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1. INTRODUCTION

My goal in these notes is to put into a single relatively concise document
the basic facts regarding logic, set theory and the natural numbers that
you will need in introductory analysis. I have tried to be concise but also
to explain things correctly and to use relatively standard terminology so
that if you decide to delve deeper into mathematical foundations you will
recognize some of what you see in more advanced books.

Date: August 29, 2011.
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2. INFORMAL LOGIC

An essential part of mathematics is the discovery and proof of true state-
ments or propositions. “Logic” refers to the system of rules we use to com-
bine propositions and formulate proofs. You should think of logic as the
grammar of the mathematical language – the rules by which we put to-
gether mathematical expressions to make meaningful statements. Hope-
fully you will find the basic rules of logic to be fairly intuitive. Nonetheless,
you will most likely find that it takes time and practice to become fully
comfortable with applying these rules in the abstract, precise framework of
mathematics. Using mathematical logic is skill like any other – you must
study and practice to learn it.

2.1. The algebra of propositions. The word proposition refers to a sen-
tence that is either true or false. Propositions may be expressed in a com-
bination of English and mathematical symbols. So, for example, “2 = 4”
and “Lansing is the capitol of Michigan” are both propositions – the first is
false the second is true. However, “2 + 3” and “Lansing, Michigan” are NOT
propositions as they do not express a complete assertion.

Simple propositions may be combined using a variety of words like “and”,
“or”, “if . . . then”, etc. In mathematical logic these words are used in a
precise way. The rules by which we combine propositions and manipulate
compound propositions are referred to as propositional logic. The basic op-
erations are:

• Negation. Let A be a proposition. The negation of A is the propo-
sition “A is false”, which is true if A is false and is false if A is true.
The negation of A is denoted symbolically by ¬A.
• Conjunction. Let A be a proposition and let B be a proposition.

The conjunction of A and B is the proposition “A and B”, which is
true if both A and B are true and is false otherwise. Symbolically
conjunction is denoted by A ∧B.
• Disjunction. Suppose that A is a proposition and that B is a propo-

sition. The disjunction of A and B is the proposition “A or B”, which
is true if at least one of A or B is true. Disjunction is denoted sym-
bolically by A ∨B.
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For example,

• “2+2=3 is false” is a true proposition – it is the negation of the false
proposition “2 + 2 = 3”.
• “1+1=2 and 3+5=7” is false even though the first identity is true.
• “1+1=2 or 3+5=7” is true by virtue of the fact that “1+1=2”.
• “1+1=2 or 3+5=8” is true since both 1+1=2 and 3+5=8.
• “1+1=2 and 3+5=8” is also true sicne both identities are true.

The expressiveness of the English allows us to write negation and con-
junction in various ways, such as:

• Negation. “A is not true” or “A does not hold” or even just “not A”.
• Conjunction. “both A and B hold” or “A and also B” or “A, but B”.

Although several English expressions may convey the same logical proposi-
tion, a good choice of expression may usefully convey extra-logical impres-
sions or ideas. For example, if you have a friend who is poor and who is
also happy you would might say “He is poor, but he is happy.” With regard
to propositional logic, you have simply said “He is poor and he is happy.”
However in saying “He is poor, but he is happy,” you acknowledges that for
many people poverty and happiness seem almost contradictory. Such nu-
ance is in fact useful in mathematical writing, although it has nothing to do
with logical proof. There is more to mathematics than logic – our thoughts,
impressions and intuition about the subject play a role. Good mathemat-
ical writing is first of all logical but also makes use of language to convey
these extra-logical components. Put some thought and effort into how you
express mathematics in English! This effort is essential for your to learn
to communicate well with your peers about mathematics and over time you
will find that it helps with your own understanding of mathematics as well.

In mathematics the word “or” always denotes the “inclusive or”: “A or B”
includes the possibility that both A and B are true. This is not the case in
English. For example if I say “We will go to Disney land or Disney world”,
then I probably mean we will pick one or the other but not both destinations!
Only a mathematician would answer “Yes, please” to the question “Do you
want tea or coffee?”.

In logic, the proposition “A or B but not both” is called the exclusive or,
sometimes written A xorB. In the statement of mathematical propositions
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the word “or” should never be used for the exclusive or. To express an ex-
clusive or we would typically use an expression like: “exactly one of A or B
holds”, or “A or B, but not both”, or “A or B, but not A and B.”

There are two more common connectives

• Implication. The proposition “A implies B”, denoted symbolically
by A −→ B, says that B is true if A is. This is also written “if A then
B” or “from A, B” or “B if A.”
• Equivalence. The proposition “A if and only if B”, denoted symbol-

ically by A ←→ B, which says that B is true if A is true and B is
false if A is false. This is often abbreviated “A iff B” and may also be
written “A and B are equivalent.”

The following “truth table” summarizes the possible combinations of truth
values for A, B, ¬A, A ∧B, A ∨B, A −→ B and A←→ B:

A B ¬A A ∧B A ∨B A −→ B A←→ B

T T F T T T T
T F F F T F F
F T T F T T F
F F T F F T T

Implications play a very important role in mathematics, as most mathe-
matical theorems are of the form “If . . ., then . . . .” As such there is some
special terminology related to an implication A −→ B. The proposition A is
called the hypothesis and B is called the conclusion. The converse of A −→ B

is the implication B −→ A and the contrapositive of A −→ B is ¬B −→ ¬A.
Notice that the implication A −→ B is true whenever the the hypoth-

esis A is false. This definition of implication may seem puzzling at first.
Many students have trouble accepting that a statement like “If the earth
is flat then the moon is made of chocolate” should be regarded as true. To
understand why this is the right definition, think about what we want an
implication to signify. We would like A −→ B to indicate that the hypothesis
A leads logically to the conclusion B. Thus typically, to prove A −→ B we
will assume A to be true and argue through a chain of reasoning to derive
B. Why may we assume A is true? Because, if it is false then the implication
is true anyway and there is nothing to prove! A mathematical example may
help here: consider the statement “If a natural number n is divisible by four
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then n + 1 is odd” regarding a natural number n. You will probably agree
that this is true. What happens if n = 3? Then it reads “If 3 is divisible by
four then 4 is odd”, which is just as nonsensical as “If the earth is flat then
the moon is made of chocolate”!

