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Purpose: The objective of this work was to develop a quality control (QC) tool to reduce intensity
modulated radiotherapy (IMRT) planning variability and improve treatment plan quality using math-
ematical models that predict achievable organ-at-risk (OAR) dose-volume histograms (DVHs) based
on individual patient anatomy.
Methods: A mathematical framework to predict achievable OAR DVHs was derived based on the cor-
relation of expected dose to the minimum distance from a voxel to the PTV surface. OAR voxels shar-
ing a range of minimum distances were computed as subvolumes. A three-parameter, skew-normal
probability distribution was used to fit subvolume dose distributions, and DVH prediction models
were developed by fitting the evolution of the skew-normal parameters as a function of distance with
polynomials. Cohorts of 20 prostate and 24 head-and-neck IMRT plans with identical clinical objec-
tives were used to train organ-specific average models for rectum, bladder, and parotids. A sum of
residuals analysis quantifying the integrated difference between the clinically approved DVH and pre-
dicted DVH evaluated similarity between DVHs. The ability of the average models to prospectively
predict DVHs was evaluated on an independent validation cohort of 20 prostate plans. Statistical
comparison of the sums of residuals between training and validation cohorts quantified the accuracy
of the average model. Restricted sums of residuals (RSR) were used to identify potential outliers,
where large values of RSR indicate a clinical DVH that exceeds the predicted DVH by a considerable
amount. A refined model was obtained for each organ by excluding outliers with large RSR values
from the training cohort. The refined model was applied to the original training cohort and restricted
sums of residuals were utilized to estimate potential DVH improvements. All cases were replanned
and evaluated by the physician that approved the original plan. The ability of the refined models to
correctly identify outliers was assessed using the residual sum between the original and replanned
DVHs to quantify dosimetric gains realized under replanning.
Results: Statistical analysis of average sum of residuals for rectum (SRrectum = 0.003 ± 0.037), blad-
der (SRbladder = −0.008 ± 0.037), and parotid (SRparotid = −0.003 ± 0.060) training cohorts yielded
mean values near zero and small with respect to the standard deviations, indicating that the aver-
age models are capturing the essential behavior of the training cohorts. The predictive abilities of
the average rectum and bladder models were statistically indistinguishable between the training and
validation sets, with SRrectum = 0.002 ± 0.044 and SRbladder = −0.018 ± 0.058 for the validation set.
The refined models’ ability to detect outliers and predict achievable OAR DVHs was demonstrated by
a strong correlation between predicted gains (RSR) and realized gains after replanning with sample
correlation coefficients of r = 0.92 for the rectum, r = 0.88 for the bladder, and r = 0.84 for the
parotid glands.
Conclusions: The results demonstrate that our mathematical framework and modest training co-
horts successfully predict achievable OAR DVHs based on individual patient anatomy. The mod-
els correctly identified suboptimal plans that demonstrated further OAR sparing after replanning.
This modeling technique requires no manual intervention except for appropriate selection of a
training set with identical evaluation criteria. Clinical implementation is in progress to evalu-
ate impact on real-time IMRT QC. © 2012 American Association of Physicists in Medicine.
[http://dx.doi.org/10.1118/1.4761864]

I. INTRODUCTION

Intensity modulated radiotherapy (IMRT) is the standard of
care for several treatment sites, and is the primary delivery
technique in many radiation oncology centers. The advan-
tage of IMRT over 3D conformal radiotherapy is the ability

to minimize dose to organs-at-risk (OARs) in close proxim-
ity to the planning target volume (PTV). While considerable
effort continues to be dedicated to the refinement of IMRT
optimization,1–3 there has not been a comparable effort to
ensure that optimal IMRT plans are consistently achieved in
clinical practice.
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Several studies4–7 have focused on quantifying and predict-
ing achievable OAR sparing for an individual patient based
on prior experience. Two of these studies5, 6 quantified the
planning variability detected in institutional cohorts. In both
studies, a clinically significant excess of radiation dose was
delivered to patients as a result of insufficient plan quality
control. This variability in plan quality is potentially greater
than other sources of uncertainty in the IMRT delivery pro-
cess. Plan quality variability can be a result of planner and
physician experience, institutional experience, complexity of
IMRT goals, and differences in patient anatomy.

Typically, physicians provide planners with optimization
goals determined from population-based data, RTOG guide-
lines, or clinical knowledge and intuition. While appropriate
for some patients, in other cases these goals can either be eas-
ily exceeded or unachievable due to unique anatomical fea-
tures. The detection of an optimal or suboptimal plan for a
given patient requires quantitative knowledge of what is dosi-
metrically achievable for that particular patient’s anatomy.
Patient-specific objective measures of plan quality are not cur-
rently widespread in clinical practice. A priori knowledge of
achievable dose-volume statistics informed by prior IMRT ex-
perience would aid in the evaluation of plan quality and clini-
cal trade-offs.

Two fundamental observations are considered in develop-
ing a method to perform prospective dosimetric predictions.
First, IMRT dose distributions exhibit strong correlations be-
tween dose-volume parameters and the patient-specific ge-
ometric arrangement of OARs to a planning target volume
(PTV).5, 6 Second, prior IMRT plans can be used as a train-
ing cohort to translate these correlations into mathematical
relationships between OAR geometry and expected dosimet-
ric results, facilitating OAR dosimetry predictions in future
plans.

The primary goal of this work is to derive a mathe-
matical learning framework necessary to build models that
accurately predict expected OAR dose-volume histograms
(DVHs) based entirely on patient geometry. The second goal
is to develop of an automated framework for the detection
and rejection of suboptimal plans. The final goal is to develop
a method to validate the accuracy of two primary functions
of predicted DVHs: (1) prospective dosimetric prediction and
(2) detection of suboptimal plans. Satisfaction of these goals
yields models that are validated for the prediction of new pa-
tients’ DVHs in clinical practice and a quantitative under-
standing of the plan quality variations prior to the model’s
inception.

