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Unit-5: 

 

Types of PN Sequences 



Types of Spreading Sequences 

•PN Sequences 

m-Sequence 

Gold Sequence 

Kasami Sequence 

•Orthogonal Code 

Hadamard Code 

Walsh Code 

OVSF Code 
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m-Sequences 

•By far the most well-known binary PN sequences are maximal-

length linear feedback shift register sequences, or m-sequences, 

that can be generated with r-stage shift registers.  

When an r –stage shift-register is employed, the period of the 

m-sequence generated is n = 2r – 1. 

•The m-sequence has a period of 2r – 1, r = 2, 3, …  

•It has the maximal period. Therefore it is called maximal linear 

feedback-shift register sequence. 

•Thus some typical lengths are  

•N = 7, 15, 31, 63, 127, 255, 511, … 
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m-Sequences 

•The linear feedback logic is determined by a primitive 

polynomial of degree r . 

 

 

•A primitive polynomials of degree r , f (x) , must satisfy the 

following three conditions: 

(1) f (x) is an irreducible polynomial, that is, it can no longer be 

decomposed into smaller factors. 

(2) Xn +1 can be exactly divided by f (x), where n =2r -1. 

(3) xq +1 cannot be exactly divided by f (x), where q < n . 
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m-Sequences 

Example: Find all primitive polynomials of degree r = 4 . 

•Due to r =4, the period of the m-sequence generated by a 4-

stage shift-register is n=2r-1=24-1=15 .  

By factoring the polynomial x15+1 , we can obtain 

 

 

 

•Where the factors x2+x+1 and x+1 are not polynomials of 

degree 4, therefore they are not the primitive polynomials.  

•x4+x3+x2+x+1 can divide x5+1 (here q=5), so it does not fulfill 

3rd condition.  
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m-Sequences 

•The remaining two x4+x3+1 and x4+x+1 are primitive 

polynomials of degree 4. These can be used to generate m-

sequences. 

•Generating m-sequence using x4+x3+1 

•Implementation of this polynomial is shown in following 

LFSR. 
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m-Sequences 
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State B3 B2 B1 B0 B3  ϴ B0 Output 

Initial=0 1 0 0 0 1 0 

1 1 1 0 0 1 0 

2 1 1 1 0 1 0 

3 1 1 1 1 0 1 

4 0 1 1 1 1 1 

5 1 0 1 1 0 1 

6 0 1 0 1 1 1 

7 1 0 1 0 1 0 

8 1 1 0 1 0 1 

9 0 1 1 0 0 0 

10 0 0 1 1 1 1 

11 1 0 0 1 0 1 

12 0 1 0 0 0 0 

13 0 0 1 0 0 0 

14 0 0 0 1 1 1 

15=0 1 0 0 0 1 0 



m-Sequences 
•Finding number of primitive polynomials: 

•Number of m-sequences is equal to number of primitive 

polynomials. 

•To find the number of m-sequences, we must calculate the 

number of primitive polynomials. 

•It can be found by this formula: 

 

 

•where ϕ(2r-1) is a Euler number, defined below: 
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m-Sequences 
•Example 

•Find the m-sequences for r=4. 

As 2r-1=24-1=15=3 x 5 

3 and 5 are prime numbers. Then finding Euler number: 

ϕ(2r-1)=(p1-1)(p2-2)=(3-1)(5-1)=8. 

Thus, the number of the primitive polynomials is 

 

 

namely, the number of m-sequences with length 15 is 2. 

•Primitive polynomials of degree 5 are 6. One of these is:  

x5+x3+x2+x+1 
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m-Sequences 
•Four properties of m-sequence 

1. The period of the m-sequence generated by an r-stage shift-

register is 2r-1. 

2. The probability of appearance of “1” and “0” in an m-

sequence is approximately the same and the number of 1s is 

only one more than the number of 0s in an m-sequence. 

3. Generally, a subsequence of 1s or 0s in an m-sequence is 

called a run. There are totally 2r-1 runs in an m-sequence, 

where the number of runs for length 1 is 1/2 of the total runs 

and the number of runs for length 2 is 1/4, the number of 

runs for length 3 is 1/8, etc. Finally, there exist a consecutive 

“1” run for length r and a consecutive “0” run for length r -1 

. 
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m-Sequences 
4. When 0 and 1 in an m-sequence take the values of “-1” and 

“1” respectively, the cyclic autocorrelation function of the 

m-sequence is 

 

 

where X=(x0, x1,…, xi, …, xn-1) is any codeword of m-sequence   

of length n. 