2.2. Formulas and logical equivalence. We may use negation and the
connectives “and”, “or”, “implies”, and “iff” to form compound propositions
out of any number of propositions. In so doing we will take the negation
operator to act on the proposition immediately to it’s right. Thus ¬A ∧ B is
the conjunction of ¬A and B. Otherwise, we will use parentheses to help
indicate the order of operation for connectives just as in arithmetic. Thus
(A ∧ B) ∨ C is the disjunction of C and A ∧ B. This is not the same as
A ∧ (B ∨ C) as we can work out by setting up a truth table:

A B C A ∧B (A ∧B) ∨ C B ∨ C A ∧ (B ∨ C)
T T T T T T T
T T F T T T T
T F T F T T T
T F F F F F F
F T T F T T F
F T F F F T F
F F T F T T F
F F F F F F F

The truth table method is effective, but inefficient for compound proposi-
tions with many parts because of the large number of possible assignments
of truth values. Fortunately we can learn a lot about logic just by looking at
compound statements with two propositions.

Two seemingly different compound propositions may in fact express the
same idea. For instance consider ¬A ∧ ¬B. We may work out what this
means as follows:

A B ¬A ¬B ¬A ∧ ¬B A ∨B
T T F F F T
T F F T F T
F T T F F T
F F T T T F

For reference, I have included the truth values for A ∨ B. Notice that the
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values below ¬A ∧ ¬B are the negation of the corresponding values under
A∨B. Thus ¬A∧¬B is just ¬ (A ∨B) in disguise. We express this by saying
that ¬ (A ∨B) and ¬A ∧ ¬B and are logically equivalent, which we write in
symbols as

(2.1) ¬ (A ∨B) ≡ ¬A ∧ ¬B.

This means for any propositions A and B, the truth values of ¬A ∧ ¬B and
¬ (A ∨B) are the same.

Exercise 1. Prove that

(2.2) ¬ (A ∧B) ≡ ¬A ∨ ¬B

Eqs. (2.1) and (2.2) are called de Morgan’s laws, named for nineteenth cen-
tury logician Augustus de Morgan. They show that negation converts dis-
junction into conjunction and vice versa.

Logical equivalence is a property of a pair of formulas, where a formula
is an expression formed from some variables, denoted A, B, C, etc., using
negation and the connectives. A formula becomes a proposition when we
replace each variable by a true or false proposition. Two formulas F and
G are logically equivalent, denoted F ≡ G, if for any such replacement the
resulting propositions have the same truth values. In short, F ≡ G if F and
G have the same truth tables.

Exercise 2. Prove that A −→ B ≡ ¬A ∨B.

Now, it can happen that a formula always evaluates to True, whatever
propositions we put in for the variables. Similarly a formulas might always
evaluate to false. For example, consider the formula A ∨ ¬A

A ¬A A ∨ ¬A
T F T
T F T
F T T
F T T

So, A ∨ ¬A is always true, whatever proposition A stands for. We say that
A ∨ ¬A is a tautology and write this as

(2.3) A ∨ ¬A ≡ T.
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By the de Morgan law eq. (2.1), A∧¬A is the negation of A∨¬A and is thus
always false, which we write as

(2.4) A ∧ ¬A ≡ F.

The identity eq. (2.3) is called the law of the excluded middle. It is a basic
premise of logi: either a proposition or it’s negation is true.

The most important logical equivalences for mathematics relate to impli-
cation, as these provide strategies for proofs.

Exercise 3. Prove that an implication is equivalent to it’s contrapositive.
That is, A −→ B ≡ ¬B −→ ¬A.

The equivalence between an implication and it’s contrapositive is often
useful. Instead of assuming A to be true and deriving B, we may assume
that ¬B is true and then argue that this leads to ¬A. The implication A −→
B follows!

The contrapositive should not to be confused with the converse. The con-
verse of an implication is not equivalent to the implication. This incorrect
argument is very common fallacy, but becomes ridiculous once you think of
a very simple example like: “if it is raining then we carry an umbrella” and
“if we carry an umbrella then it is raining”.

Exercise 4. Show that B −→ A is not logically equivalent to A −→ B.

Exercise 5. Prove that A −→ B ≡ ¬ (A ∧ ¬B).

The equivalence A −→ B ≡ ¬ (A ∧ ¬B) is the basis of proof by contradic-
tion. To prove that A −→ B it suffices to assume A and also the negation of
B and derive from this a contradiction, showing that A ∧ ¬B is false. Then
by the excluded middle ¬ (A ∧ ¬B) must be true.

A classic example of proof by contradiction is the proof that
√
2 is irra-

tional, which you can think of this as the implication “if r = n/m is a ratio
of natural numbers n, m, then r2 6= 2.” To prove the implication, suppose
contrarily that r = n/m is a ratio but r2 = 2. Divide n and m by their great-
est common factor f to write r = p/q where p = n/f and q = m/f are natural
numbers having no common factors. Since p2 = 2q2, we conclude that p2 is
divisible by 2. It follows that p is divisible by 2 and so p2 is divisible by 4.
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Since p2 = 2q2 we see that q2 is divisible by 2. Thus q is divisible by two,
contradicting the fact that p and q have no common factors.

Exercise 6. Prove that A ←→ B ≡ (A −→ B) ∧ (B −→ A). (When we want
to prove an equivalence A ←→ B we will typically prove separately the
implication A −→ B and it’s converse B −→ A.)

There is one more notion that is sometimes useful: logical implication. It
can happen when we look at the truth table for two formulas F and G that
in every case for which F is true, G is also true. If this happens, we say that
F logically implies G and write F =⇒ G. For example A ∧ B =⇒ A since
in order for A ∧B to be true A must be true.

Exercise 7. Prove that (A −→ B) ∧A =⇒ B. (This expresses the classical
argument technique modus ponens – if an implication and it’s hypothesis
are known to be true, then the conclusion is true. That’s the point of impli-
cation!)