II. METHOD AND MATERIALS

II.A. Mathematical framework of predicted DVHs

The initial assumption for this work involves the iden-
tification of a cohort of N site-similar IMRT plans that
were developed using identical clinical goals and quality
assessment criteria. The planning datasets are comprised
of structure sets SSij (i = 1. . . N cases, j = 1. . . M struc-
tures with j = 1 representing the PTV and j = 2. . . M

FIG. 1. (a) Vector field representation of �ri (�x) around PTV contour SSi1

(solid black). (b) Grayscale intensity representation of the scalar field ri (�x).

representing M−1 OARs) and dose matrices Di = Di(�x),
where �x is the 3D position vector with arbitrary origin.
Operations on SSij and Di result in differential DVH V ′

ij

= (dVj/dD)i for the jth OAR in the ith dataset, and sum-
ming V (SSij ) = ∑∞

D=0 (dVj/dD)i · �D over a set of dis-
crete dose bins (�D) yields the OAR volume. The prob-
lem may be simplified by normalizing the dose matrices to
the PTV prescription dose,23 i.e., Di → Di/DRx, and utiliz-
ing normalized differential DVHs, i.e., V ′

ij → V ′
ij /V (SSij ).

Finally, the familiar cumulative DVH function DVHij (D)
= 1 − ∑D

D̃=0 [V ′
ij (D̃)/V (SSij )] · �D was used for compar-

ison between clinical DVHs and the predicted DVHs. All
DVHs for this work were computed with dose bins of size
0.01 · DRx.

The boundary distance vector is given by

�ri(�x) ≡ arg min
�X∈SSi1

{‖�x − �X‖} − �x, (1)

with the interpretation being that �ri(�x) expresses the smallest
magnitude vector that would translate a position vector �x (in
any coordinate system) to the boundary surface of the PTV,
i.e., �x + �r is a position on the PTV boundary. While some
features of IMRT dose distributions may be correlated to the
orientation components of the boundary distance vector, this
work considers the magnitude as a spatial correlate. The scalar
boundary distance is given by

ri (�x) = ‖�ri (�x)‖ , (2)

expressing the minimum distance between a point outside the
PTV and the PTV surface boundary, and is also identified as
the Hausdorff distance.9, 10 Computing the boundary distance
for a given instance is a purely geometric operation, and for
any given PTV surface a vector field will be generated for
�ri (�x) [Fig. 1(a)] and a scalar field will be generated for ri (�x)
[Fig. 1(b)]. The connection between the boundary distance
and an IMRT dose distribution is as yet undetermined, but the
familiar notion of dose conformality is equivalent to a neg-
ative correlation between Di(�x) and ri (�x), at least at small
boundary distances.

The structure sets SSij can be defined as the locus of points
that identify each plan structure, identifying any position �x as
either inside or outside the jth structure of the ith dataset. This
interpretation of SSij, combined with the definition of ri (�x)
yield the new object Aijk, defined as

Aijk ≡ {�x|ri (�x) ∈ rk} ∩ SSij , (3)
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FIG. 2. Diagrammatic representation of geometric constructs �ri (�x) and Aijk.

where rk = ((k − 1)δ, kδ] with k = 1. . . ∞ and δ a finite dis-
tance interval. Any overlap of the jth structure with the PTV is
encompassed in Aij0 ≡ SSi1 ∩ SSij . Thus, Aijk represents the
locus of points inside the jth structure of the ith dataset that
reside between a specified interval of distance from the PTV
boundary (Fig. 2).

Aijk is itself a structure and satisfies the geometric rela-
tionship SSij = Aij0 ∪ Aij1 ∪ Aij2 . . . ∪ Aij∞. Operations on
Di and Aijk yield χ ijk, the normalized differential DVH of Aijk.
χ ijk can be considered a “sub-DVH” of the total organ DVH
(Fig. 3), as

V ′
ij =

∑∞
k=0

χijk · V (Aijk)/V (SS ij ), (4)

where V(Aijk) is the volume of Aijk.
24

The χ ijk sub-DVHs depicted in Fig. 3(a) are idealized
probability distributions; real clinical distributions will ex-
hibit more noise across the histogram. Data points in Fig. 4
show clinical examples of χ ijk from a clinical prostate IMRT
case where the OAR is the rectum and δ = 3 mm. In Fig. 4(b)
the differential DVH displayed is the distribution of dose in
the portion of the rectum that resides between 3 mm and
6 mm of the prostate PTV surface. While this distribution ex-
hibits some experimental noise, the shape is clearly defined
and may be fit with an appropriate probability distribution
function. For example, a skew-normal distribution

f (p1, p2, p3; D) = 1

πp2
e
− (D−p1)2

2p2
2

∫ p3(D−p1)/p2

−∞
e−t2/2dt (5)

depends on three fitting parameters: p1 (location), p2 (scale),
and p3 (shape). Figure 4 demonstrates the behavior of the
skew-normal distribution in fitting rectum sub-DVHs for a
clinical prostate case at different values of k.

One practical limitation of using the skew-normal distri-
bution as the basis function for a differential DVH is that
Eq. (5) is normalized on the interval from −∞ to +∞, while
a DVH is only defined from 0 to +∞. This is readily alle-
viated by a renormalized skew-normal distribution, �(p1, p2,
p3; D), given by

� (p1, p2, p3; D) = f (p1, p2, p3; D)∑∞
D̃=0 f (p1, p2, p3; D̃)

. (6)

In practice this normalization correction is small, but without
it the final OAR volume integral sums to less than the total
volume of the OAR.

A central assumption to the general framework for ob-
taining predicted DVHs is that a single fitting function is
sufficient not only for all k but also for all i (all patients)
and j (all organs) relevant to this work. The renormalized
skew-normal distribution is only one possible universal fitting
function that may be described by a general function �(p1,
p2, . . . pQ; D) with q = 1. . . Q parameters pq. As each OAR
for each patient will be fit with this function, the fitting func-
tion for each individual χ ijk will be given by

χijk,f it (D) = �[pjik1, pjik2, . . . . pjikQ; D]. (7)

After all sub-DVH fits are obtained via least-squares mini-
mization, the entirety of the training sets’ geometric and dosi-
metric relationships is accessible through analysis of the fit-
ting parameters pijkq. Averaging over all training sets gives the
mean fitting parameter

p̄jkq = 1

N

∑N

i=1
pijkq, (8)

FIG. 3. (a) Graphical representation of jth OAR’s differential DVH V ′
ij as summation over the χ ijk sub-DVHs. (b) Cumulative DVH view, DVHij (D)

= 1 − ∑D
D̃=0 [V ′

ij (D̃)/V (SSij )] · �D, for an OAR.
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FIG. 4. Fitting prostate subvolume DVHs χ ijk with a skew-normal distribution for (a) k = 0, (b) k = 2, (c) k = 4, and (d) k = 10 at δ = 3 mm. Solid curves are
fits to each of the observed sub-DVHs with the renormalized skew-normal distribution �(p1, p2, p3; D) and its three fitting parameters, p1 (location), p2 (scale),
and p3 (shape).

as well as standard deviation and any other statistical anal-
yses given by the sample size. As pijkq is a direct function
of increasing boundary distance through rk, a functional fit
(e.g., polynomial) through p̄jkq yields a deterministic trajec-
tory pjq(k) of the qth parameter in the jth OAR. The pjq(k)
trajectories in turn yield the resultant predicted DVH for the
jth structure in the ith dataset

V ′
ij,pred =

∑∞
k=0

�[pj1(k), pj2(k), . . . pjQ(k); D] · V (Aijk).