Cross-correlation of two m-sequences X=(x0, x1,…, xi, …, xn-1)  

and Y=(y0, y1,…, yi, …, yn-1) will be defined as:  
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m-Sequences 
•Autocorrelation of m–sequence “100010011010111” 

•First replacing 0 with -1 and “1” with “1” (1,–1,–1,–1,1,–1,–

1,1,1,–1,1,–1,1,1,1)  and then finding autocorrelation.  
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m-Sequences 
•Cross-correlation of two m–sequence “000100110101111” and 

“111101011001000”.  Replace 0 with “-1”.  
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Gold Sequences 
•Gold code is a combination code of m-sequences that can be 

generated by the bit-by-bit modulo-2 addition of two m-

sequences under the control of a synchronizing clock. 
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Gold Sequences 
•These two generators of m-sequences have the same period and 

rate.  

•The period of combination code produced by the generator of 

Gold code is the same as that of these two subsequences. 

•2r -1 Gold codewords can be generated by varying the relative 

shifts of two preferred m-sequences with the period n=2r-1. 

•Assume X=(x0, x1,…, xi, …, xn-1) and Y=(y0, y1,…, yi, …, yn-1) 

are two m-sequences with n 2r-1, then resulting Gold codewords 

are: 

 

where Y(-i)=(yi, yi+1,…, yn-1, y0, y1,…, yi-1) is the ith cyclic 

left-shift of Y.   
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Gold Sequences 
•Example 
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(a) Shift register implementation 



Gold Sequences 
•Example 1 

 

Sequence 1: 1111100011011101010000100101100 

Sequence 2: 1111100100110000101101010001110 

0 shift XOR: 0000000111101101111101110100010 

1 shift XOR: 0000101010111100001010000110001 

. 

. 

30 shift XOR: 1000010001000101000110001101011 

 

(b) Resulting Gold sequences 
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Gold Sequences 
•Example 2 

Find Gold sequences with length 7 and the values of their cross-

correlation function. 

For the degree 3, there are two primitive polynomials: 

x3+ x + 1 and x3+ x2 + 1. 

These polynomials yield two m-sequences (initial seed: 001): 

Sequence X=1001011 

Sequence Y=1001110 

0 shift XOR: 0000101  1 shift XOR: 1010110 

2 shift XOR: 1110001  3 shift XOR: 0111111 

4 shift XOR: 0100010  5 shift XOR: 0011000 

6 shift XOR: 1101100 
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Gold Sequences 
•Autocorrelation 
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Gold Sequences 
•Cross-correlation 
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Gold Sequences 
•Gold code not only has many more codewords than m-

sequence but its cross-correlation property is also improved 

greatly by picking two preferred m-sequences to generate Gold 

code. 

•For CDMA, we need to construct a family of spreading 

sequences, one for each user, in which the codes have well-

defined cross correlation properties. 

•In general, m-sequences do not satisfy this criterion. One 

popular set of sequences that does is the Gold sequences.  

•Gold sequences are attractive because only simple circuitry is 

needed to generate a large number of unique codes. 
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Gold Sequences 
•Preferred pairs of Polynomials 
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Decimation 
•Consider an m-sequence a of length N and a new sequence a′ is 

generated by sampling every qth symbol of a. 

•The new sequence a′ is called decimation of the sequence a and 

can be written as:  

a'=a[q] 

•The sequence a' does not necessarily have a period N and is 

therefore not necessarily an m-sequence. 

•When the decimation yields an m-sequence, it is called proper 

decimation.  

•a' will be an m-sequence, with a period of N, if and only if   

gcd (n, q)=1, where gcd stands for greatest common divisor.  
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Cross-correlation of the pair 
•The cross-correlation spectrum of pairs of m-sequence can be 

three-valued, four-valued, or possibly many-valued.  