2.3. Variables, predicates and quantifiers. Propositional logic on it’s
own is not expressive enough to formulate mathematics. To express mathe-
matics we want to be able to express propositions like the one we mentioned
in section §2.1: “for every natural number n, if n is divisible by four then
n+ 1 is odd”. The key ingredients of this proposition are

(1) There is a class of objects that we are discussing – the natural num-
bers.

(2) For each object in the domain, there is a proposition that is either
true or false – “if n is divisible by four then n+ 1 is odd.”

(3) We assert that for each possible choice of object the corresponding
proposition holds.

Such statements are the domain of first order logic, which is built from
the following components:

(1) Domain of discourse. We suppose given a “domain” of “mathe-
matical objects.” This is the collection of things about which we are
formulating mathematical results – numbers and sets of numbers,
etc. These objects will be denoted by symbols like 1, 2, π,N,R etc.
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(2) Predicates. A predicate is a sentence that contains a certain num-
ber of variables and becomes a proposition, i.e., either true or false,
once each variable is replaced by an object from our domain of dis-
course.

So, for example, x = y is a predicate – it becomes true if we replace x with
1 and y with 1 and it becomes false if we replace x with 27 and y with 35.
In this discussion, predicates will be denoted, for instance, by P (x) or by
P (x, y) where x and y are variables – if we wanted to use a lot of variables
we would write P (x1, . . . , xn).

(3) Quantifiers. Quantifiers turn predicates into propositions. There
are two types of quantifiers:
• Universal quantifier. Used to assert that a predicate P (x)

holds for every possible choice of the object x in the domain and
is expressed as “for every x, P (x)” or “for each x, P (x)” or “P (x)
holds for every x,” etc. In symbols we write ∀xP (x) or ∀x, P (x).
• Existential quantifier. Used to assert that there is at least one

object x in the domain such that “there exists x such that P (x)“
or “there is x such that P (x)” or “for some x, P (x)” or “P (x) holds
for some x,” etc. In symbols this is denoted ∃xP (x) or ∃x, P (x).

In the example “for every natural number n, if n is divisible by four then
n + 1 is odd”, the domain is the set of natural numbers, the predicate P (n)
is “if n is divisible by four then n + 1 is odd” and the universal quantifier is
used.

You should think of a predicate P (x) as corresponding to a property that
some of our mathematical objects possess. Predicates may be negated and
combined using the connectives of propositional logic. For instance in the
above example the compound predicate “if n is divisible by four then n+1 is
odd” is an implication A(n) −→ B(n) composed of two predicates A(n) =”n
is divisible by four” and B(n) =”n + 1 is odd”. Note that A(n) does indeed
describe a property that certain numbers have – being divisible by four.

Universal quantifiers in statements of implication are so common in math-
ematical writing that they are often left out. Indeed one would typically
write just “if a natural number n is divisible by four then n+ 1 is odd,” with
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the assumption that the reader will understand that the quantifier “for ev-
ery n” is implied. A more everyday example of this is given by the sentence
“if today is wednesday, then we have class today” In a sense, this sentence
is predicate rather than a proposition. What is the variable? It is the word
“today,” which can range over the various days of the semester, depending
on, well, what day today is. We can think of this sentence as being an im-
plication composed from the predicates: W (d), “day d is a Wednesday”, and
C(d), “our class meets on day d”. The variable d ranges over the “domain”
of days in the semester and the sentence “if today is wednesday, then we
have class today” is the predicate W (d) −→ C(d). However, when I say “if
today is wednesday, then we have class today” what I mean is “for each day
of the semester, if the day is wednesday then we have class on that day.”
Thank heavens we don’t speak that way however! (Notice also in spoken
English the domain of discourse is implied. A strict logician might insist
that “if today is wednesday, then we have class today” is false, pointing out a
Wednesday during the holiday break on which we will not have class. When
we write mathematics, we should be quite precise regarding the domain of
our quantifiers.)

We haven’t said much about the existential quantifier. It is used to ex-
press statements like “there is a real number x such that x2 = 2.” Here the
predicate is x2 = 2 and the assertion is ∃x, x2 = 2 at least if the domain of
discourse is the real numbers. If we want to be specific that there is an ob-
ject x in a particular class of objects S such that P (x) holds, we could write
∃x, (x ∈ S)∧P (x). Here “x ∈ S “ is the predicate “x is an element of the class
S” (see the following section on set theory). This sort of restriction of the
domain of the variable x is so common that we will give it an abbreviated
notation ∃x ∈ S, P (x). Thus, for example, if R denotes the set of real num-
bers then ∃x ∈ R, x2 = 2 is the assertion that “there is a real number x such
that x2 = 2.”

The existential and universal quantifiers are related by negation. Indeed

(2.5) ¬∀x, P (x) ≡ ∃x,¬P (x).

That is, to disprove the assertion that P (x) holds for every x we simply
need to produce a specific example of an object x such that P (x) is false. For
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example, suppose someone tells you that “all natural numbers are even.”
You would discern that this is a false statement quite easily: 1 is a natural
number and it is not even. End of story. The specific example that disproves
a supposed universal statement is called a counterexample.

Replacing P (x) by ¬P (x) and negating both sides of eq. (2.5) we are led to

(2.6) ¬∃x, P (x) ≡ ∀x,¬P (x).

To show that no object x satisfies P (x) we need to verify that ¬P (x) holds
for every x. Note the similarity between eqs. (2.5) and (2.6) and de Morgan’s
laws eqs. (2.1) and (2.2). This is no accident. Essentially ∀xP (x) expresses
the conjunction of all the propositions P (x) where x ranges over the domain
of discourse. Similarly ∃xP (x) expresses the disjunction of all th proposi-
tions P (x). In fact, if the domain of discourse were finite then we could
dispense with quantifiers and write everything out in terms of “and” and
“or.” However, if we want to talk about infinitely many things, like all the
natural numbers, then we need quantifiers. (Quantifiers might be useful
even over a finite but large domain, since we might not have the time or ink
to write out all of the ands and ors, but in this case the quantifiers would
just be useful notation. Over an infinite domain they really represent a new
kind of statement.)