(9)

Comparing V ′
ij,pred to the measured V ′

ij can inform the quality
of the plan’s averaging fits �[pj1(k), pj2(k), . . . pjQ(k); D] in
individual cases, as well as identify outliers with respect to
the mean.

It is important to note that the functional arguments of
Eq. (9) are entirely geometric, while the output is the full
predicted differential dose-volume histogram of the jth OAR
for the ith patient. The value of pjq(k) is demonstrated with
the introduction of a new dataset i = N+1 for which there
is no measured dose matrix DN+1. In this case, geometric
operations on SS(N+1)jk yield A(N+1)jk and V(A(N+1)jk), which
may be employed in Eq. (9) to obtain the predicted DVH
V ′

(N+1)j,pred. A predicted DVH, informed by the N prior
cases, is thus available for any new dataset even in the ab-
sence of any a priori dosimetric information as long as
the clinical goals are identical to the goals of the training
set.

II.B. Implementation with cohort of clinical IMRT plans

Under an IRB-approved retrospective study, clinically ap-
proved treatment plans for intact prostate IMRT and head-
and-neck IMRT were utilized as a training cohort to develop
models that generate predicted DVHs for rectum, bladder, and
parotid glands. The planning objectives for prostate and head-
and-neck IMRT treatments at Washington University in St.
Louis are listed in Table I.

The general framework to obtain predicted DVHs for a
given OAR is achieved by six distinct steps: (1) data acqui-
sition, (2) dose-to-distance modeling, (3) fitting of parame-
ter trajectories, (4) model validation, (5) outlier identification,
and (6) model refinement.

As outlined in Sec. II.A, N site-similar patients were ran-
domly identified from our clinical database. Each site-similar
IMRT treatment plan was clinically approved according to
the same institutional planning goals (Table I), and consisted
of a structure set (SSij) and a 3 mm × 3 mm × 3 mm
dose matrix (Di) that was developed with a commercial treat-
ment planning system (PINNACLE3, Philips Medical Systems,
Madison, WI).

IMRT delivery on conventional linear accelerators is
typically accomplished using coplanar beam arrangements.
Coplanar delivery violates the isotropic assumptions inher-
ent to the scalar boundary distance formalism because the
negative dose gradient underneath collimating jaws is intrin-
sically greater than the in-field dose gradient achieved with
intensity modulation. To restore the central assumptions of
this work, the in-field portion of the OAR was considered
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TABLE I. Washington University IMRT planning goals.

Site PTV/OAR Objectives

Prostate PTV 98% of PTV receives 100% of Rx; maximum dose < 107% of Rx
Rectum V65 < 17% ; V40 < 35% ; maximum dose as low as possible
Bladder V65 < 25% ; V40 < 50% ; maximum dose as low as possible
Femoral heads V50 < 10% of the total volume
Unspecified tissue Less than PTV dose; < 5% exceeds PTV dose

Bilateral neck objectives Ipsilateral neck objectives
Head-and-Neck PTV 95% of PTV > 95% of Rx; max dose < 110% of Rx 95% of PTV > 95% of Rx; max dose < 110% of Rx

Spinal cord Max dose 40 Gy Max dose 40 Gy
Spinal cord + margin Max dose 52 Gy; < 1% (or 1 cc) exceeds 50 Gy Max dose 52 Gy; < 1% (or 1 cc) exceeds 50 Gy
Optic nerves, optic chiasm Max dose 54 Gy Max dose 54 Gy
Brainstem Max dose 54 Gy; < 1% exceeds 60 Gy Max dose 54 Gy; < 1% exceeds 60 Gy
Brain Max dose 60 Gy; < 1% exceeds 65 Gy Max dose 60 Gy; < 1% exceeds 65 Gy
Retina Max dose 50 Gy; < 5% exceed s 45 Gy Max dose 50 Gy; < 5% exceeds 45 Gy
Larynx As low as possible; mean dose < 45 Gy As low as possible; mean dose < 25 Gy
Upper esophagus As low as possible; mean dose < 45 Gy As low as possible; mean dose < 25 Gy
Parotid As low as possible; mean dose 26 Gy As low as possible; mean dose < 10 Gy (contralateral)
Pharyngeal constrictors As low as possible; V60 < 60 Gy As low as possible; V60 < 45 Gy
Submandibular As low as possible; mean dose < 39 Gy As low as possible; mean dose < 24 Gy (contralateral)
Oral cavity As low as possible; mean dose < 35 Gy As low as possible; mean dose < 20 Gy
Mandible Max 70 Gy; < 5% exceeds PTV Rx Max 70 Gy; < 5% exceeds PTV Rx
Unspecified tissue Less than PTV Rx; < 5% exceeds PTV Rx Less than PTV Rx; < 5% exceeds PTV Rx

separately from the out-of-field portion of the OAR that is
located underneath the jaws (Fig. 5). As a result, each OAR
DVH prediction consists of an in-field model and an out-of-
field model that are summed to give the final predicted DVH,

V ′
ij,pred =

∑∞
k=0

[
�

[
pIN

j1(k), pIN
j2(k), . . . pIN

jQ(k); D
]·V(

AIN
ijk

)

+�
[
pOUT

j1 (k), pOUT
j2 (k), . . . pOUT

jQ (k); D
] ·V(

AOUT
ijk

)]
(10)

II.B.1. Data acquisition

The PINNACLE TPS provides the user with the ability to
create scripts that execute a series of commands previously
created by the user in text files.11 A PINNACLE script was gen-
erated to perform operations on the structure set and use the
native DVH calculation engine to acquire the data necessary
to build an OAR model. The script has an interface through

FIG. 5. Representation of in-field and out-of-field OAR for prostate and
rectum.

which the user identifies the patient’s external contour,
planning target volume (PTV), prescription dose, and OAR
of interest. In its current implementation, the script can only
accommodate a single PTV and single OAR. The script first
divides the OAR into two separate regions, in-field OAR and
out-of-field OAR. The in-field OAR is comprised of all voxels
in the OAR contained between specified superior and inferior
boundary planes. These boundary planes are defined by a
6 mm minimum approach to the most superior and inferior
aspects of the PTV surface (see Fig. 5). The 6 mm bound-
ary was chosen due to its association with typical beam
penumbras at depth12 as well as being an even multiple of
the dose grid discretization (3 mm). The out-of-field OAR
is comprised of all voxels in the OAR that are not contained
within the in-field OAR.

