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Abstract

In this article I presume a world where agents might lack the complete
knowledge of the fundamental structure of the economy. It is assumed
that the true endowment process in the economy follows a binary Hid-
den Markov Process. I prove that in general equilibrium, in the long
run agents with simple parsimonious models can outperform agents
with more complex models. First, such results are shown to hold when
the true process of the world cannot be learned by any of the agents
in the economy. Second, the paper calculates the convergence rates
of consumption paths under the presence of an individual with cor-
rect model. The survival arguments are established following a wealth
dynamics approach, similar to Blume and Easley (2006).

1 Introduction

It is commonly believed that the true processes guiding the variables in the
financial markets must be very complicated. Indeed, with billions of minds
and with huge networks at work, the vast array of numbers generated in the
stock market must be following very complicated patterns, if such patterns
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exist at all. It is well established from psychological evidence1, that the meta-
understanding of the real financial world is too complex, and simplification
is one strategy to deal with such complexity. Agents with different levels
of understanding about the true world and with different types of informa-
tion, tend to make decisions using their own models. As Hong, Stein and Yu
(2007) point out, people tend to behave as if their simple models provide an
accurate depiction of reality.

In this article, I consider a model with heterogeneous agents operating
with misspecified models. The agents are assumed to have different levels of
understanding of the true process of the world. Based on this understanding,
these agents use different models to make their consumption and investment
decisions, which in turn determine the asset prices in the economy. This
article shows that under a range of parameter values, agents using simple
parsimonious models may, in the long run, outperform agents with closer
but still incomplete understanding of the truth. In our construction, those
better-informed agents might use more complicated models for making de-
cisions, and the agents with simple models, might even have fundamentally
wrong understanding of the true world. These results hold under a general
equilibrium setup with complete asset markets.

Considering agents with incomplete knowledge of the true world has in-
teresting implications for macroeconomic and financial variables. Recently,
researchers have been able to explain several important empirical observa-
tions by constructing models with agents having knowledge less than what
a traditional rational expectations agent would possess. For example, Brav
and Heaton (2002) analyze the asset pricing implications of an economy with
agents having uncertainties about the true world and shows that the equilib-
rium asset prices that result in such an economy can resemble asset pricing
anomalies. Cecchetti, Lam and Mark,(2000), Hong Stein and Yu (2007), and
Fuster, Hebert, and Laibson (2011) all proceed along similar lines.

The survival arguments used in this article connect to the growing liter-
ature on market selection and asset pricing2. Established literature provides

1For example as in Simon (1982), Bruner (1957), Kahneman and Tversky (1973), indi-
viduals with limited amount of cognitive ability tend to simplify their analysis when they
face huge amount of information and dynamically complex environment

2For example Sandroni (2000) and Blume and Easley (2006). See Blume and Easley
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qualified support for market selection, that is agents with more accurate be-
liefs will drive agents with less accurate beliefs out of the market. Under
complete markets, for all equilibrium allocations, survival-of-the fittest force
causes the agent with more accurate beliefs to accumulate wealth. Hence
its influence on equilibrium prices grows over time and in the long run asset
prices reflect correct beliefs. In those articles, although the agents disagree
over beliefs they have complete knowledge of the underlying structure of the
economy. This article in contrast studies the survival questions by drawing
comparisons between agents who disagree on the basic structure of the econ-
omy. I assume that the true data-generating mechanism is unknown and
cannot be learned by the agents in the economy.

In the next section, I discuss the model in detail. Subsequent sections dis-
cuss questions related to consumption dynamics and survival of agents. The
last part of the paper calculates the rate of convergence of the consumption
paths under the Hidden Markov Process.

2 The Model

2.1 Description of the endowment process

I describe the different components of the endowment process as follows:

Time: Time is discrete and is indexed by t = {0, 1, . . . }.

Individuals in the economy: The economy is populated by two individuals
(i, j) with heterogeneous beliefs. The belief specifications of the individuals
will be described in the next section.

Aggregate endowment and allocation among agents: For simplicity,
I assume that there is no aggregate uncertainty, and hence the total endow-
ment in each time period is denoted by e, with e > 0. In every period,
aggregate endowment can be allocated between the two consumers in two
possible ways (A and B). Allocation A is given by [(ei(A), ej(A)) = (e, 0)],
which means consumer i gets all of the endowment and consumer j does not
have any. Similarly, in allocation B the distribution of the total endowment

(2010) for a detailed survey
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is given by [(ei(B), ej(B)) = (0, e)]. It is important to mention that I refer
to A and B as allocations, and not as states. Next, I discuss the the state
space and description of the states.