•Certain special pairs of m-sequence whose cross-correlation 

spectrum is three-valued, where those three values are: 

 

 

where 

 

 

Department of Telecommunication, MUET UET Jamshoro                                  25 

Spread Spectrum Communications                                                    Dr. Abdul Latif 

1
( ) ,t n

N


1
 ,

N


1
[ ( ) 2]t n

N


 
0.5( 1)

0.5( 2)

       1 2

       1 2

n

n

for nodd
t n

for neven





 
 





Three conditions to define a preferred pair 

1. n ≠ 0 mod 4; that is, n is odd or n=2 mod 4. 

2. b′= b(q) where q is odd and either 

q=2k+1 

or 

q=22k-2k+1  

for some value of k 

 

3.   
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Decimation-Example 1 
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x4 + x + 1 

 

q = 2n/2 + 1 = 5 

m = 2n/2 - 1 = 3 

Where, 

q = decimation value 

m = period of a’ 

a = 1  1  1  1  0  1  0  1  1  0  0  1  0  0  0 

a'= 1  1  0 

b = 1  1  0  1  1  0  1  1  0  1  1  0  1  1  0 

Repeats    1          2          3          4          5 



Decimation-Example 2 
Find a preferred pair of m-sequence having a period of 31 units 

and evaluate their cross-correlation spectrum. 

Solution: Since N=31, n=5. The decimation b′= b[3] is proper, 

so that the pair (b, b[3]) is a candidate pair.  

•The first condition is satisfied since n =1 mod 4.  

•The second condition is satisfied also since q is odd and 

q=2k+1 for k=1.  

•Finally gcd (5, 1), so that all three conditions are satisfied and a 

preferred pair has been found.  

•The m-sequence b and b[3] are: 

Department of Telecommunication, MUET UET Jamshoro                                  28 

Spread Spectrum Communications                                                    Dr. Abdul Latif 



Decimation-Example 2 
 

 

 

 

 

Cross-correlation: 

The three values are: -9/31, -1/31, or + 7/31. 
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Kasami Sequences 
•The Kasami sequences are a set of sequences that have good 

cross-correlation properties and have large number of available 

sets /sequences.  

 

•Kasami sequences are obtained by decimating the m-sequence 

x and performing mod2 addition on cyclically shifted sequences. 

 

•There are two classes of Kasami sequences: the small set and 

the large set. The large set contains all the sequences in the 

small set.  
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Kasami Sequences-small set 
•For n even, we can generate a small set of Kasami sequences 

containing M = 2n/2 distinct sequences each with period      

N = 2n - 1. 

•Steps of generating small set: 

Decimation sequence y = x[s(n)], where s(n ) =2n/2 +1. 

y is also a periodic m-sequence, with a smaller period 

equal to (2n -1) / s(n) = 2n/2-1. 

The small set of Kasami sequences is given by : 

 

 

•T-1y is a left cyclic shift of y, i.e.  

T-1y =(y1, y2, y3, …, yN-1, y0)  
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Kasami Sequences-small set 
•The cross-correlation function for two Kasami sequences takes 

on values in the set:  

•{ϴx,y (n)= -1, s(n), or s(n)-2} 

•The total number of sequences in the set is 2n/2 . 

•Example: for n=4 

•Take primitive polynomial x4+x+1: x =100010011010111 

•s(n)= 2n/2 +1=5 

•Decimating x by s(n), we get: 

•y=x[5]=101 101 101 101 101 

•The period of y is 2n/2 -1=3. 

•The number of Kasami sequences: 2n/2 =4 
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Kasami Sequences-small set 
•Kasami sequences of length 2n-1=15 are given below: 

1. x=   100010011010111 

2. x      y=  001111110111010 

3. x    T-1y =  111001000001100 

4.  x    T-2y =  010100101100001 
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Kasami Sequences-large set 
•Consists of sequences of period 2n -1, and contains both the 

Gold sequences and the small set of Kasami sequences as 

subsets. 

•Let sequences y and z formed by the decimation of x by 2n/ 2 +1 

and 2(n+2) / 2 +1, and take all sequences formed by adding x , y, 

and z with different shifts of y and z. 

•All the values of auto-correlation and cross-correlation from 

members of this set are limited to five values 

{-1,  -1± 2n /2 ,  -1± 2n /2 +1} 

•These sequences are one of the candidates for the scrambling 

code in W-CDMA systems. 
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PN Codes Isolation 
•In cdmaOne (IS-95), 64 Walsh sequences (codes), Wi, 

i=0,1,…63, are assigned to the different channels (pilot, paging, 

sync and traffic). 