An existential proposition ∃x, P (x) does not tell us how many objects x
satisfy P (x). There could be just one or there might be 12 or maybe every
object works. Indeed if all the objects x satisfy P (x), then – assuming the
domain of discourse is not empty – we see that ∃x, P (x). That is

∀x, P (x) =⇒ ∃x, P (x).

Sometimes we want to say that there is a unique object such that P (x) holds.
This could be accomplished through the proposition

∃x, P (x) ∧ (∀y, P (y) −→ y = x) ,

“there is an x such that P (x) holds and if y is any object such that P (y)
holds then y is actually x”. This is so unwieldy we introduce the notation
∃!x, P (x) for “there exists a unique x such that P (x) holds”. (I’ll leave it to
you to decide if this is to be read aloud as “THERE EXISTS x such that
P (x)”.)
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If P (x, y, . . .) is a predicate that depends on x and some other variables, we
can form new predicates using quantifiers: ∃xP (x, y, . . .) and ∀xP (x, y, . . .).
Things get interesting when we combine multiple quantifiers. In particular
we can apply them in various orders and the question comes up whether
∃x∀yP (x, y) is the same thing as ∀y∃xP (x, y)? There are two very simple
rules that apply:

• Quantifiers of the same type may be interchanged freely:

∀x∀yP (x, y) ≡ ∀y∀xP (x, y) and ∃x∀yP (x, y) ≡ ∀y∃xP (x, y).

• Quantifiers of different types may not be interchanged: ∀x∃yP (x, y)
is not the same as ∃y∀xP (x, y).

For example consider the predicate n < m with two variables on the do-
main of natural numbers. The proposition ∀n∃m,n < m asserts that for any
natural number there is a larger natural number. This is certainly true. On
the other hand ∃m∀n, n < m asserts that there is a natural number that is
larger than all other natural numbers, i.e., this is the false statement that
there is a largest natural number! So, ∀n∃m,n < m and ∃m∀n, n < m are
certainly not the same!

The difference between ∀x∃yP (x, y) and ∃y∀xP (x, y) is that for ∀x∃yP (x, y)
to be true the special y that makes P (x, y) true may depend on x, but for
∃y∀xP (x, y) to hold we need to find one y that works for every x. This sug-
gests that ∃y∀xP (x, y) is a “stronger” statement than ∀x∃yP (x, y) and indeed
we have

∃y∀xP (x, y) =⇒ ∀x∃yP (x, y).

However the converse implication does not hold and these statements are
not logically equivalent.

3. NAIVE SET THEORY

Most mathematicians speak about mathematics using the language of set
theory. Informally a set S is an unordered collection of objects. We typically
use curly braces to denote a set – for example {1, 2, 3, 4} is the set consisting
of the objects 1, 2, 3 and 4. Recall that sets are unordered, so {2, 1, 4, 3} is the
same set! For our purposes, we can suppose that there is some universe of
mathematical objects from which we form sets – these should be the objects
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in our domain of discourse in section §2.3. As we go on we will want to
consider sets of sets, like {{1, 2} , {3}} which is a set with two elements –
the sets {1, 2} and {3}. Thus our domain of discourse should include sets in
it as well. There is no problem with this although to be strictly logical one
does have to be a little careful – see the section of Russell’s paradox below.

In fact when mathematicians study the foundations of mathematics they
typically deal with pure set theory in which every object is a set. To do so is
logically simpler and turns out to be sufficient to define all of mathematics.
For example, it is possible to define the natural numbers using set theory
– if you want a glimpse of this and of what a more rigorous foundation
for mathematics looks like see the appendix. However, in practice we do
not think of numbers this way but rather as primitive objects. So for the
elmentary set theory we will use in this course we will allow sets to include
objects that are not themselves sets.

3.1. Equality. To do mathematics we need a notion of equality between
objects. We have already used equality between numbers in some of our
examples. Formally, equality is a predicate x = y on two variables that ex-
presses identity between two putatively different objects. We shall assume
that

(1) Axiom of reflexivity. For every x, x = x. That is, every object is
equal to itself.

(2) Axiom of substitution. If x = y then x and y are logically indis-
tinguishable in that y may be substituted for x in any context. This
is formalized by assuming, for any predicate P (x, y, w1, . . . , wn) in x, y
and additional variables w1, . . . , wn, if x = y and P (x, y, w, . . . , wn) is
true, then P (y, x, w1, . . . , wn) and P (x, x, w1, . . . , wn) are true.

Some familiar properties of equality follow. For example using the predicate
y = x and substitution we discover the

• Law of symmetry. If x = y then y = x.

Similarly using the predicate y = z we discover the

• Law of transitivity. If x = y and y = z then x = z.

3.2. Sets. When an object a belongs to a set S we say that a is an element of
S and write a ∈ S. If a is not an element of S we will write a 6∈ S. Most of the
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time, when we use the quantifiers ∀x and ∃x we will want to restrict them
to a particular set S. This will be accomplished with the notation ∀x ∈ S, . . .
and ∃x ∈ S, . . . where

• ∀x ∈ S, P (x) means ∀x, x ∈ S −→ P (x), and
• ∃x ∈ S, P (x) means ∃x, x ∈ S ∧ P (x).

The empty set, denoted ∅, is the set containing no objects – that is, ∀a, a 6∈ ∅.
Note that “∀x ∈ ∅, P (x)” is a true statement for any predicate – we say that
it is “vacuously true.” Likewise “∃x ∈ ∅, P (x)” is false for any predicate.

We assume the following properties for sets.

(1) Equality by membership (axiom of extensionality): Sets are
equal if they denote the same collection of objects. That is, S1 = S2 if
for any object a we have a ∈ S1 if and only if a ∈ S2.

It follows from the axiom of extensionality that there is at most one empty
set: if a 6∈ ∅1 and a 6∈ ∅2 for all a then ∅1 = ∅2. However, we might like to
assume the existence of the emptyset:

(2) The empty set exists. There is a set S such that for any object a,
a 6∈ S.