State space and transition between states: At any date the economy
can be in one of the two possible states (S = 1, 2). Each of the two states
is a probability distribution over allocations A and B. I will denote state 1
by [p (1 − p)], and state 2 by [q (1 − q)]. That is, if state 1 is realized,
allocation A occurs with probability p, and allocation B occurs with proba-
bility (1−p), and similarly in state 2. At this point, it is important make the
distinction between observable and unobservable objects in the model- the
actual realization of the states is unobservable, and the allocation (A or B)
is observable in each period. The realizations of the states follow a Markov
process with transition matrix P . Hence, A and B can be interpreted as
i.i.d. signals generated from the underlying (hidden) Markov process on the
states. I will use terms like signals and allocations interchangeably to refer
to the realizations of A and B.

Figure 1: Endowment Process

To be more explicit, in each period one of the two states is realized and
the realization of the state is dependent on the previous period’s state via
the transition matrix. Given the state, the allocations A or B get realized
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following the memoryless i.i.d. process [p (1− p)] or [q (1− q)]. To keep
things non-trivial, I assume p 6= q.

I denote the set of all possible sequences of allocations (A or B) by Σ
with a representative sequence (also called a path) by σ = (σ0, σ1, . . . ). The
notation σt = (σ0, . . . , σt) denotes the partial history through date t of the
path σ. Any partial history contains information about the realizations of
the signals only. The actual realizations of the states are hidden and are not
explicit in any observable path or partial history. Let us denote the sequence
of hidden states by y = (y0, y1, . . . ) with yt denoting the unobservable partial
history of the state realizations.

The above arrangement is the simplest example of a binary Hidden Markov
Process (HMP). Even in its simplest form, the model is mathematically very
rich and has been studied extensively in many domains of science and tech-
nology. HMPs have very interesting applications in areas such as automatic
character recognition, speech recognition, communication and information
theory.3

I maintain the following assumption on the underlying Markov chain of
the HMP.

Assumption 1. The Markov chain represented by P , is stationary, irre-
ducible, aperiodic and positive recurrent, with unique stationary distribution
given by π = (π1, π2).

It is important to note that strictly positive entries in the transition
matrix is a sufficient condition that ensures the above assumption. I assume
that in the period 0, the states are drawn following the stationary process
(π1, π2). I denote the unconditional probabilities of the realizations A and B
by γ = (γ1, γ2), where γ1 is given by

γ1 = [Pr(S = 1)Pr(A|S = 1) + Pr(S = 2)Pr(A|S = 2)] = (π1.p+ π2.q)

and γ2 = (1− γ1).

3see Rabiner LR, (1989)
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2.2 Agents in the Economy

As already described, the Economy is populated by two agents, denoted
by i and j. I denote by Ft, the σ-field of events measurable at date t. A
consumption plan {ct(σ)}∞t=0 is a sequence of R+ valued functions where each
ct is Ft-measurable.

2.2.1 Preferences of the agents

Each of the agents has a utility function Uk : c→ [−∞,∞), k = i, j, which is
the expected present discounted value of some payoff stream with respect to
corresponding beliefs.4 For example, consumer i’s utility from consumption
plan c is given by

U i(c) =
∞∑
t=0

∑
σt

βtip
i
t(σ

t)ui(ct(σ))

where pit(σ
t) denotes i’s subjective probability of the partial history σt and βi

denotes the discount factor of individual i. I assume the following properties
of the payoff functions:

Assumption 2. (i) The payoff functions uk : R+ → [−∞,∞) (for k = i, j)
are C1, strictly concave, and strictly monotonic. (ii) The payoff functions uk

satisfy an Inada condition at 0; that is, uk ′(c)→∞ as c ↓ 0.

2.2.2 Belief structure of the agents

I assume that neither agent i nor agent j has complete understanding of the
true process.

Agent i: Individual i believes that the hidden states (1 and 2) are selected
following an i.i.d. process. That is, he believes that in each period, states 1
and 2 are picked following some invariant memoryless probability distribu-
tion. Note that in the true process the states are selected following a Markov
process. Hence, individual i’s belief follows a mixture process, whereas the
true process is a mixture process with Markov dependence. Agent i starts
with the belief that the states are chosen with probabilities (η1(0), 1−η1(0)).

4See Borovicka (2012), Easley and Yang (2012) for survival analysis with recursive
preferences and Condie (2008) for heterogeneous preferences for ambiguity
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As he observes the realizations of A and B in each period, he updates his
belief about the probabilities over the states following a Bayesian updating
rule. I denote his posterior probability of state 1 (Prob(yt+1 = 1)) after a
history σt by η1(t + 1). Following Bayes rule, after history σt, η1(t + 1) is
given by

η1(t+ 1) = Pr(yt+1=1|σt) =
η1(0)Pr(σt|S = 1)

η1(0)Pr(σt|S = 1) + (1− η1(0))Pr(σt|S = 2)

where Pr(σt|S = 1) denotes the probability of the observable history σt

under probability distribution of state 1. Hence after a history σt, agent i’s
probability distribution over signals A and B are given by the following rule.

