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3. Verification Assessment

3.1 Introduction

The verification assessment activities discussed in this paper apply to finite-difference, finite-
volume, and finite-element discretization procedures.  Roache has extensively treated the subject
of verification in his book [278], and a detailed description of verification methodology and
procedures can be found there. It is not the purpose of our current treatment to completely review
material that is otherwise available in that reference and others. Instead, we desire to summarize
key features of verification assessment that serve to emphasize its role as an important partner with
validation assessment. We review selected topics in verification assessment for CFD that illustrate
most clearly the importance of such assessment.

3.2 Fundamentals of Verification

3.2.1 Definitions and General Principles

This section discusses some fundamentals of verification that are required to place the
remainder of this section in proper perspective.  We emphasize the proper and necessary role of
verification, as well as its relation to validation. We give a discussion of error estimation and error
quantification in verifying calculations, as well as the distinction between verifying codes and
verifying calculations. Proper focus on error has impact on both of these assessment activities. In
fact, verification assessment may be viewed as the process that minimizes our belief that there are
errors in the code, as well as in particular calculations. Verification assessment can be considered
as an optimization problem that is certainly constrained by available resources and needs, as well
as by intended applications of the code.  We also introduce the appropriate role of software
engineering (SE), also called software quality engineering (SQE), in verification assessment.

Verification as defined in Section 2 is an equal partner to validation in the overall verification
and validation strategy for a code and its applications. Validation depends on solution accuracy as
well as on experimental accuracy.  For example, computational error that arises from failure to
adequately converge a calculation contributes to the discrepancy or apparent agreement between
that calculation and the results of an experiment with which the calculation is compared when
validation is performed. If severe enough, such a strictly computational error could dominate this
discrepancy. For example, it raises the real possibility in complex problems of confusing a coding
error with a mathematical modeling error. The goal should be to distinguish errors in mathematical
modeling accuracy as clearly as possible from other errors.

The study of solution error is fundamentally empirical.  Achieving the goal of rigorously
demonstrating that solution error is small for all feasible applications of a CFD code is essentially
impossible for complex codes.  However, such a goal may be feasible for particular calculations
using those codes. In this sense, verification assessment is quite similar to validation assessment.
We aim to understand what the computational error is for given calculations or types of
calculations, not for codes in general.  In many cases, this error may be understood to be small
enough to justify the beginning of validation assessment, or continuation of validation assessment
in different directions.  We can expect that over time we will accumulate increasing amounts of
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empirical evidence that the error is indeed small enough for important classes of computations,
rather than simply for single calculations.  Thus we can hope to generalize the understanding we
acquire from the study of specific calculations. It is unlikely, however, that rigorous generalization
beyond this approach will be possible for the forseeable future.

Assessment of the accuracy of code solutions, given the underlying equations, is the basic
objective of verification assessment. Developing confidence that the code solution is accurate for
problems other than verification tests is a key goal of this effort.  Therefore, an obvious
requirement is to perform the required verification activities in a way that maximizes confidence
in the accuracy of new calculations.  We will call this the confidence optimization problem.

In verification assessment, the goal of achieving a predictive understanding of the numerical
accuracy of future application of codes is strongly dependent upon a detailed understanding of the
numerical accuracy of past applications of the code. There are several major themes of verification
assessment that enable the achievement of this goal.  These include (1) classical concepts of
convergence of discretizations of partial differential equations (PDEs), especially a posteriori error
estimates; (2) the formalization of testing in performing verification assessment; (3) the role of
benchmarks as accuracy quantification standards; and (4) the impact of SQE (software quality
engineering).  These themes are discussed below.

The verification process traditionally rests upon comparing computational solutions to the
“correct answer,” which is provided by “highly accurate solutions” for a set of well-chosen test
problems.  As a result, this is a test-dominated strategy for solving the problem of optimizing
confidence.  The resulting confidence is a specific product of the knowledge that computational
error is acceptably small on such a set of tests.

The “correct answer” can only be known in a relatively small number of isolated cases. These
cases therefore assume a very important role in verification and are usually carefully formalized in
test plans for verification assessment of the code.  However, because the elements that constitute
such test plans are sparse, there should be some level of concern in the CFD community when these
plans are the dominant content of the verification assessment activities.  Elements of verification
assessment that transcend testing, such as SQE practices [113, 215, 260, 292], are also important.
Such elements provide supplemental evidence that the CFD code, as written, has a minimal
number of errors.

Verification activities are primarily initiated early in the development cycle of a code.  This
timing further emphasizes the connection between testing alone and more formal SQE activities
that are undertaken as part of the software development and maintenance process.  One basic
problem that underlies the distinction between testing alone and other elements of the verification
process is ultimately how constrained resources can be used to achieve the highest confidence in
performance of the code. For simplification of our presentation, however, unless it is obvious from
our context, we will use the default understanding that “verification” means “testing” in the
remainder of this section.

Because of the code-centric nature of many verification activities, the common language used
in discussing verification often refers to code verification.  What does this concept really mean?
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In our view, to rigorously verify a code requires rigorous proof that the computational
implementation accurately represents the conceptual model and its solution. This, in turn, requires
proof that the algorithms implemented in the code correctly approximate the underlying PDEs,
along with the stated initial and boundary conditions.  In addition, it must also be proven that the
algorithms converge to the correct solutions of these equations in all circumstances under which
the code will be applied. It is unlikely that such proofs will ever exist for CFD codes. The inability
to provide proof of code verification in this regard is quite similar to the problems posed by
validation. Verification, in an operational sense, then becomes the absence of proof that the code
is incorrect.  While it is possible to prove that a code is functioning incorrectly, it is effectively
impossible to prove the opposite.  Single examples suffice to demonstrate incorrect funtioning,
which is also a reason why testing occupies such a large part of the validation assessment effort.

Defining verification as the absence of proof that the code is wrong is unappealing from
several perspectives. For example, that state of affairs could result from complete inaction on the
part of the code developers or their user community.  An activist definition that still captures the
philosophical gist of the above discussion is preferable and has been stressed by Peercy [261]. In
this definition, verification of a code is equivalent to the development of a legal case.  Thus
verification assessment consists of accumulating evidence substantiating that the code does not
have algorithmic or programming errors, that the code functions properly on the chosen hardware,
and so on.  This evidence needs to be documented, accesible, referenceable, and repeatable.  The
accumulation of such evidence also serves to reduce the regimes of operation of the code where
one might possibly find such errors. Confidence in the verification status of the code then results
from the accumulation of a sufficient mass of evidence.

The present view of code verification as a continuing, ongoing process, akin to accumulating
evidence for a legal case, is not universally accepted.  In an alternative view [278], code
verification is not ongoing but reaches a termination, more akin to proving a theorem. Obviously,
the termination can only be applied to a fixed code; if the code is modified, it is a new code (even
if the name of the code remains) and the new code must be re-verified.  Also, all plausible non-
independent combinations of input options must be exercised so that every line of code is executed
in order to claim that the entire code is verified; otherwise, the verification can be claimed only for
the subset of options exercised.  The ongoing code exercise by multiple users still is useful, in an
evidentiary sense (and in user training), but is referred to as confirmation rather than code
verification. In this alternative view of verification, it is argued that contractual and/or regulatory
requirements for delivery or use of a "verified code" can be more easily met, and superficial
exercises are less likely to be claimed as partial verification.  Ongoing use and exercise can
possibly uncover mistakes missed in the code verification process, just as a theorem might turn out
to have a faulty proof or to have been misinterpreted, but (in this view) the code verification can
be completed, at least in principle.  Verification of individual calculations, and certainly
validations, are still viewed as ongoing processes, of course.

The primary approach to proving that implemented code is a rigorously correct representation
of the underlying conceptual model is through the use of formal methods.  A great deal of effort
has recently been devoted to the development and application of these methods [51, 258, 287]. The
actual goal of formal methods— rigorous “proof” that a system of software is correctly
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implemented—remains controversial in our opinion.  The application of these methods is also
complicated by disputes over issues of cost, appropriateness, utility, and impact [50].

Formal methods have certainly not been applied to software systems characteristic of those of
interest in CFD, namely those systems in which floating point arithmetic is dominant and an
effectively infinite variability in software application is the norm. The utility of these methods to
CFD codes, even if resource constraints were not issues, is an unsolved problem. This fact has led
to interest in the application of formal methods to more restricted problems that still may be of
significant interest in CFD software.  For example, there is current interest in applying formal
methods to aid in verification of the mathematical formalism of the conceptual model that
underlies a CFD code rather than in the full details of the software implementation [72, 188].

3.2.2 Developing the Case for Code Verification

How should evidence supporting confidence in code verification be assembled in greater
detail? It is clear that accumulating evidence for code verification is a multifold problem.  For
example, at the very beginning of software implementation of algorithms, any numerical analysis
of the algorithms implemented in the code becomes a fundamental check for code verification.
Given the simplifying assumptions that underlie most effective numerical analysis (such as
linearity of the PDEs), failure of the algorithms to obey the constraints imposed by numerical
analysis can only reduce our confidence in the verification status of the code as a whole.  As
verification assessment proceeds, we are necessarily forced to relax the simplifying assumptions
that facilitated numerical analysis.  Evidence therefore becomes increasingly characterized by
computational experiments and the resulting empirical evidence of code performance.

The scientific community places great emphasis on the evidence developed by executing test
problems with the code that is undergoing verification. In fact, testing of this type (including the
“free” testing that occurs by allowing users to apply the code) is generally considered to be the
most important source of verification evidence for CFD and engineering codes [18, 278].  As is
emphasized in Section 3.4, this evidence would be greatly strengthened by the formation and
application of agreed-upon test suites and of standards for comparing results of calculations with
the benchmarks established by the tests, as well as by community agreement on the levels of
accuracy that are required to provide evidence that the code has correctly solved the test problem.

