
Mean Value Theorem Calculus PracticeTest Solutions

Name:

1. (6 points) Note that if f(x) =
1

x− 2
, that f ′(x) =

−1
(x− 2)2

. Also, (considering the interval [0, 3]) the value of
f(3)− f(0)

3− 0
=

1− (−1/2)
3

= 1/2. But if we set f ′(c) equal to 1/2, we get an equation with no solutions. Doesn’t this violate the Mean
Value Theorem? Explain.

Solution

No, it doesn’t violate the theorem. This is because this function is not continuous on the interval (0, 3), since it is not
continuous at x = 2. Thus the Mean Value Theorem doesn’t apply to this function on this interval

2. (5 points) Does the Mean Value Theorem apply to the function f(x) = 4x3 + 2x + 8 on the interval [0, 1]? If not, explain
why not. If so, find the value of “c” promised by the theorem.

Solution

Since f is a polynomial, and polynomials are continuous and differentiable everywhere, the hypotheses are met. To find the
promised value of c, we must find where f ′(c) = f(1)−f(0)

1−0 = 14−8
1 = 6. This turns out to be at c = 1/(

√
3), which is between

0 and 1 as promised.

3. (4 points) What are the hypotheses of the Mean Value Theorem? What is the conclusion?

Solution

They hypotheses are that f is continuous on [a, b] and differentiable on (a, b). The conclusion is that there exists a number
c between a and b with f ′(c) = f(b)−f(a)

b−a .
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4. (5 points) Does Rolle’s Theorem apply to the function f(x) = x4 − 2x2 + 1 on the interval [−1, 1]? Explain, and find the
appropriate value of “c” if possible.

Solution

Since the function is a polynomial, it is continuous and differentiable everywhere. Also, f(1) = 0 and f(−1) = 0, so
f(1) = f(−1). Thus the hypotheses of Rolle’s Theorem are met. We are thus looking for a value of c where f ′(c) = 0. This
occurs where 4c3 − 4c = 0, which is where either c = 0 or c = 1 or c = −1. Of course, the only one of these that is between
−1 and 1 is c = 0.

5. (8 points) The function f(x) = x3 + 4x + 2 has exactly one real root. The fact that it has at least one can be established
using the Intermediate Value Theorem, and the fact that it can’t have two or more can be established using the Mean Value
Theorem. Show how to establish these two facts.

Solution

Since f(−1) = −3 and f(0) = 2, zero is an intermediate value for this continuous function on the interval [−1, 0]. Thus, the
Intermediate Value Theorem says that there is at least one c between −1 and 0 with f(c) = 0. Now suppose that there were
two or more roots of f , say c1 and c2 with c1 6= c2. By applying the Mean Value Theorem to f on the interval [c1, c2], we see
that there should be a value between c1 and c2 where the derivative is equal to 0. But the derivative of f is f ′(x) = 3x2 +4,
which is never equal to zero. Thus, there can’t be two distinct roots c1 and c2.

6. (8 points) By applying the Mean Value Theorem to f(x) = sin(x) on the interval [a, b], and using another fact about the
derivative of sin(x), establish the fact that

| sin(b)− sin(a)| ≤ |b− a|

for all real numbers a, b.

Solution

We know that f(b)−f(a)
b−a = cos(c) for some value of c, so∣∣∣∣ sin(b)− sin(a)

b− a

∣∣∣∣ = |cos(c)| ≤ 1,

so | sin(b)− sin(a)| ≤ |b− a|.
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7. (5 points) If f(x) = x2/3, does f meet the hypotheses of the Mean Value Theorem on the interval [0, 3]? Why or why not?

Solution

f(x) = x2/3 is continuous on [0, 3], and is differentiable everywhere except at x = 0, so it is differentiable on (0, 3). Thus it
does meet the hypotheses of the Mean Value Theorem. The promised value of c would be 8/9.

8. (6 points) Does the Mean Value Theorem apply to the function f(x) = sin(x2) on the interval [0,
√

π]? If not, explain why
not. If so, find the value of “c” promised by the theorem.

Solution

This function is continuous and differentiable everywhere (since both sin(x) and x2 are), so it definitely meets the hypotheses
of the theorem. Now f(

√
π)−f(0)√
π−0

= 0−0√
π−0

= 0. Thus we are looking for a value of c where f ′(c) = 0. The derivative of this
function is f ′(x) = cos(x2) · 2x, and f ′(c) = 0 when c = 0 (which isn’t between 0 and

√
π) or when c2 = . . . , π/2, 3π/2, . . .,

which is when c = . . . ,
√

π/2,
√

3π/2, . . ., so the only value of c that is on the given interval is c =
√

π/2.
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