Pr(σt+1 = A|σt) = [η1(t+ 1)p+ (1− η1(t+ 1))q]

Agent j: Agent j believes that the two signals A and B follow a stationary
Markov process. The Markov process can be represented by the transition
matrix P j to distinguish it from the transition matrix P of the true pro-
cess. Assume that the Markov chain generated by agent j’s belief has these
properties:

Assumption 3. The Markov chain represented by P j, is stationary, irre-
ducible, aperiodic and positive recurrent, with unique stationary distribution
given by ψ = (ψ1, ψ2).

It is important to note that the understanding of the agent j is funda-
mentally wrong, since realizations A and B do not follow a Markov process.
At any period, the distribution of the realization A or B depends on the en-
tire history of realizations. Also, compared to individual j, individual i has
a better understanding of the true process in the beginning.5 In this section
and in the next one, I sometimes refer to agent i as the complex agent and
agent j as the simple agent.

The belief structures of the two agents in this article are deliberately
chosen to demonstrate the main point that under a setup where the true
process is incompletely understood, simple rules may beat complicated rules
in the long run. The next section extensively discusses the main results.

5Of course, I do not have any metric to compare the knowledge sets of the agents at
the beginning to draw such conclusions.
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3 Consumption dynamics and survival

Following the approach of Blume and Easley (2006), the survival questions
can be addressed by studying the evolution of consumption along the Pareto
optimal paths. In this article survival is defined in the following way

Definition 1. A trader k vanishes on path σ if and only if limt c
k
t (σ) = 0.

She survives on path σ if and only if lim supt c
k
t (σ) > 0.

3.1 Pareto Optimality

In this economy, any Pareto-optimal allocation c∗ = (ci∗, cj∗) is the solution
to the problem given by:

max
(ci,cj)

(
λiU

i(ci) + λjU
j(cj)

)
s.t.(ci(σt) + cj(σt)) ≤ e

∀t, σt, ci(σt) ≥ 0, cj(σt) ≥ 0

where (λi, λj) >> 0 are the Pareto weights. The first order conditions for
the Pareto problem for all t and σt leads to following Euler condition:

ui′(cit(σ))

uj ′(cjt(σ))
=
λj
λi

(
βj
βi

)t
pjt(σ)

pit(σ)

To answer the survival question, I exploit the above first-order conditions.
Under the assumptions of our model, as established in Blume and Easley
(2006), I have the following result6:

Lemma 1. Under the assumptions of the model, on the event

{uk ′(ckt (σ))/ul′(clt(σ))→∞}

ckt (σ) ↓ 0. On the event {ckt (σ) ↓ 0}, for some trader l,

lim sup
t

uk ′(ckt (σ))/ul′(clt(σ)) =∞

6Proof of the result is given in page 936 of Blume and Easley (2006)
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Hence to analyze the Pareto optimal consumption paths for individual i and
j, I consider the expression:

1

t
log

ui′(cit(σ))

uj ′(cjt(σ))
=

1

t
log

(
λj
λi

)
+ log

βj
βi

+
1

t
log

(
pjt(σ)

pit(σ)

)
(1)

From the above expression it is clear that for characterizing Pareto optimal
consumption paths, I need to characterize the likelihood ratio of the consumer
i and j.

3.1.1 Likelihood of consumer i

As already described, after a history of observable realizations σt, consumer
i’s belief of selection of state 1, (η1(t+ 1)) is given by

η1(t+ 1) = Pr(yt+1=1|σt) =
η1(0)Pr(σt|S = 1)

η1(0)Pr(σt|S = 1) + (1− η1(0))Pr(σt|S = 2)

where Pr(σt|S = 1) denotes the probability of the observable history σt under
probability distribution of state 1. For a given history σt, let us denote
by dAt and dBt the number of realizations of A and B respectively. Hence,
Pr(σt|S = 1) is given by

Pr(σt|S = 1) = η1(0)pd
A
t (1− p)dBt

Therefore, given dAt and dBt , η1(t+ 1) is given by

η1(t+ 1) =
η1(0)pd

A
t (1− p)dBt

η1(0)pd
A
t (1− p)dBt + (1− η1(0))qd

A
t (1− q)dBt

Also, I have the likelihood of the individual i given by

pi(σt) = pi(σt|σt−1)pi(σt−1|σt−2) . . . pi(σ1|σ0)pi(σ0)