Gathering evidence from the user community on the performance of a CFD code contributes
to verification assessment.  We distinguish this information from formal planned testing because
user evidence is not typically accumulated by executing a rational test plan (such as would enter
into the design of a test suite for the code).  The accumulation of user evidence has some
characteristics similar to what is called random testing in the software testing literature [175], a
topic we also discuss briefly in Section 3.4. Even though user testing is ad hoc compared to formal
planned testing, it is the type of testing that is typically associated with verification assessment of
CFD software. User testing is known to be incredibly effective at uncovering errors in codes and
typically contributes to code verification by uncovering errors that are subsequently fixed,
although this may be accompanied by a corresponding loss of confidence in the code by the user.
User testing is also a major cost that can conveniently be hidden from the overall cost and effort
associated with code verification assessment centered on the software developers.  Both formal
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controlled testing and “random” user testing are important in CFD verification assessment.  But
assembling the evidence that results from both of these activities requires care.

The growing impact associated with software failure, the increased size and cost of code
projects, and the need for interaction of large numbers of software developers greatly leverage the
involvement of and reliance upon formal SE (software engineering) activities in the development
of CFD software.  Resistance to the application of formal SE in CFD is created by the degree of
formality, constraints, and seeming costs of SE, as well as by psychological reasons (science versus
product development, for example).  As mentioned by Roache [278], SE issues are downright
unattractive to small CFD projects whose prime purpose is to develop software for exploration and
scientific insight, rather than to minimize the risk of software failure at seemingly great cost.

Significantly, as the goals and expectations of CFD evolve to have impact that goes far beyond
scientific exploration and insight, the consequence of software failure greatly magnifies.  In
particular, inaccurate answers rather than obvious code failures are especially dreaded in high-
consequence computing because it may be very difficult to determine that a calculation is
inaccurate. SE methodologies provide some additional means of addressing such a problem. But
does the cost justify intensive application of such methodologies for a given CFD code project?
Part of the confidence optimization problem for verification is the difficult question of how to
measure the consequence of CFD code failure.  Such a measure is important in clearly
understanding when the application of formal SE methodologies provides unquestioned value in
code verification assessment.

3.2.3 Error and the Verification of Calculations

As emphasized by Roache [278], we distinguish the activities of code verification as outlined
above from those of calculation verification.  Verification of calculations is centered on the
accumulation of evidence that a specific calculation is correct and accurate. Even this may well be
asking too much, depending on the complexity of a given calculation.  For example, calculation
verification requires confirmation of grid convergence, which may not be practically attainable.
Evidence that the converged calculation is correct may be available if test problems similar to the
calculation in question have been calculated with well-understood and well-characterized high
accuracy. But any sufficiently new calculation that is not similar to existing test problems will not
be subject to this logic and the question of correctness will have to be addressed in some other way.
Even under the simplifying assumption of verifying specific calculations, we are still forced to
view our task as accumulating evidence that the code is solving the particular problem correctly
and accurately, or providing a demonstration of lack of evidence of the opposite conclusion.

The AIAA Guide [12, 304] defines error to be “A recognizable deficiency in any phase or
activity of modeling and simulations that is not due to lack of knowledge.” This definition stresses
the feature that the deficiency is identifiable or knowable upon examination; that is, the deficiency
is not caused by lack of knowledge. This definition leads to the so-called unacknowledged error,
one of two types of errors identified in the AIAA Guide. Unacknowledged errors are blunders or
mistakes, such as programming errors, input data errors, and compiler errors.  There are no
straightforward methods for estimating, bounding, or ordering the contributions of
unacknowledged errors.
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The second type of error identified in the AIAA Guide is an acknowledged error, which is
characterized by knowledge of divergence from an approach or ideal condition that is considered
to be a baseline for accuracy. Examples of acknowledged errors are finite precision arithmetic in
a computer, approximations made to simplify the modeling of a physical process, and conversion
of PDEs into discrete equations.  An acknowledged error (simply called error from now on) can
therefore certainly be measured in principle because its origins are fully identified. Quantification
of error can proceed by comparison with a test problem or series of test problems. It might also be
the case that quantification of the error cannot be achieved for reasons that have nothing to do with
our ability to recognize that the error is present.  For example, assuming we know that a specific
discretization has introduced error, unless we can perform a detailed grid convergence study, we
have no quantitative basis for estimating that error. Convergence studies must be performed in this
case.

If divergence from the correct or more accurate approach or condition is observed by one
means or another, the divergence may be either corrected or allowed to remain in the model.  It
may be allowed to remain because of practical constraints, such as the error is acceptable given the
requirements.  Or, it may be impossible to correct the error because the cost may be too great.
External factors always influence whether or not it is acceptable to allow a known error to remain
for a specific calculation.  Given this possibility, the fundamental goal of verification assessment
is still the identification and quantification of acknowledged errors and identification of
unacknowledged errors in the computational code and its solution.

It is worth emphasizing the importance of error quantification and error estimation for
verification of calculations in order to reach an understanding of the proper role of error in
verification assessment. We begin by identifying exactly what we mean by error in the context of
CFD calculations.  Error in a CFD calculation typically is defined as

. (1)

Here, is the mathematically correct solution of the exact equations of the conceptual model
PDEs for a given set of initial and boundary conditions.  is the numerical solution of a
given discrete approximation of these same PDEs and set of initial and boundary conditions
produced by the given code on a given computer.  We assume for this discussion that  and

are scalar fields. depends on the discretization, symbolized by the characteristic mesh
spacing , which may be one-, two-, or three-dimensional and which may be spatially varying and
time-dependent in adaptive discretization, the temporal discretization , and possibly iteration
parameters which we do not emphasize specifically in the following notation. always depends
on the particular problem chosen for study by a CFD calculation.

It is useful to introduce a further conceptualization. Let be the limit as and
of the exact solution of the discrete mapping of the PDEs and their initial and boundary conditions.
Using the triangle inequality, estimation of  can be written as

, (2)
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where  is the discrete solution using a given algorithm for a given finite spatial grid ,
timestep , iterative convergence parameter , and computer .  is an arbitrary small number,
typically the choice of accuracy bound for the numerical solution.  The norm symbols used in
Eq.(2) are suggestive of differences between the functions only.  These differences may well be
measured by the application of appropriate function space norms.  But this is not necessary—it
could be as simple as an absolute value at a specific space-time point.

The first term in Eq.  (2), , is the error introduced by the exact solution of
the discrete equations.  In principle, it can be argued that this term is zero from the standard
principles that underlie the development of discrete algorithms for solving the PDEs. For example,
it is commonly zero for strongly consistent (see Section 3.3.1), stable difference schemes. Trying
to ensure that this term is zero is primarily the concern of the numerical analyst, algorithm
developer, and mathematician.

 For relatively simple flows and simple space and time discretization schemes, one can have
confidence that the first term in Eq. (2) is zero. Generally, we can argue that this term is zero only
for linear, constant coefficient PDEs and strongly consistent, stable numerical schemes.  Few or
none of these restrictions may ever apply to real application calculations such as for nonlinear,
three-dimensional, time-dependent PDEs used to model strongly coupled multiscale physics and
presenting chaotic or stochastic solutions. For example, Yee and Sweby [346] review a variety of
simplified problems relevant to CFD that illustrate the difficulty of demonstrating that this term is
truly zero.

The second term in  Eq.  (2), , is quite another thing and is the primary
reason for performing calculation verification.  This term can only be estimated from empirical
assessment,  i.e., observed computational experiments.  The second term will be nonzero due to
finite , , and , finite precision arithmetic, and programming errors in the source code and
operating system code (especially on the latest technology supercomputers).  This term may not
even be small in complex calculations because of contemporary computing resource limitations.
The size of this term in Eq. (2) for resource-constrained values of thus becomes very important.
In point of fact, this term can never become exactly zero—at best it can only be zero to machine
accuracy.  (The influence of machine precision on computability of solutions to PDEs is beyond
our scope. A good reference to this subject is by Chaitin-Chatelin and Frayssé [62].) A posteriori
error estimates are likely to be most relevant to the estimation of the second term in Eq.  (2).

Dealing with the second term in Eq. (2) is mainly an enterprise for verification of calculations
(solution accuracy assessment), although code verification elements such as SQE (software quality
engineering) aid in minimizing the possibility of unacknowledged error contributions. Calculation
verification concentrates on bounding  as precisely as possible for specific
problems. It forces us to make a fixed choice of application and examine particular computational
performance in order to bound the term. In an analytic test problem, for example, which is really
the only case where we are likely to know both and , we often do not estimate this
term on the entire spatial and temporal domain, but only at a specific subset of that domain, such
as a single space-time point.

uh τ I c, , , h
τ I c ε

uexact uh τ 0→,–

uh τ 0→, uh τ I c, , ,–

h τ I

h
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The restrictions that are required to have a chance of dealing with the error in Eq.  (2) have
powerful implications for test-centric verification.  Software engineering is important when
establishing an estimate like that in Eq.  (2) because the software should be properly constructed
to justify this effort.  Empirical evidence of software correctness is often assumed to accumulate
by assessing the error for specific calculations, but this does not constitute real proof that the
software is correct. For example, the fortuitous cancellation of two large errors could confirm the
estimate like that in Eq. (2) for a specific calculation, yet the software would still be wrong. How
much weight such empirical evidence should be given in verification assessment is always a
question.