(3) Axiom of specification: Given a predicate P (x) with x a variable
that ranges over the universe of objects and a set S there is a

(3.1) {x ∈ S : P (x)} .

set consisting precisely of those objects x ∈ S for which P (x) is true.

The notation in eq. (3.1) is called “set builder notation:” Note that the no-
tation is not unique: two presentations {x ∈ S : P (x)} and {y ∈ T : Q(y)}
might actually represent the same set. For example the empty set

∅ = {x ∈ S : x 6= x}

where S is any set. Indeed call the set on the right hand side E. Let y be
any object. If y ∈ S then y 6∈ E since y = y. On the other hand if y 6∈ S then
y 6∈ E either. Thus we have shown ∀y, y 6∈ E. By the axiom of extensionality
it follows that E = ∅.

(4) One and two object sets exist. Given an object a and an object b
we can make the set {a, b}.
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Note that if a = b then {a, b} = {a}, thus the assumption implies that one
object sets exsit.

(5) Unions exist. If S is a set the elements of which are themselves sets,
then the union of the elements in S is a set – that is, the collection

(3.2) {a : ∃Q ∈ S, a ∈ Q}

consisting of all objects that are elements of elements of S is a set.

We denote the union eq. (3.2) by
⋃
S and by

⋃
Q∈S Q. In particular, for a

pair of sets A,B the union is

A ∪B :=
⋃
{A,B} = {a : a ∈ A or a ∈ B} .

(The notation := is used here to indicate that this is a definition, not an
assertion of equality.) Using one and two object sets and unions we can
form sets with any finite number of elements. For example

{a, b, c, d} = {a, b} ∪ {c, d} .

Similarly we define the intersection

A ∩B := {a : a ∈ A and a ∈ B} .

If A ∩ B = ∅ we say that A and B are disjoint. More generally, given a
non-empty set S whose elements are sets, we define the intersection⋂

S =
⋂
Q∈S

Q := {a : ∀Q ∈ S, a ∈ Q} .

Note that we have used set builder notation in eq. (3.2) without specify-
ing the set in which the elements a are found. So the existence of the union
does not follow from the axiom of specification – this is why there is a sepa-
rate axiom for unions. On the other hand, the existence of the intersection⋂

Q∈S Q for non-empty S does follow from specification, since⋂
Q∈S

Q := {a ∈ Q0 : ∀Q ∈ S, a ∈ Q}

where Q0 is any element of S. (See section section §A for an explanation of
why we do not allow {a : P (a)} to be a set for any predicate P (a).)

We say that a set T is a subset of S if every element of T is an element of
S – that is ∀a ∈ T, a ∈ S. This is denoted T ⊂ S.
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Exercise 8. Use the assumption of equality by membership to prove that
S = T if and only if S ⊂ T and T ⊂ S.

(6) Power sets exist. Given any set S, the collection {T : T ⊂ S} of all
subsets of S is a set, called the power set of S and denoted 2S.

Note that for any S, ∅ ⊂ S and S ⊂ S so ∅ ∈ 2S and S ∈ 2S. The funny
notation 2S comes from the fact that if S has n elements then 2S has 2n

elements, but we will not prove that now.
There are four more axioms. We discuss the replacement axiom, which

tells us essentially that {f(a) : a ∈ S} is a set for any set S and any func-
tion f , in the next section. The axiom of infinity asserts the existence of
an infinite set with the properties of the natural numbers. We discuss the
equivalent Peano axioms in section §4 below. The axiom of regularity and
the axiom of choice are more technical and will not play a role in our analy-
sis this semester. We will only touch on them briefly in the appendix.

3.3. Functions. Informally, a function f is a rule that assigns to every
object another object f(a). There are two ways to think about functions:
set theoretically and logically. Let us start with the set theoretic way. An
ordered pair (a, b) is a pair of objects in a particular order, so (a, b) 6= (b, a)

unless a = b. The ordered pair can be defined as the set

(a, b) := {a, {a, b}} .

The cartesian product of a set X and a set Y is the set

X × Y := {(a, b) : a ∈ X and b ∈ Y } .

(Try to use the axioms of specification, union and power set to prove that
the Cartesian product exists!) We define a function f from X to Y to be a
subset f ⊂ X × Y with the property that for each x ∈ X there is a unique y
such that (x, y) ∈ f and introduce the notation f(x) for this unique y.

Here is some common terminology for functions. By f : X → Y we denote
a function from X to Y . The domain of the function is X and the range is
Y . The image of f is the set

f(X) := {y ∈ Y : ∃x ∈ X, f(x) = y} ,
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which we will henceforth abbreviate as

f(X) =: {f(x) : x ∈ X} .

More generally, given A ⊂ X we let

f(A) = {f(x) : x ∈ A} := {y ∈ Y : ∃x ∈ A, f(x) = y} .

The restriction of fto A, denoted f |A, is the function f |A : A→ Y defined by

f |A (x) := f(x) ∀x ∈ A.

The function is said to be injective or one-to-one if

∀x, y ∈ X, f(x) = f(y) −→ x = y.

So f is one-to-one if distinct points of X are mapped to distinct points of Y .
The function is surjective or onto if f(X) = Y . If f is surjective and injective
it is called a bijection.

Logically we can make a more general definition of a function: you can
think of a function as an arbitrary rule that turns one object a into another
object f(a). This is like a predicate, but instead of returning a value of “true”
or “false” a function hands back another object. Notice that the functions
we are talking about now are defined on the domain of all mathematical
objects! But we can still ask if

(3.3) f(X) = {f(x) : x ∈ X}

is a set for any set X? It looks like a set, but this cannot be proved from
the above axioms. The axiom of replacement asserts, roughly, that eq. (3.3)
defines a set. Regularity is one of the basic axioms of set theory, but in prac-
tice it does not come up very often because most of the functions we want to
talk about are defined in the set theoretic way to map a given domain into
a given range.