Given the history of realizations σt−1, for any t the conditional probability
distribution over the realizations A and B can be calculated as follows:

pi(σt = A|σt−1)

=η1(t)p+ (1− η1(t))q

=
η1(0)pd

A
t +1(1− p)dBt + (1− η1(0))qd

A
t +1(1− q)dBt

η1(0)pd
A
t (1− p)dBt + (1− η1(0))qd

A
t (1− q)dBt
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Hence, given any particular realization of an observable history σt, the like-
lihood of individual i is given by:

pi(σt) =
[
η1(0)pd

A
t (1− p)dBt + (1− η1(0))qd

A
t (1− q)dBt

]
(2)

To show the result it is helpful to introduce some additional notation.
For any observable history σt, with number of realizations of A and B given
by dAt and dBt respectively; Let:

M1(σt) = η1(0)pd
A
t (1− p)dBt M2(σt) = (1− η1(0))qd

A
t (1− q)dBt

That is, if the agent i believes that in each period only state 1 (only state
2) gets realized, then denote the corresponding likelihood of history σt by
M1(σt)(M2(σt)). Denote the relative entropy of a probability distribution m
on S with respect to probability distribution n by In(m), which is equal to

In(m) =
∑
s∈S

n(s) log
n(s)

m(s)

Let me further assume that relative entropies Iγ(p) (relative entropy of [p 1−
p] wrt [γ1 γ2]) is different from Iγ(q).

7 Without loss of generality I assume
that Iγ(p) < Iγ(q), that is, the relative entropy of [p 1 − p] wrt [γ1 γ2] is
strictly less than the relative entropy of [q 1− q] wrt [γ1 γ2].

The first result characterizes the evolution of the likelihood for individual
i over time.

Result 1. Under assumption 1, when Iγ(p) < Iγ(q), as t → ∞, pi(σt) →
M1(σt) with probability 1.

Proof. From equation (2),

log pi(σt) = log
[
η1(0)pd

A
t (1− p)dBt + (1− η1(0))qd

A
t (1− q)dBt

]

= log
(
η1(0)pd

A
t (1− p)dBt

)
+ log

1 +
(1− η1(0))qd

A
t (1− q)dBt

η1(0)pd
A
t (1− p)dBt︸ ︷︷ ︸
Jt


7Note that when Iγ(p) is different from Iγ(q), there are two possibilities, either Iγ(p) >

Iγ(q) or Iγ(p) < Iγ(q)
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Further,

1

t
log Jt

=
1

t
log

(1− η1(0))qd
A
t (1− q)dBt

η1(0)pd
A
t (1− p)dBt

=
1

t
log

(1− η1(0))

η1(0)
+
dAt
t

log q +
dBt
t

log(1− q)− dAt
t

log p− dBt
t

log(1− p)

=
1

t
log

(1− η1(0))

η1(0)
+

(
dAt
t

log
γ1

p
+
dBt
t

log
γ2

(1− p)

)
−
(
dAt
t

log
γ1

q
+
dBt
t

log
γ2

(1− q)

)

Finally,(
dAt
t

log
γ1

p
+
dBt
t

log
γ2

(1− p)

)
−
(
dAt
t

log
γ1

q
+
dBt
t

log
γ2

(1− q)

)
→ (Iγ(p)− Iγ(q))

with probability 1 as t→∞. Hence, under Assumption 4, as t→∞, Jt → 0
with probability 1 which proves result 1.

As an immediate consequence of Result 1, it follows that under Assump-
tion 4, as t→∞, agent i’s updated posterior probability for first state (ηt(1))
converges to 1.

What does Result 1 imply? As time goes to infinity, agent i’s belief
evolves in such a way that according to him, the entire history of observable
events gets realized from underlying state 1 only. Why should one expect
such a result? One intuitive explanation goes as follows: Consider a new
economy with two states. Further, assume that the two states are drawn
following i.i.d. process. In such a hypothetical economy, consider two agents
with heterogeneous i.i.d. beliefs over the states. Now, if agent 1 has less ac-
curate beliefs compared to agent 28 in this hypothetical economy, the wealth
share of the agent 2 will converge to 1 and agent 1 will vanish from the econ-
omy with his wealth share converging to 0. This result follows from Blume
and Easley (2006). Now, returning to my model, the equations guiding the
Bayesian updating rule of the agent i are analogous to the setup described in

8the probability distribution of agent 1 has greater relative entropy from truth than
agent 2
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the above hypothetical economy with the wealth shares analogous to proba-
bilities assigned to states. Hence, the subjective probability of a history by
individual i converges as shown in Result 1.