3.3 Role of Computational Error Estimation in Verification Testing

3.3.1 Convergence of Discretizations

The discrete approximation to the PDEs, for example with finite-difference or finite-volume
approximations, introduces truncation error [191]. Discretization error, on the other hand, is the
error introduced by the solution of the discrete equations when contrasted with the exact solution
of the PDEs.  A discretization is defined to be strongly consistent [191] if the discretization
converges to the PDEs with zero truncation error in the limit of zero grid spacing and time step.
Since truncation error estimates typically involve derivatives evaluated at grid points, such
convergence need not be true for equations with discontinuous solutions (shocks and contact
discontinuities, for example).  Laney [191] mentions a variety of discretizations of the Euler
equations that do not have the property of strong consistency.

For strongly consistent schemes, in the limit of sufficiently fine grids and under simplifying
assumptions (e.g., linearity, constant grid spacing), heuristic arguments can be presented that the
discretization error is proportional to the truncation error (see, for example, [115]). The truncation
error for strongly consistent discretizations is , , where we assume one space
dimension.  This is a convenient starting point for estimating discretization error if the discrete
solutions converge.  Then, for sufficiently small  and , we have

. (3)

Eq.  (3) is understood to be a local estimate if spatial grid size varies over the domain of the
discretization. The norm in Eq. (3) is any appropriate measure of the difference between solutions
of the discretization and exact equations. For example, it could simply be the absolute value of a
pointwise difference.  Further discussion of the relationship of truncation error and discretization
error with a code verification focus is presented in [46].

The role of discretization error in our considerations of verification is best described in terms
of the following questions that must be answered.

• Does the discrete solution converge to the exact solution as the mesh spacing is reduced in
real calculations?

O hp τq,( ) p 0 q 0>,>

h τ

uexact uh τ,– O hp τq,( )=
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• What is the effective order (the observed values of  and ) of the discretization that is
actually observed in calculations?

• What is the discretization error that is actually observed for real calculations on finite grids?

We use the terms a priori information and a posteriori information in this paper and need to
briefly explain what we mean by these terms.  Usually, the term a priori in mathematics is
associated with the development of estimates for PDEs that facilitate the proof of existence
theorems (see [111] for a simple example of the application of energy estimates to prove the
existence of solutions to linear evolution equations), as well as theorems concerning the
smoothness of solutions (see [119] for an example).  These estimates are called a priori because
they use only information about the partial differential operators and the associated initial and
boundary data. A priori estimates do not rely upon direct knowledge of the properties of the
solution of the PDE.

Our use of the term a priori information loosens the traditional restriction of this term to
include any information concerning the numerical algorithm that relies only upon the partial
differential operator, its initial and boundary data.  Classical a priori inequalities may be directly
useful in deducing such information, such as the application of energy inequalities to prove the
stability of certain difference schemes for nonconstant coefficient PDEs [271]. But we also include
a classic result like the Lax Equivalence Theorem (see below) as an example of a priori
information (although this theorem does not rely upon classical a priori inequalities for its proof).

A posteriori information, on the other hand, does rely upon knowledge of the solution of the
relevant PDEs.  For example, this information may take the detailed form of a posteriori error
estimates [14] that can be used, say, to control adaptive grid strategies.  Our perspective in this
paper is somewhat more informal.  By a posteriori we mean “empirical,” unless otherwise
specified. In other words, a posteriori information is information that is gathered by examination
of the results of specific numerical calculations, or “observed” information as Roache [278] calls
it.  This information could be as specific as an estimate, or it may be direct observation of the
convergence characteristics of a finite difference scheme on a series of refined grids.  The
Richardson h-extrapolation method discussed below is an example of using a posteriori
information.  The key point in our minds is that the information is gathered from numerical
calculations, not only from the properties of the underlying partial differential operators and their
associated discretizations.

To address these questions, the most important activity in verification testing of codes is the
systematic refinement of the grid size and time step for specific problems.  If the reasoning that
relates truncation error to discretization error for strongly consistent schemes is correct, including
convergence of the discrete solution, then the discretization error should asymptotically approach
zero as the grid size and time step approach zero, exclusive of computer round-off errors.  If the
order of accuracy is constant as the grid and time step are reduced beyond a specific threshold, we
say that we are in the asymptotic region of the discretization. Empirical studies in the asymptotic
region are particularly important for resolving the key questions above.  For example, when
numerical performance in the asymptotic region has been demonstrated, Richardson's

p q
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extrapolation can be used to estimate the converged discrete solution [61, 76, 82, 90, 113, 270,
278].  We focus attention on this issue below.

Because this definition of empirical convergence typically demands a large amount of
computer resources, it is usually applied on simplified or model problems, which must certainly be
elements of any set of verification tests for the code in question. An alternative, but certainly not
rigorous, meaning of empirical convergence that is also used in practice is to observe little change
in important dependent variables during the course of grid and time-step refinement studies.  We
emphasize that empirical grid and time-step refinement studies often expose discretization errors
and programming errors in boundary conditions, as well as in the underlying PDE discretization.
This is a key reason for worrying about a priori understanding of estimates like that in Eq.  (3).
When the deviation of empirical performance from such an estimate is not understood, this
condition is often a symptom of coding errors, either in algorithm formulations or in programming
or both.  Roache [278] presents vignettes that demonstrate this concern.

Careful empirical assessment of iterative performance in a code is also important.  In most
practical application simulations, the equations are nonlinear and the vast majority of methods of
solving these equations require iteration (for example, implicit methods for computing steady
states in CFD).  Iterations are typically required in two situations: (1) globally (over the entire
domain) for boundary value problems, and (2) within each time step for initial-boundary value
problems.  Thus, iterative convergence is as much of an empirical issue as space-time grid
convergence.  The questions raised above for space-time convergence have exact analogs for
iteration schemes: Does the iteration scheme converge and does it converge to the correct solution?

Often a scaled iterative-convergence tolerance is specified, and the difference between the
solution of successive iteration steps at each point in the grid is computed. If the magnitude of this
difference is less than the specified tolerance, then the numerical scheme is defined to be iteratively
converged.  Scaling, of course, cannot be done when the scaling value is pathologically close to
zero in finite arithmetic.  Then other measures of iterative convergence must be introduced, as in
the residual example below. In verification testing, the sensitivity of the solution to the magnitude
of the convergence criteria should be varied and a value should be established that is justifiably
consistent with the objectives of the simulation. It should be clearly realized that such convergence
criteria, both absolute and relative errors, depend on the rate of convergence of the iterative
scheme.

For pure (time-independent) boundary value problems, a more reliable technique of
determining iterative convergence is to base the criteria on the residual error that remains in the
approximate solution to the difference equation [21].  A residual vector is computed for each
iteration, i.  e., the error in the present solution iteration as compared to the exact solution of the
difference equations. To measure the residual error over the entire domain, an appropriate vector
norm is computed.  This value is then compared with the magnitude of the residual error at the
beginning of the iteration. When the error norm decreases by, say, five or six orders of magnitude
(assuming that the initial error is ) one can more confidently determine iterative convergence.
This error norm can be computed for any or all of the equations in the system of PDEs.  This
technique of computing the residual error is applicable to a wide variety of iterative methods and
its reliability is not dependent on the rate of convergence of the numerical scheme.  Iterative
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convergence errors for steady state problems are discussed in Ferziger and Peric [115] and in Roy
and Blottner [285].

For unsteady problems like hyperbolic problems, an implicit solution is usually obtained by
marching in time and globally solving in space at each time step. The iterative procedure is similar
at each time step; however, since time-step error is cumulative, iteration errors can accumulate and
destroy the integrity of the solution.  For an unsteady problem, the values of relative per-step
convergence criteria should be at least an order of magnitude smaller than the global convergence
criteria for a steady-state problem. Typically, in practical unsteady problems, iterations cannot be
performed to machine precision.  The contribution of finite iteration-convergence errors to local
and global errors in unsteady problems obviously then becomes complicated.  For purposes of
verification, each distinct calculation must be assessed separately to study these contributions.

There are other issues associated with computational error that go beyond error estimates. We
can ask fundamental questions of how well the computational world matches the “true” dynamics
of the underlying equations.  For example, how well are the dynamical system features of the
underlying differential equations matched by the computational dynamics? In the case of steady
flows, this question is concerned with the stability and bifurcation behavior of the computed
solutions.  Attempting to measure the computational “error” in this case is very difficult.  For
example, it is only in relatively simple cases that the “true” stability and bifurcation behavior may
be well understood for the conceptual model.  An entire taxonomy of potential threats to
computational accuracy arises in this point of view. Potential dangers are summarized in [346] and
the work cited there.

3.3.2 A priori Error Information

We emphasize that by “a priori,” we mean information, such as an estimate like that in Eq.
(3), that is developed without information resulting from direct observation of the code’s numerical
performance.  As we noted previously, this topic is a significant element of classical numerical
analysis for PDEs, especially those underlying CFD [115, 158, 159, 191, 199, 271], and is
important information for code verification [278]. Here, our intent is to emphasize the assumptions
that enter into a priori information development and the influence these assumptions will have on
verification assessment. Our basic point in this discussion is that a priori error estimates based in
numerical analysis serve primarily as guides in verification activities.  The only quantitative
assessment of numerical error that we can achieve in almost all cases is through a posteriori error
estimates.