The script then successively expands the PTV to create 30
PTV shells, each of width δ = 3 mm, which are used as a
method for creating the Aijk structures that represent the OAR
overlap with the indexed distance interval, kδ. This operation
results in 32 in-field structures and 32 out-of-field structures
for each patient which include the intersection of the PTV
and the OAR, the intersection of 30 Aijk subvolumes and the
OAR, and the remaining volume of the OAR that is not en-
compassed within a 9 cm distance to the PTV surface, i.e.,
Aij,remaining = ∑∞

k=31 Aijk . After the script is run, it provides
the user with the subvolumes V(Aijk) and sub-DVHs χ ijk for
each of the in-field and out-of-field structures created by the
script. All subsequent computation is performed using MAT-
LAB software (The Mathworks, Inc., Natick, MA).

II.B.2. Dose-to-distance modeling (fitting χ ijk)

The skew normal distribution given by Eq. (5) was em-
ployed as a candidate function to fit χ ijk for all sites, training
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FIG. 6. (a) Distribution of in-field rectum parameters for all training sets.
(b) Fitting p̄jkq ± SDjkq with polynomial function (solid).

sets, and OARs. This probability distribution function was uti-
lized to determine three parameters: location (p1), scale (p2),
and shape (p3), via least-squares minimization for all χ ijk us-
ing the MATLAB curve-fitting toolbox.

II.B.3. Fitting of parameter trajectories

Each training set produces 64 sets of three parameters (32
in-field and 32 out-of-field) as a function of distance, kδ, from
the PTV. An example of three plots generated for the in-field
rectum parameters is shown in Fig. 6(a).

A mean fitting parameter p̄jkq for each PTV shell is ob-
tained by averaging each parameter pijkq over all training sets
for both the in-field and out-of-field OAR [Eq. (8)]. Statisti-
cal noise for the sample is assessed through determining the
standard deviation of the data used to calculate all mean fitting
parameters,

SDjkq =
√

1

N − 1

∑N

i=1
(pijkq − p̄jkq)2. (11)

Plotting the mean fitting parameter for location (p1) as a func-
tion of kδ for both the in-field and out-of-field OAR pro-

vides insight into the manner by which the dose in each shell
changes as a function of distance. Similarly, plotting the mean
fitting parameter for scale (p2) as a function of kδ for both the
in-field and out-of-field OAR, provides insight into the spread
or variation of dose values in each shell. And finally, plotting
the mean fitting parameter for shape as a function of kδ pro-
vides insight into how the shape of the sub-DVH changes as a
function of distance (i.e., is the tail of the distribution pointed
toward low-doses or high-doses). The shape parameter (p3)
was only allowed to vary between [−10, 10] since values out-
side of this range result in minimal effect on the shape of the
distribution.

A polynomial of order B was used to fit the evolution of
the p̄jkq parameters,

pjq (k) =
∑B

b=1
ajqb · (kδ)b, (12)

where the coefficients ajqb were determined through weighted
least-squares minimization and the maximum polynomial or-
der B was chosen on a case-by-case basis as the value where
the coefficient of determination (R2) no longer improved by
increasing B. Each p̄jkq for a given k is weighted by wjkq

= 1/SDjkq . The function pjq(k) accounts for any mean fit-
ting parameters at a given k that may be statistical outliers.
Figure 6(b) displays examples of the pjq(k) fits set against p̄jkq

(open circles) and SDjkq (error bars) for the in-field rectum
training cohort.

OARs have a finite extent, therefore as kδ increases to large
distances fewer of the training cohort contribute nonzero val-
ues to the V(Aijk) terms. As a result, when the number of
datasets contributing to p̄jkq decreased to less than one third
of the training set sample size the value of pjq(k) was held
to a constant value. This frequently occurs at large distances
from the PTV and has a negligible effect on the final DVH
prediction as the χ ijk distributions with low statistics are cen-
tered near D = 0 and have an insignificant contribution to the
clinically relevant portion of the DVH.

II.B.4. Model validation

The accuracy of the model was evaluated by compar-
ing each predicted cumulative DVH, DVHij, pred(D), to the
clinically approved cumulative DVH, DVHij(D) [Fig. 7(a)].
Comparison of cumulative DVHs is preferred to the compar-
ison of differential DVHs due to the established relationship
between cumulative DVHs and clinical endpoints.8

The curve-fitting method described in Sec. II.A provides
no meaningful degrees of freedom, and standard chi-squared
analysis is not possible. A singular value that measures the
discrepancy between DVHij, pred(D) and DVHij(D) can be
found in the sum of residuals,

SRij =
∑∞

D=0
εijD · �D, (13)

where

εij (D) = DVHij (D) − DVHij,pred(D). (14)

A conventional standard sum of squared residuals analysis
is not appropriate in this work as negative residuals (clinical
DVH better than predicted DVH) must be considered
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FIG. 7. Constructs for comparing DVHs. (a) Clinical OAR DVHij(D) may
intersect model prediction DVHij,pred(D) at multiple points. (b) Graphical
representation of residual constructs εij(D) and RSRij. (c) Sum of residual
constructs RSRij and (SRij−SRij,replan) are interpreted to be the predicted
gains and the gains realized under replanning (see text).

separately from positive residuals (predicted DVH better than
clinical DVH). It is instructive to plot the trajectories of εij(D)
residuals [Fig. 7(b)] to identify the distribution of DVHs that
exceed the model and regions of high dosimetric variability.

