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Introduction

• Document clustering has been widely used as a 
fundamental and effective tool for efficient 
document organization, summarization, 
navigation, and retrieval of large number of 
documents

• Document clustering problems:
– the (physical) representation of the given dataset

– the criterion/objective function which the clustering 
solutions should aim to optimize

– the optimization procedure



Introduction

• Identify patterns in the relationships between 
the terms and concepts contained in an 
unstructured collection of text.

– LSI y PLSI.



Introduction

• PLSI is a statistical technique for the analysis 
of two-mode and co-occurrence data which 
associates an unobserved class variable z with 
each observation, i.e., with each occurrence of 
a word w in a document d.



Introduction

• They emphasize that NMF and PLSI are different 
algorithms: They converge to different solutions, even if 
they start from the same initial condition, as verified by 
experiments.
– NMF and PLSI optimize the same objective function. This 

fundamental fact and the L1 normalization NMF ensures that 
NMF and PLSI are equivalent.

– By an example and extensive experiments, the authors show 
that NMF and PLSI are different algorithms and they converge to 
different local minima.

– PLSI can jump out of the local minima where NMF converges to 
and vice versa. Based on this, they propose a hybrid algorithm 
to run NMF and PLSI alternatively to jump out a series of local 
minima and finally reach to a much better minimum.



Data Representations of 
NMF and PLSI



Equivalence of NMF and PLSI

• Theorem 1. PLSI and NMF are equivalent.
– Proposition 1. The objective function of PLSI is identical to the 

objective function of NMF, i.e.,

– Proposition 2. Column normalized NMF of                       is 
equivalent to the probability factorization of 

i.e.,

• Proof of Theorem 1: By Proposition 2, NMF (with L1-normalization) is 
identical to PLSI factorization. By Proposition 1, they minimize the same 
objective function. Therefore, NMF is identical to PLSI.



Equivalence of NMF and PLSI

• Proof of Proposition 1:
– PLSI optimization Eq:

– Adding a constant

– PLSI is equivalent to solve

– By the Proposition 3 below, the second and third 
terms in equation cancel out.



Equivalence of NMF and PLSI

• Proposition 3. In NMF, under the update rules

we have, at convergence,



Equivalence of NMF and PLSI

• Proof. At convergence, we have

Thus,



Equivalence of NMF and PLSI

• Normalizations of NMF
– For any given NMF solution (C,H), there exist a large number of 

matrices (A,B) such that ABT = I, CA ≥ 0, HB ≥ 0.. Thus (CA,HB) is also a 
solution with the same cost function value. Normalization is a way to 
eliminate this uncertainty. We mostly consider the normalization of 
columns of C,H. Let the normalized columns be.

– With this normalization, we can write

where

DC,DHare diagonal matrices. Depending on the normalizations in the 
Hilbert space, the LP-normalization, the diagonal elements are given by



Equivalence of NMF and PLSI

• Normalizations of NMF
For the standard Euclidean distance normalization, i.e., the
L2-norm

This is the same as in singular value decomposition where 
the non-negativity constraint is ignored. For probabilistic 
formulations, such as PLSI, we use the L1 norm.

Due to the non-negativity, these are just the condition that 
columns sums to 1. DC contains the column sums of C and 
DH contains the column sums of H. With these 
clarifications, we prove Proposition 2.



Equivalence of NMF and PLSI

• Proof of Proposition 2:
– Using L1-norm, we obviously have

where the last equality is proved as

– These can be seen as equivalent to the normalization of probabilities 
of                                                        . Therefore

– Thus F = CHT = ĈSĤT factorization with L1- normalization is identical to 
PLSI factorization



NMF and χ2-statistic



An Illustration of NMF/PLSI Difference

• Starting with the same initial starting C0,H0, NMF and 
PLSI always converge to different solutions.