Strong consistency is the most fundamental a priori information that is required for
verification. Discretizations that are not strongly consistent will not converge, and the three major
questions for empirical performance assessment will not make sense. Consistency is required for
the first term in Eq.  (2) to have the possibility of being zero.  As emphasized above, even
consistency has underlying assumptions to achieve a priori estimates of discretization
convergence, such as solution smoothness for the PDEs.  Dealing with singularities of various
types in solutions of PDEs introduces difficulties, especially in higher dimensions, that cast in
doubt the likely empirical accuracy, or even applicability, of a truncation-error–based estimate of
discretization error like that in Eq.  (3).
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The assumption of smoothness of the solution in establishing consistency of discretizations is
serious.  Especially for a wide variety of general transient compressible flows, the assumption of
smoothness is not correct—a fact that often has the empirical consequence of reducing the order
of the discretization error below the a priori estimate of the discretization given in Eq.  (3), even
in regions well removed from the singularity. The “pollution” of particular regions of a calculation
by the presence of singularities such as shock waves or geometrical singularities is a subject of
grave concern in verification, even for application of an error estimate like that in Eq. (3) in a local
sense for grid adaptivity.  Often, the only clear sense of this pollution available to us is through
careful empirical assessment. Since the technical aspects of this issue are beyond the scope of this
paper, the reader should consult a series of papers by Babuska and colleagues [24, 25, 26] as well
as the paper by Oden [247] for a discussion of this problem from a finite-element point of view.
Recent work of Zhang and his colleagues [350] discusses the effect of the presence of a shock wave
structure on a posteriori error estimates for the Euler equations; see [278] for additional references
on CFD code verification with shocks. A recent paper of Botella and Peyret [48] discusses similar
problems associated with computing singular solutions of the Navier-Stokes equations.

We have also had to make the implicit assumption that the spatial mesh is uniform to arrive at
the result given in Eq. (3) if it is intended as a global error estimate. This assumption is virtually
never correct in real calculations. In addition, for unsteady flow calculations, the temporal spacing
is not uniform either.  Formal estimates of global truncation errors are difficult to derive on
inhomogeneous meshes.  At the very least, this means that Eq.  (3) can at best be interpreted as a
local error estimate.  As pointed out by Laney [191], the effective global order of accuracy that
results on variable grids empirically tends to be less than such a local estimate. Heuristically, it is
also known that direct application of a truncation error estimate for a discretization error estimate
such as that in Eq. (3), called the formal order of the discretization error, tends to be greater than
a “true” local discretization error.  The point is that sorting out what errors are really being
predicted by a priori estimates influences the kind of verification information we achieve by using
those estimates.

We conclude by making a point that is relevant to understanding convergence and
discretization error for verification.  As we have stated above, application of formal truncation
error estimates to a priori estimates of discretization error for strongly consistent discretizations
implicitly requires solution convergence of the discretization. Consistency is a necessary condition
for solution convergence, but it is not a sufficient condition. Consistency certainly does not imply
convergence of the discretization to the “correct” solution of the PDEs, even assuming that there
is a unique solution.  The supplementary condition that is required for solution convergence is
stability of the discretization.

Only one general theorem confirms that stable, consistent schemes are indeed solution
convergent.  This is the famous result due to Lax (see [271] for a rigorous proof of this result).

Lax Equivalence Theorem: Given a properly posed linear initial-value problem for a
hyperbolic PDE, and a finite-difference approximation to it that satisfies consistency, then the
approximation converges to the correct solution if and only if the approximation is stable.
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The assumption of linearity required to prove the Lax Equivalence Theorem is a strong one.
There is no analog of the Lax Equivalence Theorem for nonlinear problems.  However, linearity
restrictions might still imply useful information as long as the resulting error estimate like that in
Eq.  (3) is intended to be local, not global.  The appropriate heuristic is then that necessary and
sufficient conditions for solution convergence of the discretization are consistency and stability
even for nonlinear problems.  There is plenty of empirical evidence that supports this heuristic.
There are also some isolated rigorous results for specific PDEs. For example, see [199] for some
theorems specific to conservation laws.

Demonstrations of stability for problems where the assumption of linearity is violated are
important to more conclusively assert our heuristic above for nonlinear problems.  The most
dominant technique of stability analysis is von Neumann stability analysis, which is not only
limited to linear problems but also limited to the assumption of a constant grid spacing. This last
restriction can be overcome in specific circumstances, for example, through the use of specialized
a priori estimates for PDEs like the energy method [271].

Laney [191] reviews various elements of nonlinear stability analysis primarily centered on
concepts of monotonicity and total variation boundedness for conservation-law discretizations.
The greatest restriction of this stability work is to one space dimension. There are great difficulties
in extrapolating theoretical or numerical behavior from one spatial dimension to two or three space
dimensions for the basic equations of CFD (Euler and Navier-Stokes equations). Once again, this
community has traditionally relied upon empirical evidence of performance to support such
extensions, with consequent reduction in the quasi-rigorous underpinning of understanding of
solution convergence of the discretizations.  This worry is primarily a concern for numerical
analysis, not verification, at this point in time.  But it is relevant to an understanding of the
limitations involved with, for example, extrapolating verification results in one-dimensional
calculations to higher dimensions.

3.3.3 A posteriori Error Estimates

Spatial and temporal convergence is fundamentally an asymptotic concept.  From this
perspective, the only real confidence we can have in a calculation is if we can achieve sufficient
discretization resolution, both temporal and spatial, to directly assess convergence. In other words,
from an asymptotic-convergence point of view, the only definitive statement about computational
error that we can make is that

, (4)

where is one level of temporal and spatial refinement of the discretization, is a more refined
level, and  is the accuracy required of the calculation.  Eq.  (4) assumes that the convergence
implied by Eq. (3), when the discretization scheme is stable, is eventually monotonic and that we
have entered the asymptotic regime.  The ability to converge given computations in the sense of
Eq.  (3) would solve all of our practical problems.  Unfortunately, the full convergence of a
numerical computation implied by Eq.  (3) can hardly ever be attained in complex realistic
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simulations, simply because the computational resources required to achieve convergence in
typical difficult applications problems are still not available.

We discuss a posteriori error estimation through the use of Richardson extrapolation [278].
An elegant and concise discussion of this topic within a larger context of characterizing modeling
uncertainties can also be found in [17]. To illustrate the challenges, we focus on grid convergence
extrapolation as discussed in [17].  Consider for simplicity a steady-state computational problem
in one spatial dimension with uniform mesh spacing .  We must make several assumptions in
order to perform Richardson extrapolation in a straightforward way:

• Assumption 1:  is a smooth solution (existence of sufficient derivatives to justify the
application of a Taylor expansion in the mesh spacing) of the exact PDEs.

• Assumption 2: The formal convergence order  of the spatial discretization method is
known a priori.  In addition, it is assumed that the computer code has empirically
demonstrated convergence order .

• Assumption 3: The mesh spacing is small enough that the leading-order error term
dominates the total discretization error.  This is also called the asymptotic range of the
discretization [278].  One key implication of this is that convergence is monotone in the
asymptotic range.

Thus, under these assumptions, expand the exact solution of the PDE of interest as

. (5)

 is a constant, while all other symbols are as defined previously.  If  and  are known, then
two numerical solutions with different grid sizes (different choices of ) are required to compute
the two unknowns  and  in Eq.  (5). From this determination the discretization error can
then be estimated from the two numerical solutions.  If  is not known a priori, then it can be
estimated using a similar approach, thus relaxing Assumption 2.  We discuss this below.

Following [17], apply Eq.  (5) to two different nested grids (assume that ):
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. (8)

The term in brackets in Eq. (8) represents an extrapolation of the discrete solution toward the
exact solution that is formally one order of accuracy higher than .  For example, in the special
case of of centered difference schemes, , it turns out the this extrapolation is fourth order.
This is the original h-extrapolation method of Richardson [270].  (See also [61, 80, 82, 139, 177,
278].

Discretization error for a given solution, say , can then be estimated as

. (9)

Eq. (9) is an a posteriori error estimate. This is true for any value of and in the asymptotic
range.  Formally, the development of this error estimate can be extended to multiple spatial
dimensions and time-dependent problems.

The common misuse of Richardson’s method is the analyst’s failure to demonstrate the
validity of each of the assumptions stated earlier on the problem of interest and on the solution
variable of interest. It must be recognized that a numerical method of formal accuracy , does not
necessarily mean that the computational result will also be of order . We give two examples of
how computational order of accuracy can be less than formal accuracy. First, a common cause for
misuse of Richardson’s method is failure of the analyst to demonstrate that the grid is fine enough
to define the particular solution variable of interest to be in the asymptotic convergence region.
The only way asymptotic convergence can be demonstrated is to compute three solutions, each
with a different spatial resolution and each with the same refinement ratio. The grids do not have
to be halved in each spatial direction, but it is common to do so. The procedure is as follows: The
fine and medium grid solutions are assumed to be in the asymptotic region, and the equation above
is used to compute the exact solution. Then the error on the coarse grid is computed by using the
coarse grid solution and the just-computed exact solution. If the error on the coarse grid solution
does not closely match the expected asymptotic error for the given grid refinements, then the
solution on the coarse grid is demonstrated not to be in the asymptotic region. For example, if the
grid is halved in each spatial direction for each refinement (Δ, Δ/2, and Δ/4), then for a second-
order accurate method the coarse grid solution should have an error of 16 times the error of the fine
grid solution.

A second cause that can reduce the effective order of accuracy of a code is that a programming
error in the code, either for field points or boundary points, can degrade the formal accuracy of the
method.  Also, if the numerical implementation of Neumann boundary conditions does not have
the same formal accuracy as the field-point equations, then the computational order of accuracy
will fall in between each of the formal accuracies. The computational accuracy will vary over the
field, depending on the proximity of the points to the boundaries. That is, far from the boundaries
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the computational result would be near the field-point accuracy, while near the boundaries the
accuracy would be near the numerical accuracy of the boundary conditions.  This same
characteristic will occur for numerical methods that have variable order as a result of local flow
phenomena, such as first-order shock-capturing methods and variable-order upwind methods. The
impact of boundary conditions on the effective order of a numerical scheme is an area that requires
more research.  Blottner [44] shows that for inviscid supersonic flow the effects of outflow
boundary condition errors are essentially local; for diffusion problems, on the other hand, Blotttner
shows boundary condition errors have global influence.  Srivastava, Werle, and Davis [319] also
demonstrate that boundary curvature errors can be very important.