The model developed in Sec. II.B.3 is equally informed by
each plan in the training cohort and is defined as the average
model. It is expected that averaging over the sum of residuals
in the training cohort would yield a value near zero, SRj,training

= ∑N
i=1 SRij ∼ 0. The value of the associated standard de-

viation σ (SRij) is a measure of the variability of the clini-
cal plans in the training cohort with respect to the average
model’s predictions. If the average model is correctly captur-
ing the performance of the training cohort, the magnitude of
the mean value should be much less than the standard devi-
ation, i.e., |SRj,training| � |σ (SRij )|. The efficacy of the de-
veloped model in accurately predicting new patients’ DVHs
is assessed by evaluating its performance on an independent
validation cohort from the same group of treatment plans
as the training set. The average model should exhibit sta-
tistically equivalent predictions on the validation set as the
training set, with SRj,validation = ∑N ′

i=1 SRij ∼ 0. Statistically
indistinguishable residual analysis for both the training and
validation cohorts demonstrates the ability of the modeling
process to accurately predict clinically acceptable DVHs.

II.B.5. Outlier identification

The identification of suboptimal plans is a principal func-
tion of the predicted DVH quality control method, and it is
necessary to separately validate the ability of the average
model to correctly identify outliers. The sum of residuals
analysis utilized for model validation in Sec. II.B.4 is not a
sufficient metric for detecting suboptimal plans as it does not
distinguish between positive ε(D) values and negative ε(D)
values. Therefore, the identification of suboptimal plans was
accomplished with a restricted sum of residuals

RSRij =
∑∞

D=0
ε+
ijD · �D, (15)

where

ε+ (D) =
{

ε (D) , if ε (D) > 0

0, if ε(D) ≤ 0
. (16)

Large values of RSRij indicate a clinical DVH that exceeds the
predicted DVH by a considerable amount exhibiting subopti-
mal OAR sparing. Small values of RSRij indicate a clinical
DVH similar to or better than the predicted DVH demon-
strating acceptable OAR sparing. To assess the accuracy of
the above distinctions, and verify that large RSR values cor-
relate to suboptimal OAR sparing and that small RSR val-
ues correlate to good OAR sparing, the entire training cohort
was replanned in PINNACLE. The replanning process ensured
that predicted DVH improvements corresponded to achiev-
able DVH improvements. During replanning, PTV dosimetric
aspects were maintained or improved and all OAR DVH spar-
ing remained clinically acceptable (Table I). To ensure clinical
acceptability, all replans were reviewed and approved by the
attending physician that approved the original clinical plans.

Plan improvement was quantified with the sum of residuals
expression

SRij − SRij,replan =
∑∞

D=0
[DVHij (D)

−DVHij,replan(D)] · �D. (17)

This method of evaluation is independent of the model and
assesses only DVH improvements between the original plan
and the replan. If the RSRij values are good predictors of un-
realized OAR sparing in the clinical plans, they should cor-
relate well with observed SRij−SRij,replan values. Figure 7(c)
plots SRij−SRij,replan against RSRij and highlights the follow-
ing four regions:

1. True positives—Large RSRij value predicts significant
OAR sparing possible, replanning demonstrates im-
proved OAR DVH with large SRij−SRij,replan value.

2. True negatives—Small RSRij value predicts mini-
mal OAR sparing possible, replanning demonstrates
limited improvements in OAR DVH with small
SRij−SRij,replan value.

3. False positives—Large RSRij value predicts signifi-
cant OAR sparing possible, replanning demonstrates
limited improvements in OAR DVH with small
SRij−SRij,replan value.

4. False negatives—Small RSRij value predicts minimal
OAR sparing possible, replanning demonstrates im-
proved OAR DVH with large SRij−SRij,replan value.

The ability of the average model to correctly identify sub-
optimal plans is demonstrated with a strong correlation be-
tween RSRij and SRij−SRij,replan and a low population of
plans in the false negative and false positive regions.

II.B.6. Model refinement

Finally, the ability of an OAR model to predict optimal
DVHs should be improved by excluding correctly identified
suboptimal treatment plans with large RSR values from the
training cohort. A refined model was obtained by repeating
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FIG. 8. Two-stage validation of predicted DVH modeling. (a) An average model is trained with N clinical patient plans. The accuracy of the average model
is analyzed both by an analysis of its performance on the training data as well as its ability to correctly predict the DVHs of an equivalent sample of N′
patients in an independent validation set. Statistically equivalent performance between training and validation sets confirms the ability of the modeling process
to accurately predict DVHs. (b) Using the average model on the training data sample, outliers with large RSR [Eq. (15)] are identified as suspected suboptimal
plans. The modeling process is repeated excluding these outliers, yielding the refined model. The predicted DVH gains per patient are represented by the
RSR values obtained in application of the refined model to the entire training sample. Verification of the predicted gains was accomplished by replanning all
training patients. Quantitative assessment of DVH gains between the replans and the original plans was assessed by computing the sum of residuals difference
[Eq. (17)]. The scatter plot of realized versus predicted gains assesses the performance of the refined model in its ability to detect suboptimal plans.

the modeling process from Secs. II.B.1–II.B.3 on the
remaining training data sets. RSR values are again computed
using DVHs predicted with the refined model to determine
a refined correlation between predicted DVH improvements
and clinically achievable DVH improvements.

Figure 8(b) outlines a flow chart representation of the pro-
cess introduced in Secs. II.B.4–II.B.6.

III. RESULTS

Twenty intact prostate patients treated with IMRT at
Washington University between 2008 and 2011 were ran-
domly selected from the clinical database as a training cohort
to develop average models for the rectum and bladder.
Figure 9 displays parameter plots and pjq(k) trajectories for
both in-field and out-of-field rectum and bladder models.
Figure 10 shows a comparison between OAR DVHs predicted
with the average models and clinical DVHs for three rectum
and three bladder patients from the training cohort. Table II
lists the sum of residuals and restricted sum of residuals for
both average models. Both the rectum and bladder models
achieve mean sum of residual values much smaller than
their standard deviations, SRrectum = 0.003 ± 0.037 and
SRbladder = −0.008 ± 0.037, implying the average model is
capturing the essential behavior of the training set.

An independent validation cohort was formed with 20
additional patients randomly selected from the same clini-
cal database as the training cohort. DVH predictions were
made for the 20 validation patients using the average rec-
tum and bladder models. Figure 11 illustrates comparisons

between the average models’ predictions and six clinical
DVHs from the validation set. Figure 12 compares the resid-
ual trajectories εij(D) for both the training and the vali-
dation sets. The predictive ability of the average rectum
model was statistically indistinguishable between the train-
ing and validation sets, with SRrectum = 0.002 ± 0.044 for
the validation set and SRrectum = 0.003 ± 0.037 for the train-
ing set. The average bladder model achieved similar results,
with SRbladder = −0.018 ± 0.058 for the validation set and
SRbladder = −0.008 ± 0.037 for the training set. The statis-
tical spread of the validation residuals was slightly larger in
both the rectum and the bladder, which may be attributed to a
slight nonequivalence between the training and validation sets
given their relatively small sample sizes.