Next I study the evolution of the likelihood of individual j’s belief over
time. Individual j has Markov beliefs over signals (A and B) described by the
transition matrix P j and ψ. I denote the elements of the 2× 2 matrix P j by
pjXY , (X, Y = {A,B}), where pjXY denotes the transition probability assigned
by agent j from signal X to signal Y . Also, I denote the true conditional
probability density by pXY , (X, Y = {A,B}). For example, pAB denotes the
true conditional distribution of signal B conditional on realization of A. The
value of pXY , for any (X, Y = {A,B}) is given by

pXY =Pr(state 1|X)Pr(state 1|state 1)Pr(Y |state 1)

+ Pr(state 1|X)Pr(state 2|state 1)Pr(Y |state 2)

+ Pr(state 2|X)Pr(state 1|state 2)Pr(Y |state 1)

+ Pr(state 2|X)Pr(state 2|state 2)Pr(Y |state 2)

In the above expression Pr(state 1|X) (for X = {A,B}) is given by Bayes
rule as follows:

Pr(state 1|X) =
[Pr(state 1)Pr(X|state 1)]

[Pr(state 1)Pr(X|state 1)] + [Pr(state 2)Pr(X|state 2)]

Second result characterizes the likelihood of beliefs of individual j.

Result 2. As t→∞, log pj(σt)→ P̄ j
t a.s., where:

P̄ j
t =

t∑
τ=1

∑
k=A,B

[
Pr(k|στ−1) logP j(k|στ−1)

]
Proof. Since, under assumptions, agent j always assigns positive probabilities
to all the allocations, it must be that, 0 < [− log pj(σt)] < B for all t and σ.
A SLLN from Freedman (1973)9 implies that

log pj(σt)

P̄ j
t

→ 1 a.s.

which proves the result.

9See theorem (40) from page 921
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P̄ j
t denotes the sum of conditional expectations of j’s log likelihoods, given

the history. For example, if the true process is i.i.d., it simplifies to:

t
[
P (A) logP j(A) + P (B) logP j(B)

]
An algorithm to calculate P̄ j

t is given in the appendix of this paper.

From Result 1 and Result 2, the survival result follows.

Result 3. Denote [γ1 log p+ γ2 log(1− p)] by P̄ i. Under assumption 1-3, on
the event

lim
t

[
t log

βj
βi

+ P̄ j
t − tP̄ i

]
→∞ (3)

cit(σ
t)→ 0 a.s. and agent j survives.

Proof. From Result 1, as t→∞,

1

t
log pi(σt)→ dAt

t
log p+

dBt
t

log(1− p)

which means 1
t

log pi(σt) converges to P̄ i in probability. From Result 2,

log pj(σt) → P̄ j
t a.s.. Hence, under the condition of equation (3), the right

hand side of equation (1) almost surely diverges to +∞ and from Lemma 1,
it follows that cit(σ

t)→ 0.

Result 3 characterizes the survival conditions for the simple agent (agent
with Markov belief) in the presence of an agent following complex updating
belief rules. But, it is more desirable to characterize the term P̄ j

t so that
infinite histories can be avoided. In what follows, I give a lower bound for
P̄ j
t . That is, I will define P̄ j which will depend on parameters of the model

only. I will show that as t→∞, 1
t
P̄ j
t ≥ P̄ j. Then from Result 3, if[

log
βj
βi

+ P̄ j − P̄ i

]
> 0

holds, then we have as t→∞

lim
t

[
t log

βj
βi

+ P̄ j
t − tP̄ i

]
≥ lim

t

(
t

[
log

βj
βi

+ P̄ j − P̄ i

])
→∞
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Then sufficient restrictions on the parameter values can ensure survival re-
sults to hold as t→∞. Define

P̄ j = lim
t

1

t

[
t∑

τ=1

∑
k=A,B

[
Pr(k|στ−1

N ) logP j(k|στ−1)
]

+ ε

t∑
τ=1

logP j(k|στ−1)

]

where ε and N are exogenously given. This limit is a function of model
parameters only. The details have been derived in the appendix.

Result 4. As t→∞,
1

t
P̄ j
t ≥ P̄ j

where P̄ j is a function of model parameters only and has been characterized.
Hence, under Assumption 1-3, if[

log
βj
βi

+ P̄ j − P̄ i

]
> 0 (4)

cit(σ
t)→ 0 a.s. and agent j survives.

Proof. See Appendix

In the next section I calculate the rate of convergence of consumption
paths in the presence of an agent who has the correct understanding of the
true process.