4. NATURAL NUMBERS

Informally, the set of natural numbers, or “counting numbers,” is

N = {0, 1, 2, . . .} .
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That is N is the set obtained by “starting at 0 and counting indefinitely.” To
formalize this we will assume the existence of a set N containg the element
0 and endowed with a function S : N→ N that tells us what the next natural
number is. The following axioms for N were first described by Peano:

(1) There is an element 0 ∈ N.
(2) There is a function S : N→ N, called the successor function.
(3) For each n ∈ N we have S(n) 6= 0.
(4) The successor function is one-to-one.
(5) If K ⊂ N is a set such that 0 ∈ K and for each n ∈ K, S(n) ∈ K, then

K = N.

Secretly, we know that S(n) = n+ 1 but that is not part of the axioms, since
they are intended to be a foundation from which to define the arithmetic
operations on N.

The first four axioms guarantee that N is an infinite set on which we can
count. However the set may not be the natural numbers. For instance the
set of numbers {

0,
1

2
, 1,

3

2
, . . .

}
with succesor function S(n) = n + 1 with the usual operation of addition
satisfies the first four axioms but not the last. The fifth axiom is called the
principle of mathematical induction. It is supposed to guarantee that the
natural numbers contain “only those numbers we get to by counting and no
more.”

The principle of induction leads to an important proof technique:

Theorem 1. For each n ∈ N, let P (n) be a proposition – so P (n) is a predicate
in a variable n ranging over the natural numbers. To prove ∀n ∈ N, P (n) it
suffices to prove P (0) and that

∀n ∈ N, P (n) −→ P (S(n)).

Proof. Let K = {n ∈ N : P (n) is true.} and suppose we have proved P (0)

and P (n) −→ P (S(n)). Then 0 ∈ K and (n ∈ K −→ S(n) ∈ K) so by the
principle of induction K = N. Thus P (n) is true for each n ∈ N. �

Theorem 1 is the basis for proofs by mathematical induction. These all
have a certain form. To prove ∀n, P (n) with P (n) some predicate over N we
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first show P (0) – this is called proving the base case. Then we assume P (n)
to hold for some n. This assumption is called the induction hypothesis. From
the induction hypothesis we prove that P (S(n)) holds.

To get a feeling for induction, let us try to define addition from the Peano
axioms. We do this recursively. That is, we do not define n+m for every pair
n,m at once. Instead we define

(4.1) 0 + n := n ∀n ∈ N

and then define

(4.2) S(m) + n := S(m+ n) ∀n,m ∈ N

whenever m+ n has already been defined. Let us define

1 := S(0).

Then we can prove

Theorem 2. S(n) = n+ 1 for every n.

Proof. We prove this by induction. The base case S(0) = 0 + 1 holds by
definition of 1 and eq. (4.1). Now suppose that S(n) = n+1 for some n. Then
by eq. (4.2) and the induction hypothesis we have

S(n+ 1) = S(n) + 1 = (n+ 1) + 1. �

We will now dispense with the notation S(n) and simply write n + 1 for
the successor of n.

It is possible to prove, using only the definition eq. (4.1) and eq. (4.2) and
the Peano axioms, the following

Theorem 3. The following statements hold regarding addition on N:

(4.3) n+m = m+ n ∀n,m ∈ N

and

(4.4) (n+m) + l = n+ (m+ l) ∀n,m, l ∈ N.

This is not trivial! Our definition of addition is asymmetric but gives the
usual commutative and associative laws of arithmetic.
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The proof of these elementary facts gives a very good illustration of in-
duction. To begin let’s prove eq. (4.3) for m = 0:

Lemma 1. n+ 0 = 0 + n for all n ∈ N.

Proof. We prove this by induction. The base case is true by definition since
0+0 = 0 = 0+0. Now suppose n+0 = 0+n for some n. Then S(n)+0 = S(n+0)

by eq. (4.2). Thus by the induction hypothesis S(n) + 0 = S(0 + n). Thus by
eq. (4.1) S(n) + 0 = S(n) = 0 + S(n). �

The proof of eq. (4.4) is another simple induction proof, left as an exer-
cises:

Exercise 9. Prove eq. (4.4) for all l, m and n using only the Peano axioms
and Lemma 1. Hint: use induction to prove for each n the statement “for
every l,m ∈ N, n+(m+ l) = (n+m)+ l.” Lemma 1 will be useful in the base
case.

Proof of eq. (4.3). We will prove by induction that for eachmwe haveQ(m) =“for
every n, n+m = m+n”. Lemma 1 provides the base case Q(0). So, suppose,
for some m, that Q(m) holds. Let n ∈ N. Then

n+ S(m) = n+ (m+ 1) = (n+m) + 1 = (m+ n) + 1,

by Theorem 2, the associative law eq. (4.4) law and the induction hypoth-
esis. ApplyingTheorem 2 again and the recursive definition of addition
eq. (4.2) we obtain

n+ S(m) = (m+ n) + 1 = S(m+ n) = S(m) + n.

Since n was arbitrary, we see that Q(S(m)) holds, completing the proof. �

Multiplication is defined recursively as well, by the formulas

(4.5) 0× n := 0

and

(4.6) (m+ 1)× n := (m× n) + n.

Using induction one can show
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Theorem 4. The following statements hold regarding multiplication on N:

(4.7) n×m = m× n ∀n,m ∈ N,

(4.8) (n×m)× l = n× (m× l) ∀n,m, l ∈ N,

and

(4.9) n× (m+ l) = (n×m) + (n× l) ∀n,m, l ∈ N.

Exercise 10. Prove Theorem 4. Hint: There may be a number of ways to
proceed through this, but here is a strategy that works:

(1) Prove eq. (4.9) as follows. Fix m, l and prove by induction on n that
n× (m+ l) = (n×m) + (n× l). The base case follows easily from the
definition eq. (4.5) and eq. (4.1). To accomplish the induction step
you will need the recursive definition of multiplication eq. (4.6) and
Theorem 3.

(2) Prove that n× 0 = 0 and n× 1 = n by induction on n.
(3) Prove eq. (4.7) as follows. Fix m and prove by induction on n that

m×n = n×m. You will need the identity n×1 = n and the distributive
law eq. (4.9)in the induction step.

(4) Combe the commutative and distributive laws eqs. (4.7) and (4.9) to
see that

(4.10) (m+ l)× n = (m× n) + (l × n)

(5) Prove eq. (4.4) as follows. Fix m and l and prove by induction on n

that n×(m× l) = (n×m)×l. You will need eq. (4.10) in the induction
step.