Singularities and discontinuities significantly complicate the process of verification and
certainly influence extrapolation.  By definition, the discretization is not valid near a singularity
because higher-order derivatives that are neglected in the Taylor series expansion are not small. A
suitable mathematical transformation should be used, when possible, to remove singularities that
are caused by the geometry or the coordinate system.  Singularities that are inherent in the
conceptual model should be removed, if possible, by including the appropriate physical
information that was left out of the discretized model.  In problems where the singularity cannot
be removed and in flow fields with discontinuities, it is to be expected that local grid and time-step
refinement may not lead to a fully grid-resolved solution. For such problems, one should present
the results of the local grid and time-step refinement and should document the extent to which the
singularity and discontinuity influenced the grid and time-step refinement elsewhere in the flow.
Recently, Carpenter and Casper [114] carefully examined the issue of order of convergence of
shock-capturing schemes and arrived at the following conclusion: “This study shows, contrary to
conventional wisdom, that captured two-dimensional shocks are asymptotically first order,
regardless of the design accuracy of the numerical method.” This is a sobering result, not only with
regard to determining the order of accuracy in verification analyses, but also in practical
applications of CFD.

Recently, another relaxation of the fundamental assumptions underlying Richardson
extrapolation has been reported.  In Roy et al.  [286], the assumption of the grid being in the
asymptotic region of the discretization is relaxed for verifying calculations of hypersonic flow over
spherically blunted cones. This is part of a larger effort to validate a code capability for computing
such flows. In this work, the authors assume that both first- and second-order errors are present in
the discretization error for the specific grid resolutions of interest and develop an estimate for the
exact solution using extrapolation. There is a shock wave in this flow field, so that the assumption
about smooth solutions is also violated.  Awareness of the importance of higher order terms in
understanding the behavior of Richardson extrapolation results has been known for some time
(Blottner [43]).

Three discrete solutions, using the same grid nesting as in Eq.  (8) above, are required to
estimate the exact solution in the hypersonic flow case. The result reported in the paper of Roy et
al.  is
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(10)

Basically, the import of this work is that in mixed-order discretizations, the higher-order accurate
terms dominate on relatively coarse grids, while the lower-order terms (e.g., first order in shock
capturing) dominate on fine grids.  Figure 5 illustrates a key result from this paper.

We can generally relax the underlying assumption of knowing the correct order of the
discretization error. Instead, we can estimate the observed order of the discretization error by using
Richardson extrapolation. For purposes of verification, in fact, it is probably advisable to always
ascertain the empirical error order and use it for grid extrapolation.  As noted in [278] (and
originally due to [74]), by using calculations on three separate grids and assuming that we are in
the asymptotic regime, the empirical order  of the discretization is

(11)

How practical such an estimate is, in the sense of whether one can afford to perform the
convergence studies, always depends on the specific calculation one is examining.

In our discussion here we have concentrated on the use of Richardson’s method to estimate
grid and time-step convergence error. Richardson’s method can be applied to both finite difference
methods and finite element methods. Although a Richardson-like extrapolation error estimate like
that in Eq.  (9) can also be developed for finite element calculations, specific a posteriori error
estimators are also available in the finite element literature.  An explicit discussion of these
estimators is beyond the scope of this paper; see [17] for a brief description.

A posteriori error estimates are important for finite element adaptivity, where both the spatial
grid density (h-adaptivity) and the order of the finite element scheme (p-adaptivity) can be adapted.
A recent review of the important role of a posteriori estimates in adaptivity for finite elements is
the paper by Ainsworth and Oden [14]. For verification and validation, however, the real issue is
accurate error estimation, not element adaptivity. As pointed out by [278], the use of Richardson’s
method produces different estimates of error and uses different norms than the traditional a
posteriori error methods used in finite elements [159, 274].  Although traditional a posteriori
methods used in finite elements are very useful and computationally efficient, they do not
demonstrate asymptotic convergence or directly address useful engineering error measures.
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Figure  5. Demonstration of extrapolated error estimation for mixed first and second order
schemes [286].

Richardson’s extrapolation can be applied to compute dependent variables at all grid points as
well as solution functionals. Solution functionals are integrated and differentiated quantities such
as body lift and surface heat flux, respectively. Venditti and Darmofal [332] discuss the coupling
of error estimation and adaptive gridding to reduce numerical errors in such computed functionals.
Their particular example is the quasi-one-dimensional flow in a variable-area duct. It is important
to emphasize that different dependent variables and functionals converge at different rates.  For
example, the grid and time step that are required to show second-order convergence in heat flux on
a body surface are typically much finer than for total lift on a body.  A Grid Convergence Index
(GCI), based on Richardson’s extrapolation, has been developed to assist in the estimation of grid
convergence error [113, 275, 278].  The GCI converts error estimates that are obtained from any
grid refinement ratio into an equivalent grid-doubling estimate.
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Finally, in our opinion there may still be practical issues in performing calculations on suitably
nested grids for developing an estimate like that in Eq. (9). One simple illustration is the following
thought experiment. Consider a large calculation, one that is at the limit of available computational
resources. It will be infeasible to refine the grid for such a problem. Roache has pointed out that
to use Eq.  (9) one does not necessarily need to refine the grid.  Rather, if one is in the situation
described, one could coarsen the grid instead to achieve the needed two refinement levels.
However, suppose that the large calculation resulted from the requirement to resolve an important
flow structure (shock, reacting flow region, turbulent mixing layer) with the minimal needed
resolution.  Or, alternatively, suppose that a lower resolution grid does not lie in the asymptotic
regime of the discretization.  This is the case in certain compressible flow problems, where all of
the overall grid resolution is driven by the need to resolve a captured shock with four, say, grid
points. In such a case, one cannot coarsen the grid because one encounters a qualitative change in
the computed flow upon doing this, or one violates the key assumptions underlying the
extrapolation.  One is essentially constrained to work with one grid.  The development of a
posteriori error estimators for single grids is thus of interest.

There is some question whether or not assessing numerical performance on grids that are
known to be unconverged, or underresolved, is properly in the domain of verification assessment,
specifically calculation verification.  Our point of view on this matter is completely practical.
Typically, calculations for complex applications are performed on grids that are known to be
underresolved, at least in some regions. While one may in principle apply extrapolation techniques
to understand the converged solution, in practice this is problematic for many kinds of calculations
because of the ease with which the underlying assumptions necessary for extrapolation are
violated.  This forces us to assess the quality of calculations on such grids.

Extracting an estimate of numerical accuracy on underresolved grids is a  topic of current
research. We previously mentioned one aspect of the problem, generically referred to as pollution
error—the propagation of discretization error from less accurately resolved regions of a
calculation into more accurately resolved regions.  Another issue is simply to understand what
information can rationally be synthesized from calculations with more or less known resolution
problems. Though this topic is beyond the scope of this article, some references for the interested
reader that demonstrate the need for research on this topic are [68, 69, 70, 132, 133]. These papers
demonstrate that techniques for understanding the numerical accuracy of underresolved
calculations are challenging and specialized. A critical theme in this literature, and one that might
be generalizable to other important problems, is the role of statistical estimation in performing such
assessment.  We conclude by commenting that studying verification and validation for
underresolved calculations directly addresses challenges posed by Gustafson in his 1998 paper
[143].

3.4 Testing

3.4.1 Need for Verification Testing

Verification testing is a critical component of verification assessment in CFD. To the disbelief
of many, a recent comprehensive analysis of the quality of scientific software by Hatton
documented a dismal picture [149].  Hatton studied more than 100 scientific codes over a period
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of seven years using both static and dynamic testing.  The codes were submitted primarily by
companies, but also by government agencies and universities from around the world. These codes
covered 40 application areas, including graphics, nuclear engineering, mechanical engineering,
chemical engineering, civil engineering, communications, databases, medical systems, and
aerospace.  Both safety-critical and nonsafety-critical codes were comprehensively represented.
All codes were “mature” in the sense that the codes were regularly used by their intended users,
i.e., they were codes that were approved for production use.  The total number of lines of code
analyzed in Fortran 66 and 77 was 1.7 million, and the total number of lines analyzed in C was 1.4
million.  For these codes, Hatton conducted what he calls the T experiments: T1 tests were static
analysis tests relying on complexity analysis and safe programming standards; T2 tests were
dynamic analysis tests that were, interestingly enough, glass-box tests to a certain extent.  A
definition and discussion of glass-box testing is presented in Section 3.4.2.

Some of the major conclusions from this comprehensive study were as follows:

• There were about 8 serious static faults per 1,000 lines of executable lines in C, and about
12 serious faults per 1,000 lines in Fortran. A fault (Hatton’s terminology) is not something
that necessarily prevents the code from executing.  Rather, a fault causes an incorrect
answer, even when the code executes without an obvious crash of some kind. It is generally
understood that successful software execution that likely produces moderately incorrect
results is the most damaging possible problem in software because it is almost impossible
to discover and thus fix.

• The T2 experiments provided very disturbing information in one application area—an area
that emerged better than average in terms of the T1 experiments.   In the T2 experiments,
observed disagreement between nine different implementations of the same published
mathematical algorithms, which were written in the same language and used the same input
data, revealed that the computed output values of the codes agreed to only one or two
significant figures.  This study was particularly interesting because glass-box knowledge
was used to generate the tests that provided this information.

• The Fortran-written codes were on average about 2.5 times longer than their C counterparts
for solving the same type of problem, and the Fortran-coded functions had correspondingly
more parameters that were passed as arguments than did their C counterparts. Hatton went
out of his way, however, to stress his belief that no programming language used in scientific
code development was immune from the problems uncovered in his work.

