in
Tn+1

Si:

Exercise 6. (Yoselo¤) Deduce Sperner�s Lemma from the Brouwer Fixed Point Theorem.

We are now done with the Brouwer Fixed Point Theorem. Well, almost. What

the argument above does, precisely, is to show how to derive from Sperner�s Lemma,

and through K-K-M Lemma, the Brouwer Fixed Point Theorem. The whole thing

will be put to rest only when we prove Sperner�s Lemma. We do this next as our

�nal order of business.

Proof of Sperner�s Lemma

We shall use a tiny bit of graph theory in our proof of Sperner�s Lemma.

De�nition. A simple graph is a pair (V;E), where V is a nonempty �nite set and
E is a nonempty subset of fS 2 2V : jSj = 2g: The elements of V are called the

vertices, and those of E the edges of the graph (V;E): Any member fv; wg of E
is said to join the vertices v and w �here v and w are said to be the endpoints of
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the edge fv; wg: Finally, the degree of any given vertex v 2 V; denoted as d(v); is
de�ned as the number of distinct edges in E that have v as an endpoint.

Graph theory is a part of combinatorial mathematics that has recently found good

use in economics (in the garb of network games). For our purposes, all we need from

this theory is the following simple observation.

Lemma 2. The sum of the degrees of the vertices in any simple graph equals twice

the number of edges in that graph.

Proof. Let (V;E) be a simple graph and enumerate V and E as fv1; :::; vjV jg and
fe1; :::; ejEjg; respectively. De�ne the matrix A = [aij]jV j�jEj by

aij :=

(
1; if vi is an endpoint of ej

0; otherwise
:

(Note. This matrix is called the incidence matrix of (V;E):) Clearly,

d(vi) = ai1 + � � �+ aijEj

for each i = 1; :::; jV j ; so
P

v2V d(v) equals the sum of all entries of A: But the sum

of the entries of each column of A is 2 (as an edge has exactly two endpoints). It

follows that
P

v2V d(v) = 2 jEj ; as we sought. �

Corollary 1. The number of the vertices with odd degree in any simple graph is even.

We now proceed to proving Sperner�s Lemma. The method of proof is due to

Harold Kuhn.

Proof of Sperner�s Lemma. (Kuhn) Fix any n 2 N: We proceed by induction on
k 2 f0; :::; ng: Of course, the case k = 0 is trivial. (Yes?) Let us then assume that
the statement of Sperner�s lemma is valid for k = n � 1: Now take any n-simplex S
in Rn: Let T be an arbitrary simplical subdivision of this simplex, and ` a Sperner

labeling for T . We de�ne the following classes:

A := the set of all n-simplices T in T such that

`(the set of vertices of T ) = f1; :::; n+ 1g;
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and

B := the set of all n-simplices T in T such that

`(the set of vertices of T ) = f1; :::; ng;

For any T 2 T ; let CT stand for the set of all (n� 1)-faces K of T such that the set

of all ` labels of the vertices of K is f1; :::; ng: De�ne

C :=
S
T2T

fK 2 CT : K is contained in the boundary of Sg and D :=
[
T2T

CT :

Figure 4 about here

(Note. Our goal is to show that jAj is an odd number.) We construct a simple graph
(V;E) out of these sets by letting V := A [ B [ C; and by de�ning E as follows:

fv; wg 2 E i¤ either
v; w 2 A [ B and v \ w 2 D

or

v 2 A [ B, w 2 C; and w � v:

(See Figure 5 for an

Figure 5 about here

illustration.1) The degree of each vertex of this graph is found as

d(v) :=

(
2; if v 2 B
1; if v 2 A [ C

:

We leave for you to verify this.2 By Corollary 1, then, jA [ Cj ; that is, jAj + jCj ;
must be an even number. Since jCj is odd by the induction hypothesis, it follows that
jAj is odd. �

1In Figure 4, these sets are computed for a sample simplical subdivision of 4(e1; e2; e3) in R3:
2An intuitive way to think about (V;E) is this. Think of each member of A [ B as a room �

call the members of A �good rooms�and those of B �bad rooms.�Also, call each member of D a

�door�and that of C an �external door.�Then, any vertex of (V;E) is either a room or an external

door. Two rooms are connected by an edge i¤ they share a common door, and an external door

and a room are connected by an edge i¤ the external door is actually a door of that room. Now

notice that a good room has exactly one door while a bad room has exactly two doors. Moreover,

an external door w can serve as a door for only one room (for, otherwise, w would not be contained

in the boundary of S):
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Hints for Selected References

Exercise 1. Let S := 4(x1; :::; xn+1); and consider the map � : 4n ! S de�ned

by �(�1; :::; �n+1) :=
Pn+1 �ix

i:

Exercise 4. Apply the K-K-M Lemma to ffp 2 4n : �i(p) � 0g : i = 1; :::; n+1g:
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