 

•For traffic channels, W8,…W31 and W33,…W63 are used. 

 

•The highest baseband data rate is 19.2 ksymb/s that is 

combined with 64 chip Walsh code, yielding a 64 x 19.2 

ksymb/s=1.2288 Mchips/s bandpass data stream. 

 

•The entire set of Walsh functions is reused in each sector.  
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PN Codes-Short and Long Codes 
•Two Short Codes  

•The two short codes and one long code are used in CDMA 

2000 system. 

•All base stations and mobiles use the same three PN sequences.  

•The two short codes are of the same length, but are different 

codes.  

•A true PN code has a length of 2n –1, the short codes have been 

modified by adding an extra zero to increase the length to an 

even number of bits. This makes the system design and 

hardware design easier to implement.  
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PN Codes-Short and Long Codes 
•Short codes are used for synchronization in the forward and 

reverse links. 

•Also short codes are used for sector /BTS identification in the 

forward link.   

•Each BTS is assigned a unique PN code offset that is 

modulated on top of Walsh code. 

•The short PN code is used as the final step in the spread 

spectrum modulation, this makes the Forward link from each 

sector a unique waveform, since every sector has a difference 

PN code offset.  
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PN Codes-Short and Long Codes 
•Two Short Codes: 

•Two Short Codes of length (215 -1+1= 32, 768)  

•Termed “I” and “Q” codes (different taps)  

•Used for Quadrature Spreading  

•Unique offsets serve as identifiers for a Cell or a Sector  

•Repeats every 26.67 ms (at a clock rate of 1.228 Mcps)  
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PN Codes-Short and Long Codes 
•The short code repeats exactly 75 times in every 2 seconds.  

•We want this sequence to be fairly short because during call 

setup, the mobile is looking for a short code and needs to be 

able to find it fairly quickly.  

•Two seconds is the maximum time that a mobile will need to 

find a base station, if one is present because in 2 seconds the 

mobile has checked each of the allowed base stations in its 

database against the network signal it is receiving. 
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PN Codes-Short and Long Codes 
•The Long Code 

•One Long Code (242 – 1 = 4400 billion)  

•It is used to both spread and encrypt the signal.  

•Repeats every 41.4 days (at a clock rate of 1.2288 Mcps) 
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PN Codes Offset (Masking) 
•Masking provides the shift in time for PN codes.  

•Different masks correspond to different time shifts.  

•In cdmaOne systems, Electronic Serial Numbers (ESN) are 

used as masks for users on the Traffic Channels. 
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PN Codes Offset (Masking) 
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PN Codes Offset (Masking) 
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PN Codes Offset (Masking) 
•This example illustrates how a mask produces the same original 

sequence shifted in time. 

•The content of the 3-digit mask determines the offset of the 

sequence. 

•Masking is used to produce offsets in both the short codes and 

the long code.  

•The offsets of the short PN codes are used to uniquely identify 

the Forward Channels of individual sectors or cells.  

•The offsets of the Long PN code are used to separate channels 

in the reverse direction. 
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Short PN Codes 
•The short PN code repeats every 26.67 ms, with length 215 

chips. Each sector of BTS uses the same short code phase to 

spread all the signals from that sector. Each sector uses unique 

PN offset.  

•The mobile can discern these unique offsets and thus identify 

the different sectors of the cellular system.  

•It is desirable to have many unique offsets to make system 

planning easy.  
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Short PN Codes-Search Windows 

• The short PN is 

offset in group of 

64 bits die to delay 

ambiguity.  

• Most commercial 

networks use a PN 

increment of 4 

chips, resulting in 

an offset between 

sectors of 256 

chips.  
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Chips versus Distance 
•The BS radiates the short PN code at the correct time, and due 

to speed of radio waves (speed of light), these signals arrive at 

the mobiles at later time.  

•The mobile does not know the distance to the BS, so the mobile 

timing is offset from the system time by the one-way path delay.  

•With the speed of light at 3x108 m/s, and one chip of PN 

sequence at 814 ns (=27.67 ms/ 215 chips) moves 244m (3x108 

m/s * 814 ns) distance.  