4 Rate of convergence of consumption paths

In the previous sections I showed conditions on parameters under which the
simple agent with Markov belief would survive in the presence of an agent
who follows complex rules to update his beliefs. This has strong implica-
tions for asset pricing, since if the simple agent survives, asset prices in the
long-run would be determined by his beliefs. This would mean that the asset
prices would be permanently distorted from their correct values.10 Because
in this model, there is no agent with the knowledge of correct specification of
the true process. It is known from the existing literature11 that in the pres-
ence of such an agent with rational expectations, the simple Markov agent

10See Blume and Easley (2009) for a discussion
11For example, Blume and Easley (2006)
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will vanish almost surely. But a natural question to ask is, “how quickly
does the effect of the simple Markov agent dissipate from the economy?”12

This section determines the rate of convergence of the consumption paths
when the economy has two agents-the simple Markov agent and the rational
expectations agent.

Addressing this question is of macroeconomic interest. Since the sequence
of consumption values over time for the Markov agent converges to zero, given
any ε > 0, there exists a time period T large enough such that consumption
of the Markov agent beyond period T would be uniformly below ε. I am in-
terested in solving for T given ε. Under reasonable assumptions and specific
utility function forms (such as log utility or CRRA utility) calculating the
value of T gives an idea of the persistence of a distortion in asset prices due
to incorrect beliefs.

Returning to the fundamental Euler condition derived from the first order
conditions, I have

ui
′
(cit(σ))

uj′(cjt(σ))
=
λj
λi

(
βj
βi

)t
pjt(σ)

pit(σ)

For the analysis in this section, assume that individual i is the agent whose
belief over states follows a Markov process and individual j is the rational
expectations agent. Let us also assume that both the agents have identical
discount factors, that is βi = βj. Hence, I have from above expression

1

t
log

ui
′
(cit(σ))

uj′(cjt(σ))
=

1

t
log

(
λj
λi

)
+

1

t
log

(
pjt(σ)

pit(σ)

)
(4)

To calculate the rate of convergence of the consumption paths I need to
specify the form of utility functions for the two agents. Since, λi and λj are
constants, the evolution of consumption ratios would depend on the evolution
of likelihood ratios over time. For example, under the assumption of log
utilities for both the individuals, the consumption ratios at any history would
be equal to the likelihood ratios for the particular history. Hence, the problem
is studying the behavior of the likelihood ratios over time, specifically:

1

t
log pjt(σ)− 1

t
log pit(σ)

12Cogley and Sargent (2009) addresses similar questions
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I have assumed that the Markov chain underlying the Hidden Markov Pro-
cess is stationary, irreducible and aperiodic. This implies that the Hidden
Markov Process is stationary and ergodic.13

To begin:

Definition 2. Entropy of a Discrete Random Variable: The entropy H(x)
of a discrete random variable X is defined by

H(X) = −
∑
x∈X

p(x) log p(x)

Definition 3. Entropy rate of a Stochastic process: The entropy rate of a
stochastic process {Xi} is defined by

H(X ) = lim
n→∞

1

n
H(X1, X2, . . . , Xn)

when the limit exists.

where the function H(X1, X2, . . . , Xn) denotes the joint entropy of the ran-
dom variables (X1, . . . , Xn).

Under the assumption of stationarity, the above limit exists and the en-
tropy rate has another equivalent expression given by

H(X ) = lim
n→∞

1

n
H(X1, X2, . . . , Xn) = lim

n→∞
H(Xn|Xn−1, Xn−2, . . . , X1)

Here, H(Xn|Xn−1, Xn−2, . . . , X1) denotes the conditional entropy of Xn wrt
to X1, . . . , Xn−1. To illustrate the above definition, let us calculate the above
expression for a stationary two state Markov process.

Example: Entropy rate of a stationary Markov process: Let us represent
the two states by 1 and 2 . Also for simplicity, I represent transition prob-
abilities by pab > 0 with a, b = {1, 2}. The unique invariant distribution for
the Markov chain is denoted by (π1, π2). Hence for this Markov chain, from
the above expression,

H(X ) = lim
n→∞

H(Xn|Xn−1, Xn−2, . . . , X1) = lim
n→∞

H(Xn|Xn−1) = H(X2|X1)

13Ephraim Y., N. Merhav, Hidden Markov Processes (2002)
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I have used the Markov property and the stationarity assumptions in deriving
the above expression. Now, the conditional entropy H(X2|X1) is given by

H(X2|X1) = − [π1 (p11 log p11 + p12 log p12) + π2 (p21 log p21 + p22 log p22)] �

The goal is to characterize the log likelihoods of both the individuals.
The characterization of the log likelihood of the agent with rational expec-
tations is a non-trivial problem. Given the stationarity and ergodicity of the
Hidden Markov Process, the log likelihood of the agent with true beliefs can
be characterized by Shannon-McMillan-Breiman theorem. The statement of
the theorem is given by14

Shannon-McMillan-Breiman theorem: If H(X ) is the entropy rate of a finite-
valued stationary ergodic process {Xn}, then

− 1

n
log p(X0, . . . , Xn−1)→ H(X )

with probability 1.