The RSR values in Table II were used to identify six rec-
tum DVHs and four bladder DVHs as potentially suboptimal
plans to be excluded from the refined modeling process. Pa-
tients with RSR values greater than one standard deviation
from the mean (RSR + σ ) of the initial training cohort RSR
values were excluded from the training cohort used to develop
the refined models. The predictive performance of the refined
models for rectum and bladder are shown for training and val-
idation sets in Figs. 10 and 11, respectively.

All treatment plans from the training cohort were re-
planned and reviewed by the attending physician that ap-
proved the original plans. All replans demonstrated either
clinical improvements or clinically negligible difference from
the original clinical plans. Figure 13 shows six cases with
large rectum and bladder RSR values that exhibited improve-
ments in OAR sparing after replanning.
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FIG. 9. Measured p̄jkq ± SDjkq (open circles with error bars) for (a) in-field rectum, (b) out-of-field rectum, (c) in-field bladder, and (d) out-of-field bladder
for the 20-patient training cohort. Solid lines indicate generalized polynomial fits pjq(k) that form the core of the average model.

FIG. 10. Clinically approved DVHs compared to average and refined predicted DVHs for (a)–(c) rectum and (d)–(f) bladder in six distinct patients from the
training sample.

Medical Physics, Vol. 39, No. 12, December 2012



7455 Appenzoller et al.: Predicting DVHs for OARs in IMRT planning 7455

TABLE II. Residual analysis for rectum and bladder average models. The suspected outliers were subsequently
excluded from the training set in the development of refined models.

Rectum Bladder

Patient no. SR RSR SR RSR

1a 0.055 0.057a 0.006 0.014
2a 0.050 0.050a −0.020 0.001
3 0.012 0.015 −0.067 0.000
4 0.014 0.019 0.012 0.014
5 −0.072 0.001 −0.040 0.003
6 −0.031 0.006 −0.031 0.002
7 −0.022 0.001 −0.025 0.004
8 −0.026 0.005 −0.019 0.004
9a 0.048 0.049a −0.002 0.002
10a 0.056 0.056a −0.006 0.004
11 −0.004 0.012 −0.020 0.000
12a 0.053 0.053a −0.018 0.006
13 −0.042 0.000 −0.001 0.006
14a,b 0.040 0.041a 0.071 0.072b

15 −0.024 0.003 −0.036 0.000
16b 0.016 0.017 0.054 0.054b

17 −0.010 0.007 −0.039 0.000
18 −0.005 0.005 −0.067 0.000
19b −0.018 0.011 0.036 0.036b

20b −0.024 0.001 0.040 0.041b

Mean ± σ 0.003 ± 0.037 0.020 ± 0.021 −0.008 ± 0.037 0.013 ± 0.021

aRepresents prostate plans with rectum RSR greater than one standard deviation in excess of the mean RSR for the
sample.

bRepresents prostate plans with bladder RSR greater than one standard deviation in excess of the mean RSR for the
sample.

FIG. 11. Clinically approved DVHs compared to average and refined predicted DVHs for (a)–(c) rectum and (d)–(f) bladder in six distinct patients from the
validation set.
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FIG. 12. εij (D) = DVHij (D) − DVHij,pred(D) residual trajectories of the 20 training patients and 20 validation patients for rectum and bladder average
models. Thick solid lines represent the averaged ε̄(D) residual trajectory in each instance.

FIG. 13. Clinically approved DVHs compared to refined predicted DVHs and replanned DVHs for (a)–(c) rectum and (d)–(f) bladder in six distinct patients
from the training set.
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FIG. 14. Training set DVH gains realized after replanning versus the pre-
dicted gains for (a) rectum and (b) bladder. The clustering of data points in
the lower left “true negative” and upper right “true positive” regions of both
organs exhibits the desired discrimination between optimal and suboptimal
OAR sparing.

Figure 14 shows the DVH gains (SRij−SRij,replan) achieved
after replanning the entire 20-patient training cohort against
the DVH improvements (RSRij) predicted by the refined
model. The sample correlation coefficient between predicted
and realized gains was r = 0.92 for the rectum and r = 0.88
for the bladder. The absence of cases in the lower right and
upper left regions of the respective curves in Figs. 14(a) and

TABLE III. Residual analysis for parotid average model. The suspected out-
liers were subsequently excluded from the training set in the development of
refined model.

Average (parotid)
Patient no. SR RSR

1 −0.014 0.006
2a 0.030 0.038a

3 −0.101 0.000
4 −0.001 0.015
5 −0.016 0.012
6 −0.050 0.004
7 0.019 0.031
8 −0.034 0.007
9 −0.004 0.003
10 −0.017 0.022
11 −0.027 0.009
12 −0.067 0.006
13 −0.015 0.002
14 0.021 0.023
15a 0.050 0.053a

16 −0.006 0.005
17 −0.017 0.013
18a 0.057 0.058a

19 0.012 0.015
20 −0.081 0.000
21a 0.102 0.102a,b

22 −0.004 0.000
23 −0.068 0.000
24a 0.052 0.069a

Mean ± σ 0.003 ± 0.060 0.017 ± 0.020

aRepresents plans with RSR greater than one standard deviation in excess of the
mean RSR for the sample.

bPatient 21 was not included in the calculation of the mean and standard deviation
as its value was greater than three standard deviations outside the mean.

14(b) point toward this method as both highly sensitive and
specific, with no false positives or false negatives observed in
either rectum or bladder. The results presented in Figs. 12 and
14 validate both the rectum and bladder models according to
the schema outlined in Fig. 8.

Head-and-neck IMRT is typically treated with a concurrent
boost,13 including a high-dose primary volume and a low-
dose elective nodal volume. The current implementation of
the PINNACLE script used for data acquisition allowed only
parotid glands that overlap a single PTV to be included in
this initial study. Therefore, 24 head-and-neck patients treated
with IMRT at Washington University between 2008 and 2011
that satisfy this single PTV restriction were used to develop
an average parotid model.