From addition and multiplication you can define all of the familiar prop-
erties and derive the familiar results of arithmetic on the natural numbers
– primes, prime factorization, etc. The Peano axioms provide a basis for
arithmetic. As we will see, arithmetic provides a foundation for analysis.

APPENDIX A. RUSSELL’S PARADOX

It is quite tempting to use the notation

(A.1) {x : P (x)}
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to represent the set of all objects in the universe with the property P (x).
For many reasonable predicates this collection is a set. For instance if
P (x) −→ x ∈ S for some set S then the above collection could be written
as {x ∈ S : P (x)} and is a set by the axiom of specification. However, the
axiom of specification does not assert the existence of (A.1). The reason is
a famous paradox due to Bertrand Russell which shows that set thoery in
which we are allowed to build sets like {a : P (a)} is simply not consistent.

The paradox is based on the predicate a 6∈ a – a is not an element of itself.
This is a reasonable predicate. Indeed any set you cook up will satisfy it:
∅ 6∈ ∅ and N 6∈ N. It is actually quite hard to imagine a set that contains
itself! But suppose eq. (A.1) were guaranteed to produce a set whatever
predicate we might use. Then we could form the set

R = {a : a 6∈ a} ,

which is the collection of sets that do not contain themselves as members.
Now ask yourself, “is R ∈ R?” This seems pretty clear cut: if R is a set then
either R is or is not an element of itself. However,

(1) If R ∈ R then, by definition of R, R 6∈ R. This is contradictory, so we
cannot have R ∈ R.

(2) If R 6∈ R then it must not be true that R 6∈ R, that is R ∈ R. Again a
contradiction, so R 6∈ R cannot hold.

This seems completely disastrous! In each case we get a contradiction. Is
all of mathematics contradictory?

No! The problem with the above reasoning is that R is not a set. It
looks like a set, but what we just proved is that if R is a set we are led
to contradiction. Thus R is not a set! This does not contradict the axiom
of specification, since we only assumed that objects like {a ∈ S : P (a)} are
sets and said nothing about unrestricted collections like R.

I said above that “it is hard to imagine a set that contains itself.” In fact
there is one naive and obvious candidate: the “set of all sets” which we could
denote by U. Notice that if U is a set, then by virtue of the definition of U we
have U ∈ U. But then we could form the set

R = {a ∈ U : a 6∈ a} .
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Since R is now a set it must be in U and thus either be an element of itself
or not and the above reasoning will lead to a contradiction. Thus U is not a
set after all – it is nonsense to suppose that the collection of all sets is itself
a set that can be manipulated using the rules of set theory.

Now, the sets that one comes across in practice do not come close to be-
ing “large” enough to produce this paradox. This is because they are “well
founded:” built up in stages from elementary objects. We first consider
sets of elementary objects (which are themselves not sets). These are sets
of the first type. (Perhaps there are no elementary objects, in which case
there is just one set of the first type – the empty set.) Then we consider
sets containing sets of the first type and elementary objects. These are sets
of the second type. And we proceed “to infinity and beyond.” The result-
ing sets have a special property: every set S produced in this way contains
an element x that is either an elementary object or that is disjoint from
S, i.e., x ∩ S = ∅. For example S = {{1, {1, 2}}, {1, 2}} has two elements.
Now S ∩ {1, {1, 2}} = {1, 2} so S is not disjoint from {1, {1, 2}}. However,
S ∩ {1, 2} = ∅ because S is a set of sets and {1, 2} contains only elementary
objects. The axiom of regularity asserts that this property is true of any set:
any set S contains an element that is either not a set or is disjoint from S.
It follows from the axiom of regularity that no set is an element of itself:
∀S, S 6∈ S. Indeed, let S be a set and consider the set {S} (which exists
by the axiom of pairing). By the axiom of regularity, {S} has an element
disjoint from it. As the only element is S, we conclude that S ∩ {S} = ∅.
Since S ∈ {S} it follows that S 6∈ S! So Russell’s paradoxical collection
R = {S : S 6∈ S} is just the collection of all sets. However, this collection is
not itself a set.

APPENDIX B. ZERMELO-FRAENKEL AXIOMS

The axioms for sets described above in sections §3, §4 and §A, were a
somewhat informal presentation of the standard set of axioms for set theory
known as the Zermelo-Fraenkel axioms (or ZF). A more formal statement
of the ZF axioms is as follows. We assume a domain of discourse consisting
of sets, with the predicate x ∈ y, “x is an element of y”, defined on pairs of
sets such that the following axioms hold:
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(1) Axiom of extensionality. Two sets are equal if they have the same
elements:

∀x∀y, (∀z, x ∈ z ←→ y ∈ z) −→ x = y.

(2) Axiom of the empty set. There is a set containing no elements:

∃y∀x, x 6∈ y.

As mentioned above, this set is unique by the axiom of extensional-
ity. It is conventional to introduce the notation ∅ for the set with no
elements.

(3) Axiom schema of specification. For each predicate P (x, z, w1, . . . , wn),
the set {x ∈ z : P (x, z, w1, . . . , wn)} exists:

∀w1, . . . , wn∀z∃y∀x ∈ y, x ∈ z ∧ P (x, y, w1, . . . , wn)

Technically this is not one axiom, but an infinite list of axioms, one
for each predicate. This is the meaning of the phrase “axiom schema.”

(4) Axiom of pairing. Given a set x and a set y there is a set containing
x and y:

∀x∀y∃z, x ∈ z ∧ y ∈ z.

(5) Axiom of union. Given a set x there is a set containing the elements
of all the elements of x:

∀x∃y∀w ∈ x∀z ∈ w, z ∈ y.

(6) Axiom of power sets. Given a set x there is a set containing all the
subsets of x:

∀x∃z∀y, y ⊂ x −→ y ∈ z.