The characterization of the entropy rate for the HMP has been a long
standing open problem. Unlike i.i.d. case or Markov case, there is no closed-
form expression for the entropy rate of an HMP. As the survey by Ephraim
and Merhav (2002) points out, there has been a vast array of research in en-
gineering and physics literature, and many numerical methods for computing
the entropy rate have been suggested.

To get more explicit analytical results, I rely on approximate solutions
suggested in the literature under specific restrictions on parameter values.
For example, under the assumption that the Markov chain underlying the
HMP is symmetric, (that is p12 = p21) and the time invariant i.i.d. process
is symmetric with probabilities (p, 1− p) and (1− p, p), the solution method
suggested by Ordentlich and Weissman can be adopted for approximating
the entropy rate for the HMP.

As already established in Result 2, I can characterize the likelihood of
the agent with Markov beliefs, and hence, given the specification of utility
function, I can calculate the rate of convergence of consumption paths from
equation (4).

14Cover Thomas M., Joy A. Thomas, Elements of Information Theory (2006)
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5 Conclusion

This article shows that in the presence of agents with misspecified models,
in the long run, the asset prices in the economy may be determined by
agents following simple beliefs. Unlike agents with rational expectations,
such simple beliefs may be rooted in behavioral biases. In the second part
of the article, I have tried to get precise analytical results for convergence
rate of consumption process of the simple agent in the presence of a rational
expectations agent. Calculating the entropy rate for a hidden Markov process
for situations useful for economic applications would be an interesting topic
for future research.

6 Appendix

6.1 Proof of Result 4

Note that to get a bound on
P̄ j
t

t
as t → ∞, it is enough to characterize

the probabilities P (yt = k|σt) for k=1,2. That is to say, the infinite histo-
ries appear only in affecting the conditional probabilities for the states. To
characterize P (yt = k|σt) for k=1,2, I will use the ‘exponential forgetting of
initial distribution of HMM’ established in LeGland and Mevel (1996). This
would allow me to get rid of the infinite history at a finite length N , and
treat each of these blocks as i.i.d. and hence use law of large numbers.

For notational convenience, I denote history of length N at period t ≥ N by
σtN .
I will prove that For any ε > 0, I can find some N such that for all t > N ,

|P (σt+1 = k|σt)− P (σt+1 = k|σtN)| < ε for k = A,B (4.1)

This step is helpful since, if equation (4.1) holds, then

P (σt+1 = k|σt) < P (σt+1 = k|σtN) + ε
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Then

P̄ j
t =

t∑
τ=1

∑
k=A,B

[
Pr(k|στ−1) logP j(k|στ−1)

]
≥

t∑
τ=1

∑
k=A,B

[
Pr(k|στ−1

N ) logP j(k|στ−1)
]

+ ε

t∑
τ=1

logP j(k|στ−1)

Taking limit as t→∞, we have

lim
t

P̄ j
t

t
≥ lim

t

1

t

[
t∑

τ=1

∑
k=A,B

[
Pr(k|στ−1

N ) logP j(k|στ−1)
]

+ ε
t∑

τ=1

logP j(k|στ−1)

]
︸ ︷︷ ︸

P̄ j

Step 1: For any ε > 0, there exists some N such that for all t > N ,

|P (σt+1 = k|σt)− P (σt+1 = k|σtN)| < ε for k = A,B

Proof. Note that it is enough to show that given ε′ > 0, I have N such that

|P (yt+1 = 1|σt)− P (yt+1 = 1|σtN)| < ε′

where P (yt+1 = 1 shows the probability of state being 1 in period t + 1 .
Next note that

P (yt+1 = 1|σt) =
∑
k=1,2

P (yt+1 = 1|σtN , yN = k)P (yN = k|σN)

That is to say, the history up to period N matters only in affecting the
conditional probability of state (yN) in period N . Hence, when I ignore the
history up to period T − N and consider history from T − N + 1 to T , the
probabilities P (yN = k) will be different from the case when I condition with
the entire history P (yN = k|σN). Now I invoke proposition 2.1 from LeGland
and Mevel (1996). This proposition establishes a bound on the differences in
the prediction probabilities when the process starts with two different initial
distributions. Using the proposition, I have

|P (yt+1 = 1|σt)− P (yt+1 = 1|σtN)| < K(1− α)N
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where

K = 2(min
i,j

Pij)
−1

(
max

[(
max p, 1− p
min p, 1− p

)
,

(
max q, 1− q
min q, 1− q

)])
<∞

and α = (1 − mini,j Pij). So α ∈ (0, 1). Hence, given ε, I can pick N such
that the desired inequality holds.