As seen in Table III, residual analysis of this co-
hort yielded SRparotid = −0.003 ± 0.060, implying that the
average parotid model is correctly describing the essential be-
havior of the head-and-neck training set. Parotid parameter
plots and pjq(k) trajectories are displayed for in-field and out-
of-field regions in Fig. 15, and comparisons of the average

FIG. 15. Measured p̄jkq ± SDjkq (open circles with error bars) for (a) in-
field and (b) out-of-field parotid glands. Solid lines indicate generalized poly-
nomial fits pjq(k) that form the core of the average model.
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FIG. 16. Clinically approved DVHs compared to average and refined predicted DVHs for six distinct parotid gland DVHs from the training set.

model’s predictions to six clinical DVHs from the training set
are shown in Fig. 16. Figure 17 shows the residual trajectories
εij(D) for the plans in the training set.

The RSR values in Table III were used to identify poten-
tially suboptimal plans to be excluded from the refined mod-
eling process. Again, patients with RSR values greater than
one standard deviation from the mean (RSR + σ ) of the ini-
tial training cohort RSR values were excluded from the train-
ing cohort used to develop the refined models. Due to an
excessive RSR value more than three standard deviations out-
side the mean, patient 21 was not included in the calculation
of the mean and standard deviation of the parotid RSR val-
ues. In addition to the already excluded patient 21, this pro-
cess eliminated four additional parotid DVHs from the orig-
inal training cohort. For the cases displayed in Fig. 16, the

FIG. 17. Average εij(D) residual trajectories of the 24 training parotid
DVHs. Thick solid line represents the averaged ε̄(D) residual trajectory.

refined model more closely matches the clinical DVHs than
the average models as evidenced by the better concordance
between the DVH curves. More quantitatively, the SRparotid

= −0.003 ± 0.060 observed for the average model becomes
SRparotid = −0.006 ± 0.035 in the refined model over the re-
maining 19 datasets. The nearly 50% reduction in the stan-
dard deviation in the average sum of residuals means that the
refined model is a better predictor for the remaining training
sets.

All 24 treatment plans from the training set were replanned
and reviewed by the attending physician that approved the
original clinical plans. Similar to the prostate replans, all
head-and-neck replans demonstrated either (a) clinical im-
provements or (b) clinically negligible difference from the
original plans. Figure 18 shows three parotid DVHs with a
large RSR that exhibited improvements after replanning.

Figure 19 shows the parotid DVH gains (SRij−SRij,replan)
achieved after replanning in the entire 24-patient training
cohort set against the DVH gains (RSRij) predicted by the
refined model. The sample correlation coefficient between
predicted and realized gains was r = 0.84. The lower right
“false positive” region is devoid of plans with high RSR value
that did not result in any DVH improvements. The upper left
“false negative” region contains one plan that had no pre-
dicted DVH gains yet was improved under replanning. The
results presented in Figs. 17 and 19 validate the parotid mod-
eling process according to the schema outlined in Fig. 8, with
only one data point suggesting any compromise in the sensi-
tivity of detecting suboptimal parotid DVHs.

IV. DISCUSSION AND CONCLUSION

The results of the modeling process outlined above vali-
date the ability of the rectum, bladder, and parotid models to
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FIG. 18. Clinically approved DVHs compared to refined predicted DVHs and replanned DVHs for three head-and-neck patients from the training set with high
RSR values.

predict achievable OAR DVHs. The removal of suboptimal
DVHs from the training cohorts allowed for the prediction of
more optimal OAR DVHs by the refined models than the av-
erage models. The refined rectum, bladder, and parotid mod-
els demonstrated strong correlation between predicted DVH
improvements and DVH improvements achievable in clinical
practice. The refinement step could be eliminated if a set of
training plans known to be optimal is available. However, if
training sets are selected randomly from an uncontrolled clin-
ical database then the refinement process is critical to ensure
that the organ models are not compromised by suboptimal
plans.

The refined rectum and bladder models have been clini-
cally deployed at Washington University for ongoing quality
control. Given the data presented in Figs. 12 and 14, we have
strong confidence in the accuracy of the rectum and bladder
models and minimal concern that false positives and/or false
negatives are compromising the model’s performance.

The small physical volume of the parotid gland combined
with the small sample size of 24 patients did not provide ad-
equate statistics across the spread of boundary distances to
have a separate training and validation set for the parotid
model. However, the strong performance of the refined rec-
tum and bladder models on their respective validation sets

FIG. 19. Demonstration of correlation between predicted gains (RSR) in
parotid DVHs and gains realized through replanning (SRorig−SRreplan).

provides confidence in the predicted DVH method. Therefore,
all 24 parotid plans were utilized to train a parotid model with
higher statistics. The performance of the refined model in cor-
rectly identifying optimal and suboptimal DVHs supports its
clinical use for ongoing quality control.

One limitation of the current implementation is the in-
ability to model IMRT plans with simultaneous integrated
boost (SIB) volumes that concurrently treat a high-dose PTV
(PTVH→DH) and a low-dose PTV (PTVL→DL). The reason
SIB treatments are problematic for this methodology can be
seen in Fig. 20, where an OAR voxel has two boundary dis-
tances, rH and rL, to the PTVs, with different prescription
doses. The χ ijk sub-DVHs cannot be derived because the iso-
distance degeneracy that yielded the Aijk subvolumes is bro-
ken with each OAR voxel potentially having a unique pair
of distances to high and low-dose targets. Extensions of the
present technique could be used to train a model for SIB treat-
ments; however, training a two-dimensional DVH model with
the same amount of data used to train a one-dimensional DVH
model would be limited by a fundamentally sparse training set
that separated what was a one-dimensional array of boundary
distances into a two-dimensional set of distance pairs.

The utility of the current approach is retained for plans that
treat PTVL and PTVH sequentially. The initial and boost treat-
ments can be modeled separately, yielding predicted DVHs
for each independent plan. It is not immediately possible to
obtain a predicted DVH for the composite plan, as the initial
and boost DVHs lack the geometric information necessary to
generate the composite DVH. However, extending Eq. (9) to
a voxel-by-voxel approach would yield the following method

FIG. 20. Schematic of an OAR interacting with a two-target simultaneous
integrated boost volume.
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for obtaining a predicted DVH for the composite plan

V ′
ij,pred =

∑
�x ε SSij

{
�

(
pH

j1[rH (�x)], pH
j2[rH (�x)], . . . pH

jQ

× [rH (�x)]; DH − DL

) + �
(
pL

j1[rL(�x)], pL
j2

× [rL(�x)], . . . pL
jQ[rL(�x)]; DL

)} · (voxel size). (18)

Equation (18) could potentially yield predictions for SIB
treatments if one could develop appropriate models from
single-OAR/single-PTV training sets, though the validation
process would require further design since the target popu-
lation would differ fundamentally from the training cohort.
Establishing the validity of this approach for both sequential
and simultaneous boost plans will be the subject of future in-
vestigation.