• Hatton’s major conclusion was

“The T experiments suggest that the results of scientific calculations carried out
by many software packages should be treated with the same measure of disbelief
researchers have traditionally attached to the results of unconfirmed physical
experiments.”

We particularly like the way this last conclusion is stated because it emphasizes one of our
most important conclusions in this paper—that properly executed verification (and validation) in



44

CFD should be held to the same standards used for verification and validation of physical scientific
experimentation.  Hatton’s conclusion is disappointing, but not surprising in our view.  The
somewhat polemical style of Hatton’s paper has somewhat diluted the influence of his conclusions.

As a side note, we also mention that this study is one of the best that we have seen in the
published literature on how to do reasonably objective code comparisons.  We also observe that
Stevenson [321] strongly agrees with Hatton’s view that the problems uncovered by his static
testing experiments are basically independent of programming language, as does Gustafson [143].
The problems are structural to the approaches used to develop CFD codes, not to the specific
programming implementation details.  Reading between the lines, it appears that the most recent
study of these matters by Ambrosiano and Peterson [18] is also essentially supportive of this
position.

We believe there are several reasons why formal testing of CFD software is not a common
practice. The first reason is that formal testing processes are traditionally associated with software
implementation assessment, whereas the emphasis in traditional CFD testing is numerical
performance for correct implementations.  The second reason revisits one raised previously,
namely that people working on CFD codes do not like to view themselves, or their work, as
software engineers.  A third reason is that there is less perceived risk associated with incorrect
function of most or all CFD codes than there is for other kinds of software, such as safety-critical
systems. For example, Johnson [172] discusses rigorous approaches to developing fault-minimal
and fault-tolerant avionics software.  There are regulatory requirements governing software
verification for avionics applications [112] that are driven by the safety-critical consequences of
software failure. We have never encountered a similar paper in CFD that addresses the underlying
consequences of software failure as they are addressed by Johnson.

3.4.2 Algorithm and Software Quality Testing

Our view of the integration of a set of verification activities, including SQE activities as well
as testing, into a CFD verification process is conceptually summarized in Figure 6. In this figure
we have depicted a top-down verification process for CFD.  The process has two main branches,
one defined as “code verification” and the other as “calculation verification.” The code verification
branch is primarily centered on SE (software engineering), which includes practices and standards
associated with SQE (software quality engineering).  A major component of these activities, in
turn, is a focus on software quality testing.  Software quality testing emphasizes programming
correctness.  Software quality testing, as shown in Figure 6, naturally divides into static and
dynamic testing.  Dynamic testing further divides into such elements of common practice as
regression testing, black-box testing, and glass-box testing.

The other major branch of CFD verification activities emphasized in Figure 6 is algorithm
testing.  Algorithm testing focuses on numerical correctness and performance of algorithms, and
has the underlying goal of calculation verification. The major components of this activity include
the definition of appropriate test problems for assessing solution accuracy, as well as assessment
procedures for judging numerical performance versus these tests. An appropriate approach to CFD
verification activities, especially for high-consequence computing, should include all of the
indicated elements on both sides of the diagram.
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Figure  6. Integrated view of verification assessment for CFD.

As stressed in Section 3.2, no matter how many tests and empirical experiments we perform,
our ability to observe code performance is very limited.  We have also argued that we will never
prove that the software implementation is error free, or has zero software defects. In fact, as Hatton
has conclusively demonstrated, one is always finding software bugs. Experience suggests that one
can never totally eliminate bugs from complex CFD software, certainly not simply by performing
algorithm testing alone.  It seems to us that the best approach for minimizing the number of bugs
that may be present in a CFD code at any given time is to seriously attend to software quality
testing, along with coordinated SQE processes that are associated with the CFD code development
activities, in partnership with detailed algorithm testing. Importantly, software quality testing does
not eliminate the fundamental need for algorithm testing in CFD codes.

Software quality testing rests in three techniques; static analysis, dynamic analysis, and formal
analysis [339]. Static analysis (or testing) techniques analyze the form, structure, and consistency
of the code without executing the code.  Software reviews, inspections, audits, and data flow
analyses are examples of static analysis techniques.  Dynamic analysis (or testing) techniques
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involve execution of the code.  The results of the code execution are analyzed to detect coding
errors or weaknesses in design that can cause coding errors. Regression testing, which re-evaluates
the accuracy of computed results, is in the dynamic analysis category.  Further remarks on static,
dynamic, and regression testing are included below.  We touched on the use of formal methods
earlier and will not discuss them further.

It is probably safe to claim that static testing has traditionally been dominated by the
compilation of code and the detection of compilation errors.  One doesn’t tend to see published
studies of, say, the application of architectural analysis, such as the complexity metrics applied in
Hatton’s analysis [149], to CFD codes.  We strongly advocate the expansion of static analysis as
part of verification assessment for CFD codes. The complexity of modern programming languages
(C++ especially) and the use of massively parallel computing platforms for CFD increase the need
for and the impact of static analysis.

Systematic SQE testing literature, with its myriad paradigms for static and dynamic testing,
tends to be somewhat disjoint from the published practice in CFD, where the emphasis is on
dynamic algorithm testing.  While we do not give a detailed review of SQE testing in this paper,
in Section 3.4.4 we review a few essential issues that are particularly germane for coordinating
SQE testing with algorithm testing.  Two particularly useful references for readers who wish to
learn in detail about the vast subject of SQE testing are Beizer [36] and Kaner et al.  [175].  The
viewpoint of these books is sufficiently different that it adds interesting nuance to a subject as
seemingly dry (to CFD practitioners) as SQE testing. Beizer’s book is somewhat more formal in
its approach, while Kaner et al. are less structured in their approaches and recommendations. We
highly recommend both books.

When considering software testing, it is important to understand the distinction between
black-box testing and glass-box testing.  Glass-box testing is practiced primarily by code
developers because it assumes, by definition, sufficient knowledge of the design and architecture
of the code to design, populate, and assess test plans based on this knowledge.  It is sometimes
called path testing, although this is properly one subset of this type of testing. Glass-box testing is
also traditionally heavily weighted to what we have called SQE testing, although that is not
mandatory.  When we discuss static testing, test problems generated by coverage analysis, and
regression testing below, we will be discussing examples of glass-box testing.

Black-box testing (also called functional testing) is effectively the paradigm for algorithm
testing as we defined it above.  Black-box testing can be performed by anyone involved with a
given CFD code, but it tends to be associated with independent testing entities.  Certainly in the
CFD world, much black-box testing is performed by users of the code. (If a developer of the code
is also a user, for purposes of this discussion we emphasize their role as a user.) Black-box testing
requires no detailed knowledge of the code software, although such knowledge can certainly help.
Even when the person(s) who designed the algorithms and implemented the code execute a test
problem to investigate the empirical performance of the code, they are performing black-box
testing. When a CFD algorithm is described in a publication, for example, and tested on one of the
benchmarks we mention below, a black-box test has been performed.  The goal of the authors in
this case is to assess functionality and accuracy of output results, not test specific software
elements. When users test codes by running their favorite test problems prior to application, they
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are performing black-box testing.  Users are an enormous resource for black-box testing.  Black-
box testing dominantly underlies our discussion of error assessment in Section 3.2.  When we
discuss dynamic testing, manufactured solutions, aspects of regression testing, statistical testing,
and benchmarks below, we will be discussing issues particularly relevant to black-box testing.

The goal of a coordinated, optimal test strategy for a CFD code is fundamentally to suitably
blend glass-box testing and black-box testing.  Beizer [36] and Kaner et al.  [175] address such
coordination in great detail in their books.

One issue that is discussed further in Section 3.4.3 is the proper definition of effective test
problems. Code coverage analysis and code sensitivity analysis are methods that can be used to
assess the complexity of the intended application of the CFD code in order to design collections of
test problems. Coverage analysis enables one to determine what components of the code enter into
the real application calculation. The relative importance of the selected component contributions
to that calculation is then determined via a sensitivity analysis. Ideally, one would start coverage
analysis with a tool of sufficient capability to assess code lines and units exercised by the code in
performing the desired calculation. For example, PureCoverage™ [266] is a commercial tool that
detects lines of code executed during the operation of C++ software and reports this information
in a useful form. A major goal of coverage analysis for algorithm testing is to understand execution
paths as well as lines touched in the code in order to execute the intended application calculation.
One then designs tests that specifically target these modules and paths. This is clearly a glass-box-
testing strategy and is discussed extensively in both Beizer [36] and Kaner et al. [175]. While a
discussion of sensitivity analysis is beyond the scope of this paper, the topic is brought up in the
context of software quality testing in [232].

A natural partner of the coverage analysis methodology for software quality testing is
regression testing.  A widely used commercial testing technique, regression testing is defined by
Beizer [36] as “any repetition of tests (usually after software or data change) intended to show that
the software’s behavior is unchanged except insofar as required by the change to the software or
data.” What this means in CFD practice is that a compendium of tests is assembled, a baseline for
code performance against these tests is established, and the tests are run periodically.  When the
current performance is determined to have deviated from the baseline, either the decision is made
that a bug has been introduced, or the regression test suite is base-lined again.  There are two
requirements that make this approach feasible.  First and foremost, the test suite must run
sufficiently fast so that the testing can be performed frequently.  Second, the regression testing
should be performed for every software modification. For multiple developers of a CFD code, for
example, this means that no modified software is accepted before regression testing is performed.