This implies

P (σt+1 = k|σt) < P (σt+1 = k|σtN)|+ ε for k = A,B

Now,

P̄ j
t

=
t∑

τ=1

( ∑
k=A,B

[
Pr(k|στ−1) logP j(k|στ−1)

])

=
N∑
τ=1

( ∑
k=A,B

[
Pr(k|στ−1) logP j(k|στ−1)

])
︸ ︷︷ ︸

I

+
t∑

τ=N+1

( ∑
k=A,B

[
Pr(k|στ−1) logP j(k|στ−1)

])

≥I +
t∑

τ=N+1

( ∑
k=A,B

[
Pr(k|στ−1

N ) logP j(k|στ−1)
])

︸ ︷︷ ︸
II

+ ε

t∑
τ=N+1

( ∑
k=A,B

[
logP j(k|στ−1)

])
︸ ︷︷ ︸

III

Hence,
1

t
P̄ j
t =

1

t
(I + II + III)

Since I is finite, as t→∞,
I

t
→ 0
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Also, note that

III

t
= ε

[
ntA
t

( ∑
k=A,B

[
logP j(k|A)

])
+
ntB
t

( ∑
k=A,B

[
logP j(k|B)

])]
Hence,

III

t
→ ε

[
p(A)

( ∑
k=A,B

[
logP j(k|A)

])
+ p(B)

( ∑
k=A,B

[
logP j(k|B)

])]

where p(A) and p(B) denote the unconditional distributions over observa-
tions. To characterize II, I introduce the following notation: since each
block is of length N , there are 2N possible arrangements for states. With
abuse of notation I call these set of N possible combinations as 2N . Each
element of this set is denoted by σ. Then, I have

II

t

=
1

t

t∑
τ=N+1

( ∑
k=A,B

[
Pr(k|στ−1

N ) logP j(k|στ−1)
])

→
∑
σ∈2N

p(σ)

( ∑
k=A,B

[
Pr(k|σ) logP j(k|σ−1)

])
The convergence follows from WLLN since the variance is bounded and the
covariances are exponentially going to zero by exponential forgetting prop-
erty. This gives us

P̄ j = lim
t

I + II + III

t

6.2 An Algorithm to calculate P̄ j
t

I have denoted the sequence of hidden states by y = (y0, y1, . . . ) and the
sequence of realized observation by σ = (σ0, σ1, . . . ). As specified in the
model, yt can be either state 1 or state 2. Similarly, each σt can be either A
or B. Our goal is to calculate the term P̄ j

t .

1. Step 0: Take S0 = 0. Pr(y0 = 1) = π1. Hence, Pr(y0 = 2) = (1− π1).
Here π1 is the first component of the invariant distribution of P . Define
Pr(y0 = 1|σ−1) = Pr(y0 = 1) for notational convenience.
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2. Step 1: I have, Pr(yt+1 = 1|σt) = Nt/Dt, where, the numerator is

Nt =Pr(yt = 1|σt−1)Pr(yt+1 = 1|yt = 1)Pr(σt|yt = 1)

+ Pr(yt = 2|σt−1)Pr(yt+1 = 1|yt = 2)Pr(σt|yt = 2)

The denominator is given by

Dt =Pr(yt = 1|σt−1)Pr(yt+1 = 1|yt = 1)Pr(σt|yt = 1)

+ Pr(yt = 2|σt−1)Pr(yt+1 = 1|yt = 2)Pr(σt|yt = 2)

+ Pr(yt = 1|σt−1)Pr(yt+1 = 2|yt = 1)Pr(σt|yt = 1)

+ Pr(yt = 2|σt−1)Pr(yt+1 = 2|yt = 2)Pr(σt|yt = 2)

=Pr(yt = 1|σt−1)Pr(σt|yt = 1) + Pr(yt = 2|σt−1)Pr(σt|yt = 2)

Pr(yt+1 = 2|σt) = 1− Pr(yt+1 = 1|σt)

3. Step 3:

Pr(A|σt) =Pr(A|yt+1 = 1, σt)Pr(yt+1 = 1|σt)
+ Pr(A|yt+1 = 2, σt)Pr(yt+1 = 2|σt)

=Pr(A|yt+1 = 1)Pr(yt+1 = 1|σt)
+ Pr(A|yt+1 = 2)Pr(yt+1 = 2|σt)

where Pr(yt+1 = 1|σt) and Pr(yt+1 = 2|σt) are obtained from step 1.

Pr(B|σt) = 1− Pr(A|σt)

4. Step 4: For t ≥ t

St = Pr(A|σt) log pj(A|σt) + Pr(B|σt) log pj(B|σt) + St−1

For any t, St = P̄ j
t .
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