An Illustration of NMF/PLSI Difference

• Running NMF starting from (C0, S0,H0), the converged solution
are

• Running PLSI starting from (C0, S0,H0), the converged solution
are



An Illustration of NMF/PLSI Difference

• However, it is interesting and important to 
note that the clustering results embedded in 
the solutions of NMF and PLSI are identical. 
Thus the clustering results can be expressed as



Comparison between NMF and PLSI

• Datasets: CSTR, WebKB, Log, Reuters and WebAce.



• Evaluation Measures: accuracy, entropy, purity 
and Adjusted Rand Index (ARI).



Comparison between NMF and PLSI



Agreements Between NMF and PLSI

• Dis-agreements between NMF and PLSI. All 3 type experiments 
begin with the same smoothed Kmeans. (A) Smoothed K-means to 
NMF. Smoothed K-means to PLSI. (B) Smoothed K-means to NMF to 
PLSI. (C) Smoothed K-means to PLSI to NMF.

• In many cases, NMF and PLSI converge to nearby local minima; In 
other cases they converge to not-so-nearby local minima.



A Hybrid NMF-PLSI Algorithm

• The hybrid algorithm consists of 2 steps 

– (1) K-means and smooth.

– (2) Iterate till converge: 

• (2a) Run NMF to converge.

• and (2b) Run PLSI to converge.
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INTRODUCTION

• Non-negative Matrix Factorization (NMF) 
decomposes a (positive) matrix V into a 
product of non-negative factors

• Probabilistic Latent Semantic Analysis (PLSA) is 
latent variable model. PLSA models the I × J 
term-document co-occurrence matrix M:



PLSA IS NMF WITH KL DIVERGENCE

• Introducing the matrix

• As probability matrices are obviously non-
negative, PLSA corresponds to factorizing the 
joint probability matrix in non-negative 
factors.



PLSA IS NMF WITH KL DIVERGENCE

• given the NMF formulation, assume without loss 
of generality that

• two K × K diagonal scaling matrices such that

• They note that the NMF is invariant if we multiply 
W by a diagonal matrix and H by its inverse



PLSA IS NMF WITH KL DIVERGENCE

• Property: Any (local) maximum likelihood 
solution of PLSA is a solution of NMF with KL 
divergence.

– Proof. Let V be the scaled matrix

– Solutions of NMF with KL divergence are fixed 
points of the following update rules



PLSA IS NMF WITH KL DIVERGENCE

– The EM algorithm used to maximize the likelihood 
in PLSA iterates two steps, and solutions are fixed 
points of the following equations:



PLSA IS NMF WITH KL DIVERGENCE

U



PLSA IS NMF WITH KL DIVERGENCE

– Similarly, one obtains:

– Thus, any fixed point of EM is also a fixed point of 
the NMF update rules.



IMPLICATIONS

• The main implication is that whenever a problem may 
be formulated with NMF (for example word 
alignment), it may be efficiently solved using PLSA.

• First, PLSA is a probabilistic model which offers the 
convenience of the highly consistent probabilistic 
framework.

• PLSA parameters may be interpreted as probabilities

• The probabilistic framework also comes in handy in 
some situations such as orthogonalizing the non-
negative factors



IMPLICATIONS

• This means that they must be prone to the usual problems 
associated with EM such as sensitivity to local minima, even 
though, to our knowledge, this is not widely acknowledged in the 
NMF literature.

• On the other hand, with probabilistic models, it is possible to 
benefit from the considerable body of work dedicated to addressing 
various shortcomings of EM.

• Use of “tempered” (or deterministic annealing) EM in order to 
stabilize the parameter estimation, reduce the sensitivity to initial 
conditions, and even, to some extent, optimize the number of 
components in the mixture.

• NMF literature puts little emphasis on the choice of the correct
number of factors.

• In the vocabulary of mixture models, the NMF factors are not 
identifiable, whereas the PLSA model is.



CONCLUSION

• In particular, as PLSA has been designed to 
overcome some limitations of LSI, it is not 
surprising that NMF, being essentially equivalent, 
also outperforms LSI.

• Shows that PLSA solves NMF with KL divergence.

• This relation allows us to solve the NMF problem 
with a probabilistic mixture model for which 
various extensions and technical advances have
been proposed.
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