Regression tests that are glass-box tests are often correlated with coverage analysis, and are
designed to provide testing of as many lines of code as is feasible. Systematic, cyclic testing, say
once a suitable set of test problems has been defined, is known to be important in code development
and maintenance.  Unfortunately, this requires a trade-off between available resources which
influences the fidelity of the testing. For example, a high-fidelity test suite that takes longer than
five to ten hours to execute is probably not practical for execution every day.  Thus, such a suite
cannot be used to demonstrate the stability of daily code builds.
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We believe that regression testing should be considered as part of SQE testing.  What
regression testing measures is code stability, not code correctness. For example, one may take an
algorithm verification problem and define its equivalent regression test to be a simplification that
runs only a fraction of the time defined for the algorithm verification problem. That simplification
could be the identical problem executed on a very coarse grid, or it could be the identical problem
run for only a few code time-step cycles or iteration loops. The appropriate metric for success in
regression testing is change from past baselining. Correct execution of the problem enters in only
at the establishment of the baseline.  In this sense, regression testing should not be considered to
be algorithm testing.

The main use of regression testing is to minimize the effort devoted to fixing incorrect new
software that is introduced into existing code in a software development project. There is a balance
that must be determined between the effort devoted to regression testing and the effort devoted to
finding and fixing incorrect modifications of the existing code at a later date.  At the same time,
regression testing aims to cover as much of the code as possible. Development and implementation
of regression testing is thus closely related to issues of software coverage. In the CFD projects that
we are familiar with, the anticipated coverage target for regression testing is typically on the order
of 80 percent.  This is partly because there are specific code elements that developers are willing
to define as not requiring coverage.  More importantly, these coverage thresholds are established
in the attempt to prevent the effort devoted to regression testing from becoming larger than the
effort required to fix introduced errors.

Regression testing requires considerable resources for performing the testing, evaluating the
results, and maintaining the testing capability. Depending on the size of the regression test suite,
significant time can still be spent for a code to successfully execute all of the problems. In addition,
a large amount of human effort is required to maintain regression test suites. Since CFD codes are
rarely frozen in their capability, every time that capability changes it will likely require re-
establishing regression baselines. For codes that are changing frequently, the level of effort is even
greater.  Is regression testing worth this kind of effort? A important measure of the human effort
involved in regression testing, as we suggested above, is the amount of time spent correcting
incorrect new code versus the amount of time spent maintaining regression test suites. Information
about how much time is required can only be determined by collecting data on the time and costs
involved in both types of efforts.  Unfortunately, currently we only have anecdotal data from the
code projects with which we interact. That data suggests that the resources invested in regression
testing are worth the investment.  However, it should be noted that the data from those code
projects that measured the amount of work devoted to fixing incorrect code modifications prior to
the implementation of regression testing were not quantitatively gathered prior to the onset of
regression testing. Once regression testing started, of course, we lost the opportunity to collect that
data.

3.4.3 Algorithm Testing

A plan for algorithm testing for a CFD code should clearly express three major types of
content [262].  First, the goals and logic of the testing should be clearly expressed.  Second, the
methods and principles used to design tests for the plan, as well as their detailed description, should
be described. Third, the nature of the comparison between the code and the required baseline test
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result should be precisely defined, along with the associated acceptance criteria. It is important to
have precise definitions of what constitutes success or failure in executing the test problems.

Understanding the logic that is operating in defining and executing a test suite for a CFD code
is the first pressing issue for design and execution of algorithm testing. The AIAA Guide [12], for
example, suggests the following logical organization of testing for CFD codes: (1) tests with exact
analytical solutions, (2) tests with semi-analytic (reduction to quadrature to simple ODEs [ordinary
differential equations], etc.) solutions, and (3) benchmark solutions to the PDEs that may be
representative of application complexity but that are suitable for code comparison exercises or
other quantitative means of assessing code accuracy. The important goal achieved in this approach
is the precise and quantitative definition of acceptance criteria for comparisons with such
problems.

The second pressing issue that enters into the design and execution of algorithm testing is
choice and implementation of test problems.  There are several possible approaches for choosing
algorithm tests for implementation. First, individual test problems, or test suites, which represent
"industry standards," would be very useful for implementation.  Effective industry-standard test
problems are those that appear again and again in verification activities for a specific engineering
or physics discipline.  If they were to be carefully formulated, such test problems clearly would
have great importance and should be used.  Their present ad hoc role as a standard implies that
there is insufficient clarity associated with (1) expected standards for comparison with these
problems and (2) acceptance or success criteria when a comparison of the problem with a CFD
code is performed.  This issue is discussed below in relation to benchmarks.

In the absence of clear community standards for test problems, real or implied, a second
approach is to choose test problems by consensus of the community associated with the code, both
developers and users. Expert opinion regarding discipline-specific test problems is important here.
Developing consensus is not an easy job, especially if acceptance criteria for the test are likely to
be publicly disseminated.

A third approach to choosing verification test elements is simply to construct specialized test
problems that address specific needs arising in the structure of the test plan. Two examples of this
approach are described below. In the first example, test problems are chosen to provide coverage
of key code modules, paths through the software, or both. A second example is the use of so-called
“Method of Manufactured Solutions.”

The most accurate and traditional way to quantitatively measure the error in a computational
solution is by comparing the computational solution to a highly accurate solution.  However,
highly accurate solutions are known only for a relatively small number of simplified problems. As
categorized by the AIAA Guide [12], they are: analytical solutions, benchmark numerical solutions
to the ODEs, and benchmark numerical solutions to the PDEs.  The Method of Manufactured
Solutions (discussed further below) is in the category of analytical solutions.

Analytical solutions are closed-form solutions to special cases of the PDEs that are
represented in the conceptual model.  These closed-form solutions are commonly represented by
infinite series, complex integrals, and asymptotic expansions [86, 101, 110, 131, 132, 133, 134,
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136].  Numerical methods are usually used to compute the infinite series, complex integrals, and
asymptotic expansions in order to obtain the solutions of interest. However, the accuracy of these
solutions can be quantified much more rigorously than can the accuracy of the numerical solutions
of the conceptual model. The most significant practical shortcoming of analytical solutions is that
they exist only for very simplified physics and geometries.

Consistency checks can also be usefully employed as benchmarks.  A classic example is the
use of intense point explosions in ideal gases to assess energy conservation in shock wave codes.
Global checks on the conservation of appropriate quantities can be made [150], as well as checks
that are related to the effect of the boundary conditions on the solution.  One group of boundary
condition tests is used to evaluate whether certain symmetry features are preserved in the solution.
For example, if a plane of symmetry exists in the conceptual model, then the normal gradient of
appropriate variables can be set to zero and a solution can be obtained. The same solution should
also be obtained if this plane of symmetry condition is not imposed and the entire domain is solved.
For unbounded domains, the boundaries of the computational domain are conceptually considered
to be at infinity, i.e., they are infinitely far from the spatial region of interest.  Typically, a user-
defined parameter specifies how "far out" these boundaries are. If the boundaries are too close, the
asymptotic conditions applied there may not be accurate. The usual method of determining the size
of the computational domain is to systematically increase the domain until the solution is no longer
dependent on the size of the domain that is compatible with the objectives of the computation. It
is important to note that this exercise must be performed for a suitable grid and time step that are
within the envelope of the grid and time-step convergence. A more comprehensive discussion of
this topic is presented by Roache in his book [278].

When computational solutions are compared with highly accurate solutions, the comparisons
should be examined along boundaries of interest or error norms should be computed over the entire
solution domain. The accuracy of each of the dependent variables or functionals of interest should
be determined.  As previously mentioned, the required fidelity of the numerical solution varies
greatly with the type of solution variable that is computed.

Benchmark ODE solutions are very accurate numerical solutions to special cases of the
general PDEs.  These ODEs commonly result from simplifying assumptions, such as simplified
geometries and assumptions that result in the formation of similarity variables.  Examples of
benchmark ODE solutions in fluid dynamics are the Blasius solution for laminar flow over a flat
plate, the Taylor-Maccoll solution for inviscid flow over a sharp cone, and the stagnation-region
flow in two dimensions and three dimensions [86, 131, 134, 136].

Benchmark PDE solutions are also very accurate numerical solutions to special cases of the
PDEs or to special cases of the boundary conditions.  Examples of benchmark PDE solutions in
fluid dynamics are the following: incompressible laminar flow over a semi-infinite flat plate [66,
67, 68]; incompressible laminar flow over a parabolic plate [69, 70, 71]; incompressible laminar
flow in a square cavity driven by a moving wall [73, 75, 88, 89, 99, 106, 116, 117]; laminar natural
convection in a square cavity [74, 81], incompressible laminar flow over an infinite-length circular
cylinder [91, 104, 108, 115]; and incompressible laminar flow over a backward-facing step, with
and without heat transfer [55, 84, 92, 96, 109].
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The accuracy of the benchmark solutions clearly becomes more of an issue as one moves from
benchmark ODE solutions to benchmark PDE solutions.  In the literature, for example, one can
find descriptions of computational simulations that are considered to be of high accuracy by the
author but that are later found to be lacking. It is strongly recommended that no published solution
be considered as a benchmark solution until the solution has been calculated very carefully by
independent investigators, who preferably use different numerical approaches. We stress that code
comparisons are a verification activity—NOT a validation activity, regardless of what physical
assumptions are made.