Here the subset relation is defined as usual: y ⊂ x :=”∀v ∈ y, v ∈ x”.
(7) Axiom schema of replacement. For each predicate P (x, y, S, w1, . . . , wn)

we have

∀w1, . . . , wn∀S, (∀x ∈ z∃!y, P (x, y, S, w1, . . . , wn))

−→ (∃T∀y ∈ T∃x ∈ z, P (x, y, T, w1, . . . , wn)) .

Basically, this says that if the predicate P defines a function on S via
f(x) = y when y is the unique object such that P (x, y, S, w1, . . . , wn)
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holds, then there is a set T containing all the values f(x) as x ranges
over S.

(8) Axiom of infinity. There is a set N such that ∅ ∈ N and such that
for any x ∈ N we have x ∪ {x} ∈ N :

∃X, (∅ ∈ N) ∧ (∀x ∈ N, x ∪ {x} ∈ N) .

(9) Axiom of regularity. Every non-empty set is disjoint from one of its
elements:

∀x, x 6= ∅ −→ (∃y, y ∈ x ∧ (∀z ∈ y, z 6∈ x)) .

Notice that the axiom of infinity and the axiom of the empty set are the
only axioms that assume the existence of a set. Without the two of them,
the universe might be empty. Without the axiom of infinity, all sets might
be finite.

The ZF axioms are understood to be a foundation for much of mathemat-
ics. For example, suppose we want to define the natural numbers. We take
the set N from the axiom of infinity and define the successor function on N

by

(B.1) σ(n) = n ∪ {n} .

The idea is to define
0 := ∅

and use σ as the successor function. Since ∅ ∈ N the first Peano axiom
holds, and since σ : N → N so does the second. Since n ∈ σ(n), we do not
have σ(n) = ∅ so the third Peano axiom holds. Now suppose σ(n) = σ(m).
Since n ∪ {n} = m ∪ {m} , we have n ∈ m ∪ {m} and m ∈ n ∪ {n}. We
conclude that either n = m, or n ∈ m and m ∈ n. However, n ∈ m and m ∈ n
violates the axiom or regularity: {n,m} must contain an element disjoint
from itself, if n ∈ m this can’t be n and if m ∈ n this can’t be m! Thus
S(n) = S(m) −→ n = m and the fourth Peano axiom holds! So N, σ satisfy
the first four Peano axioms. However, as it stands they may not satisfy the
fifth axiom, which is the principle of induction. The problem is thatN might
contain many extra elements. However, we can reduce N to the correct set
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as follows. Let
C = {T ⊂ N : ∅ ∈ T ∧ σ(T ) ⊂ T} .

Since N ∈ C, C is not empty, so it makes sense to take the intersection:

N :=
⋂
T∈C

T.

Then ∅ ∈ N and σ(N) ⊂ N. If we let S = σ|N then the first four Peano axioms
hold for (N, S) by the arguments we used above. The principle of induction
follows because if K ⊂ N contains ∅ and satsfies S(K) ⊂ K then K ∈ C so
K ⊃ N. So with the ZF axioms, the existence of the natural numbers is a
provable theorem! It is amusing to write out the first few natural numbers:

0 = ∅

1 = {∅}

2 = {∅, {∅}}

3 = {∅, {∅} , {∅, {∅}}} ,

etc. Note that in this construction n = {0, . . . , n− 1} for each n ≥ 1.

APPENDIX C. THE AXIOM OF CHOICE

The ZF axioms are not quite enough for all of mathematics. There is one
additional principle called the axiom of choice, though we won’t encounter it
in elementary analysis. To explain the idea, think of the following scenario.
Suppose that you and all of your friends each have a collection of minia-
ture figurines. You get a call from the international museum of miniature
figurines asking that you and each of your friends lend one figurine for an
exhibition. So each of you and your friends chooses a figurine to lend to the
museum. The museum ends up with a set of figurines consisting of exactly
one figurine from each of you and your friends.

Now suppose you have infinitely many friends! Is the collection that ends
up at the museum a set? It seems reasonable to say, “yes!”, but there is
nothing in the ZF axioms that guarantees this. Thus we assume the axiom
of choice:

• Axiom of choice. If S is a set of sets, with each element y ∈ S non-
empty then there is a set C consisting of exactly one element from each
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of the elements of S:

∀S, (∀y ∈ S, y 6= ∅) −→ ∃C∀y ∈ x∃!c ∈ C, c ∈ y.

This axiom is equivalent to the following statement: If S is a set with non-
empty elements then there is a function C : S →

⋃
S such that for each y ∈ S,

C(y) ∈ y. This function C is the “choice function” – it represents choosing
exactly one element of each of the sets y ∈ S.

If S is a finite set, the existence of a choice function is a theorem provable
from the ZF axioms. This is easy to imagine. Since S is finite, it is of the
form {y1, . . . , yn}where n is a natural number and y1, . . . , yn are it’s elements
(this is what finite means). Now start with the first element y1. It is non-
empty, so ∃z1 ∈ y1. Define C(y1) := z1. Proceed through S one element at a
time this way. More formally, you could prove by induction on the number
of elements of S that a choice function exists. However, the existence of C
for an infinite collection does not follow from the ZF axioms, thus the axiom
of choice. The system of axioms consisting of ZF and the axiom of choice is
usually denoted ZFC.

The axiom of choice is freely used by mathematicians but is a bit contro-
versial because it has some strange consequences. For instance the axiom
of choice can be used to prove the Well Ordering Principle: Let S be a set.
Then it is possible to define a relation < on S such that

(1) For all x, y, z ∈ S, if x < y and y < z then x < z.
(2) For each x, y ∈ S exactly one of the three possibilities x < y, x = y or

y < x holds.
(3) Any non-empty subset T ⊂ S has a least element: exists x ∈ T such

that if y ∈ T and y 6= x then x < y.

A well-ordered set is a set S on which a relation < is defined such that items
1,2, 3 hold. The well-ordering principle states that any set can be “well-
ordered” in the sense that it is possible to define a well-ordered relation
on the set. For example N with the usual order relation is well-ordered –
any non-empty subset has a least element. However, what would a well-
ordering of the real line look like? That is very hard to imagine.
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Fortunately, we will not need the axiom of choice or the well ordering
principle in this course.
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