While this initial work employed the restricted sum of
residuals to identify suboptimal OAR DVHs, in the future this
process should be informed by radiobiological significance.
This work can accommodate any radiobiological model that
is based off of the dose-volume histogram. From a radiobio-
logical perspective, RSR should only be used for parallel or-
gans such as the parotids or the liver.8 In serial organs such as
the rectum or spinal cord, the high dose region of the DVH is
most correlated to radiation-induced complications. It is pos-
sible to consider specific DVH point differences, e.g., ε(40
Gy) or ε(65 Gy), though this would ignore all other portions
of the DVH curves. Interestingly, using ε(40 Gy) and ε(65
Gy) DVH differencing as the metric to identify suspected sub-
optimal plans, the same one standard deviation outlier cut-
off would have resulted in the exclusion of four of the six
RSR-identified rectum outliers and the exact same four RSR-
identified bladder outliers in Table II. This is not surprising
given the high correlation between discrete DVH points and
the full DVH trajectory, but is reassuring that using different
plan evaluation metrics does not identify a completely differ-
ent set of outliers.

One modification of RSR that would reflect an existing
radiobiological formalism is a generalized restricted sum of
residuals (gRSR):

gRSRij =
(∑∞

D=0
ε+
ij (D) · Da

)1/a

, (19)

where a is the order parameter introduced by Niemierko14, 15

in the generalized equivalent uniform dose (gEUD). In a one-
to-one correspondence to the gEUD concept, a = 1 for par-
allel organs and gRSR reverts to the simple restricted sum
of residuals. For serial OARs the value of a will be greater
than unity, meaning the higher dose deviations will receive
higher weighting as compared to the lower dose differences.
As values of a are reported in the literature, current under-
standing of organ response can be immediately brought to
bear when developing predictive DVH models for specific
organs.

The predictive ability of this method for organs as dis-
parate as the rectum in prostate IMRT and parotid glands
in head-and-neck IMRT suggests that it could potentially be
generalized to other OAR-PTV pairs with sufficient training
data and consistent planning goals. While the rectum consis-
tently overlaps the posterior aspect of a prostate PTV, this is

not the case for parotids in head-and-neck or other OARs in
different treatment sites. OAR-PTV pairs with a wide vari-
ety of geometric relationships may require more training data
than pairs with more reliable geometric relationships such as
the rectum and prostate PTV.

Implementation of this technique should not adversely af-
fect other aspects of the treatment planning process such as
PTV coverage, dose homogeneity, and OAR sparing. IMRT
has the ability to reduce dose to critical OARs, but it does
not reduce the integral dose to the patient.16 For example, re-
duction of dose to the rectum in prostate IMRT tends to in-
crease the high dose lateral to the PTV (including the femoral
heads) and the maximum dose to the skin. This tradeoff is ac-
ceptable if the complication probability of the femoral heads
is not increased and the dose to unspecified normal tissue is
kept within tolerance. Thus, it is imperative to train all mod-
els using clinical data with the appropriate clinical tradeoffs
between OAR sparing and PTV dose statistics.

In practice, the “black box” approach to modeling consid-
ered in this work is not always preferable. A training dataset
comprised entirely of optimal treatment plans instead of ran-
domly sampled data results in a simplified modeling process
and the development of a “gold standard” model for ongoing
QC of IMRT treatment plans. The two-fold cost of this ap-
proach is that (a) greater effort is required in the selection of
training data and (b) any existing clinical variations would be
hidden. As the current process can accommodate either ap-
proach, a clinical decision should be made by the modeler
between random sampling of a clinical database or training
models with expert plans.

The use cases for validated predicted DVH models are nu-
merous and multifaceted. Employing these models in routine
clinical practice introduces a novel and powerful IMRT QC
tool. As seen in previous work at Washington University,6

the effect of such QC can dramatically reduce variability and
improve average output, and the same mechanism that en-
sures consistent planning also facilitates faster training of new
personnel. Further, given the uniformity of planning goals
in multi-institutional clinical trials, this quality control tool
could be useful in the evaluation of protocol submissions.

In addition to clinical QC, this work provides a new mech-
anism for interinstitutional and intertechnique comparisons
that rely on true clinical output and not simple credential-
ing datasets. The literature is replete with planning compar-
isons between differing planning techniques (e.g., IMRT ver-
sus VMAT),17–21 but these comparisons all rely on multiple
treatment plans on a single dataset. Far more valuable than
such single-instance planning studies would be a compari-
son to the systematic clinical output of a particular technique.
As a hypothetical example, consider that helical tomotherapy
has been reported as delivering better dose distributions than
static field IMRT in theory,22 but due to specific implementa-
tions or systematic misuse of the tomotherapy planning soft-
ware the average clinical output could be inferior to conven-
tional IMRT via different software.

Further interinstitutional benefits could be realized for
clinics with minimal IMRT plan quality control in place. Such
an institution might justifiably suspect that the percentage of
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good plans within their database could be insufficient to train
a model that predicts the best possible DVHs. As models are
trained from the databases of large academic institutions or
multi-institutional clinical trials, the resultant models could
potentially be transferred to other institutions to compare to
their local clinical output.

Predictive DVHs could also be used for precertification of
IMRT, removing the need for submission of comparison plans
between IMRT and 3D-conformal techniques to payers. The
same logic could be extended to proton therapy versus IMRT.
It is conceivable that analogous techniques of relating geo-
metric features to achievable dosimetric endpoints could be
developed for both 3D-conformal and proton therapy, though
such discussion is beyond the scope of this work.

Finally, there are treatment scenarios, e.g., some rare pedi-
atric cancers, with a lack of training data but DVH predictions
may be desired to guide clinical tradeoffs. In this instance, it is
very likely that a generalized model built from existing OAR
models might be useful. While the accuracy of using a rectum
model to predict the DVH of a kidney should be highly sus-
pect, it is likely that these models are more similar than they
are dissimilar if the delivery system is held fixed.

In summary, we have developed a mathematical frame-
work for predicting achievable OAR dose-volume histograms
for new patients based on models developed from prior clini-
cal data.
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