There are opportunities for applying additional ideas that are somewhat more methodical than
defining algorithm tests.  First, the “Method of Manufactured Solutions” (MMS) [79, 278, 289,
320] is a method of custom-designing verification test problems of wide applicability.  In this
approach to constructing test problems, a specific form of the solution function is assumed to
satisfy the PDE of interest.  This function is inserted into the PDE, and all the derivatives are
analytically computed manually or by using symbolic manipulation software such as
MACSYMA™. The equation is rearranged such that all remaining terms in excess of the terms in
the original PDE are grouped into a forcing-function or source term. This term is then considered
to be simply added to the original PDE so that the assumed solution function satisfies the new PDE
exactly.  For example, in the Navier-Stokes equations this term can be considered to be a source
term, i.e., a new term on the right-hand side of the PDE. The boundary conditions for the new PDE
can be chosen to be the value of the solution function on the boundary (Dirichlet condition), a
Neumann condition that can be analytically derived from the solution function, or a boundary
condition of the third kind. This approach could be described as finding the problem, i.e., the PDE,
for which we have assumed a solution.

Use of MMS in code verification activities requires that the computed source term and
boundary conditions are programmed into the code and a numerical solution is computed.  This
procedure verifies, though for a narrow range of physical modeling, a large number of numerical
aspects in the code, such as the numerical method, differencing technique, spatial transformation
technique for grid generation, grid-spacing technique, and algorithm-coding correctness.  Shih et
al. [79] have applied this approach to the incompressible Navier-Stokes equations for laminar two-
dimensional flow and have obtained an impressive exact solution to a variant of the classical lid-
driven cavity problem for an arbitrary Reynolds number.  It is highly recommended that
incompressible Navier-Stokes codes be verified with this exact solution.

Salari and Knupp [289] have systematically applied MMS to the compressible and
incompressible Navier-Stokes equations.  They have also presented an interesting study of the
“bug-finding” capability of the method by examining its performance on a set of 21 different
coding mistakes to better understand what errors MMS is capable of resolving.  MMS correctly
diagnosed every error in the set that prevented the governing equations from being solved
correctly. Salari and Knupp (see also [278]) noted that this method is incapable of detecting errors
such as algorithm efficiency mistakes, where equations are still solved correctly by the algorithms,
but where the coding is less efficient than optimal.  These results suggest the desirability of
coupling studies like Hatton’s T1 experiments with a dynamic testing diagnosis like MMS to better
correlate potential structural flaws with actual incorrect numerical performance. Such a study has
not been performed.
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MMS is an interesting blend of black-box testing and glass-box testing.  We note that the
method is actually code invasive, thus related to glass-box testing.  MMS cannot be applied
exclusively in black-box mode because of the need for specific coding intervention for each test
that it creates, at least in the examples that we are aware of.  Once that coding is accomplished,
however, the gathering of results proceeds in a fully black-box manner. There does not appear to
be any analog of this testing methodology in the work of Beizer [36] and Kaner et al. [175], which
is rather surprising.

The third pressing issue for algorithm testing is quantitative assessment of code performance
on the chosen test problems. A clear assessment of code performance on algorithm test problems
is crucial.  To develop such an assessment requires precise definition of how code calculations
should be compared with the fiducial. It also requires the most quantitative possible definition of
acceptance criteria.  If a clear definition of acceptable code performance on the test cannot be
assigned, then a clear definition of unacceptable performance should be described instead.  We
acknowledge that the construction of acceptance criteria may be very difficult.  Yet, it is hard to
fathom what benefit results from running test problems in which criteria for success or failure
cannot be stated.  The suggested structure for verification problems given in [12] recognizes the
complexity of this issue by attempting to limit the complexity of comparison and increasing the
clarity of determining success or failure in the recommended benchmark definitions.  The
advantage of simple benchmark problems is that it is relatively easy to measure how accurately a
code executes the problem, although even for problems with analytical solutions like shock tube
problems, quantitative acceptance may be challenging. The disadvantage of simple benchmarks is
that they tend to be remote from the applications of interest, especially for complex codes.  As a
general principle, our view is that benchmarks that are similar to intended applications tend to be
oxymorons.  The closer “benchmarks” are to the intended application, the less likely it is that a
correct baseline solution for them will be known for the problem.

We have just suggested the special weight that “benchmark” problems play in algorithm test
plans.  There are two senses in which we mean benchmarks for use in algorithm testing. Weak
sense benchmarks are test problems that are in common ad hoc use by various algorithm
developers or code projects for the purpose of assessing numerical accuracy.  These were
illustrated in the above discussion.

We define strong sense benchmarks fundamentally to be engineering standards.  Test
problems that are strong sense benchmarks have their definition, use, and impact precisely defined
and formally documented, typically by professional societies, academic institutions, or nonprofit
organizations.

More specifically, it is our view that strong sense benchmarks are defined by the following
four factors:

• Exact, standardized, frozen, and promulgated definition of the benchmark.

• Exact, standardized, and promulgated statement of the purpose of the benchmark.  This
addresses its role and application in a comprehensive test plan for a code, for example.
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• Exact, standardized, frozen, and promulgated requirements for comparison of codes with
the benchmark results.

• Exact, standardized, frozen, and promulgated definition of acceptance criteria for
comparison of codes with the benchmark results. The criteria can be phrased either in terms
of success or in terms of failure.

Do strong sense benchmarks exist? We believe that the answer is “certainly not in CFD”. In
the long run, though, there appear to be two (possibly more) efforts that may move in the direction
of establishing strong sense benchmarks.  One effort is the NPARC Alliance [314], which is
attempting to standardize the definition and purpose of verification and validation problems in
CFD. Their work is concentrated on the establishment and acceptance of an archive for accepted
verification and validation problems by the CFD community.  This effort builds on consensus in
the CFD professional community regarding important verification and validation problems.

The ERCOFTAC Special Interest Group on “Quality and Trust in Industrial CFD” is an effort
that goes one step further. This European group has begun to promulgate best practice guidelines
[58], including benchmarks that may eventually become “strong sense” in our meaning.
ERCOFTAC and the associated working group QNET-CFD are discussed in the recent paper by
Hutton and Casey [166].

While it is too early to judge exactly where these efforts are going, we have noted that none
of these groups have dealt with the most sensitive issue in our definition of strong sense
benchmarks, that is, the issue of establishing stringent standards for comparison with benchmarks
and measuring success. It is very clear to us that establishing these particular standards, as well as
the others in our definition, will be a very difficult task in the current climate in which CFD is
pursued.  The realities of competition between commercially available CFD codes, competition
between organizations that rely on CFD codes, and competition between countries may stifle this
endeavor.  We believe the maturation of CFD will suffer if strong sense benchmarks are not
developed.

A stimulus to the development of benchmarks closer to our strong sense meaning is the
increasingly aggressive posture of certain professional journals regarding minimal standards for
the computational work that they publish.  For example, see [274] for a discussion of issues
associated with the development of editorial policy dealing with the reporting of numerical
accuracy in the ASME Journal of Fluids Engineering [280]. Currently, journals that have editorial
policies emphasize the assessment of numerical accuracy for the solutions presented in papers
submitted for publication. This is actually a weaker statement of verification than our weak sense
benchmark statements.  Evolution of the stance of the professional journals would require the
eventual use of something like strong sense benchmarks as further characterization and
demonstration of computational quality.  Based on the controversies that erupted over editorial
requirements on the reporting of numerical accuracy, whether or not strong sense benchmarks will
actually be used in refereed journals for the foreseeable future is obviously open to question. The
decision is ultimately one to be made by the professional CFD community.
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3.4.4 Software Quality Engineering

We conclude by providing only a brief introduction to some literature in SQE that is relevant
to the overall problem of verification assessment.  A number of modern texts are available that
describe current practice in the SQE field [23, 26, 84, 91, 107, 113, 200, 283]. Much of the research
and development in SQE procedures has been fueled by computer-controlled systems that require
extremely reliable and secure software, as in Johnson’s avionic systems application referenced
previously.  Such systems are commonly referred to as “high-integrity systems.” Examples of
high-integrity systems other than avionics systems are control systems for nuclear power reactors
and software for nuclear weapon security and safety. The scientific software community has much
to learn from SQE procedures that have been developed for these systems as high-consequence
scientific computing becomes more prevalent.

Standards also play an important role in the impact of SQE.  Paulk et al. [260] describe the
Capability Maturity Model (CMM), an important standard in the current Department of Defense
software acquisition process.  Sanders and Curran [292] describe elements of the ISO 9000
standards.  A criticism of some important elements of the CMM is found in [233].

The SQE field typically uses definitions of verification and validation that have been
developed by the IEEE [61].  When consulting references in the SQE field, the interested reader
should remember the differences in terminology between those used here and those developed by
the IEEE.

Various authors in the SQE community follow different approaches to the process of code
verification [23, 26, 84, 91, 115, 186, 200, 203, 283, 315, 339].  As an example, we outline the
approach taken by Wallace et al.  [339] and Marciniak [203].  In this approach, software
verification activities can be generally classified into management activities and technical
activities; the major management and technical activities are listed in Table 1. Because each of the
management and technical activities are discussed at length in [339], details of the activities are
not presented here.
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Table 1. Major Software Verification Activities [339]

ACTIVITY TASKS

Software Verification Management Planning
Monitoring
Evaluating Results, Impact of Change
Reporting

Software Requirements Verification Review of Concept Documentation
Traceability
Software Requirements Evaluation
Interface Analysis
Initial Planning for Software System Test
Reporting

Software Design Verification Traceability Analysis
Software Design Evaluation
Interface Analysis
Initial Planning for Unit Test
Initial Planning for Software Integration Test
Reporting

Code Verification Traceability Analysis
Code Evaluation
Interface Analysis
Completion of Unit Test Preparation
Reporting

Unit Test Unit Test Execution
Reporting

Software Integration Test Completion of Software Integration Test Preparation
Execution of Software Integration Tests
Reporting

Software System Test Completion of Software System Test Preparation
Execution of Software System Tests
Reporting

Software Installation Test Installation Configuration Audit
Reporting

Software Operation and Maintenance Impact of Change Analysis
Repeat Management Activities
Repeat Technical Activities
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