•Or about 4 chips per km or 6 chips per mile.  
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Orthogonal Sequences or Codes 
•Orthogonal sequences have zero correlation. Two arbitrary 

sequences are orthogonal if the process of X-ORing them results 

in equal number of 1s and 0s.  

•Example: 0000 ⊕ 0101 = 0101  

•Zero correlation is obtained if the product of two signals 

summed over a time period is zero.  

•Examples of Orthogonal sequences include:  

Walsh-Hadamard Codes  

OVSF codes  

•Walsh codes have the advantage to be orthogonal, in this way 

we should get rid of any interference under perfect  

synchronization.  
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Walsh-Hadamard Codes 
•Walsh-Hadamard code consists of the row vectors of a Walsh 

code matrix arranged according to the order of Hadamard. It is 

also called Walsh code.  

•The elements of this Walsh matrix are ±1, which can be rapidly 

generated from the following recursion relation: 

 

 

 

 

 

where i=1,…, log2 (N)-1 

•Length of Walsh code =2N. 
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Walsh Codes-Examples 
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Auto-correlation of Walsh Codes 
Autocorrelation of Walsh Code (+1, +1, -1, -1, +1, +1, -1, -1)  
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Cross-correlation of Walsh Codes 
Cross-correlation of Walsh Codes (+1, +1, -1, -1, +1, +1, -1, -1) 

and (+1, -1, +1, -1, -1, +1, -1, +1)  
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Drawbacks of Walsh Codes 
•The codes do not have a single, narrow autocorrelation peak.  

•The spreading is not over the whole bandwidth, instead energy 

is spread over a number of discrete frequency components.  

•Although full sequence cross-correlation is identically zero, 

this does not hold for partial sequence cross-correlation 

function. The consequence is that the advantage of using 

orthogonal codes is lost.  

•Orthogonality is also affected by channel properties like 

multipath.  
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Orthogonal Variable Spreading Factor  

•With the advancement in the cellular technology and 

convergence of wireless technologies, now it is the need to 

combine two messages having different data rates in an 

orthogonal manner.  

•Take an example, the date rate of user 1 is r1 and of user 2 is r2 

and we have to spread the user 1 message by spreading factor s1 

and that of user 2 by s2, so that we can produce and overall chip 

rate of ρ.  

•We can use Walsh Hadamard sequences if the spreading factors 

are powers of 2. The result so obtained is referred to as 

Orthogonal Variable Spreading factor.  
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OVSF code tree  
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Orthogonality requirement for OVSF 

•For OVSF the orthogonality requirement can be stated 

mathematically as  

 

 

 

•That is, code 1, of duration T1 is orthogonal to all subsequences 

of code 2, of the same length, and offset by a multiple of T1, the 

length of code 1.  
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CDMA 2000 
• CDMA 2000 systems 

currently uses Walsh 

codes of length 64  

• In the downlink, Walsh 

codes are used to 

separate users. In any 

given sector, each 

forward channel is 

assigned a distinct 

Walsh code.  

• In the uplink, the 64 

Walsh sequences are 

used as a signaling set 

by the Baseband 

Orthogonal Modulator.  



Orthogonal Spreading 
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Walsh Space 

•With the increased capacity of CDMA 2000, environments 

exist where the capacity may exceed more than 64 channels.  

•In this case, Radio Configurations-4 (RC4) could be employed 

since it uses Walsh 128, or the QOF could be employed to 

augment the smaller Walsh 64 space.  

•Quasi Orthogonal Functions are not perfectly orthogonal, so 

they do cause some interference in downlink channel.  

•The use of higher data rate requires shorter Walsh functions, 

and these shorter functions are the seed functions for longer 

functions, this precludes using Walsh functions of longer length 

that have the shorter function as seed.  
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Walsh Space 

•CDMA 2000 standard uses several Radio Configurations (RCs) 

from RC1 to RC9.  

•RC1 and RC2 are backward compatible with IS-95, therefore it 

uses only Walsh 64. RC3 through RC9 use variable length 

Walsh Codes to handle different data rates.  

•For RC3, voice call use Walsh 64, while RC4 voice call use 

Walsh 128.  

•The higher the data rate, the shorter the Walsh Code are used. 

This is because the chip rate of Walsh function is constant 

(1.2288 Mcps for 1x), and full length of Walsh function must be 

employed.  
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RCs 
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RCs 
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