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Elements of Lattice Theory

Given a set L, two operations (i.e., functions), denoted by ∧, called

meet, and , called ∨ join, are expressed as

                            ∧: L × L → L,                               (3.1)

                            ∨: L × L → L.

The structure (L, , ) is called a lattice if the following properties hold:∧ ∨

• Commutativity:      A  B = B  A, A  B = B  A, A, B  L.∧ ∧ ∨ ∨ ∀ ∈

• Associativity:         A  (B  C) = (A  B)  C, A, B, C  L.∧ ∧ ∧ ∧ ∀ ∈

                         A  (B  C) = (A  B)  C, A, B, C  L.∨ ∨ ∨ ∨ ∀ ∈

• Absorption:            A  (A  B) = A, A  (A  B) = A, A, B  L.∧ ∨ ∨ ∧ ∀ ∈

Lattice



  

Elements of Lattice Theory

In any lattice (L, , ), an ordering relation ≤ can be defined as∧ ∨

(A ≤ B)  (A  B = A). ⇔ ∧ (3.2)
The structure (L, ≤) is a poset.

In a lattice L, any two elements A and B have a supremum sup{A, B}

and an infimum inf{A, B}:

• A supremum: sup{A, B} = A  B.∨

• An infimum: inf{A, B} = A  B.∧

Lattice and Poset



  

Elements of Lattice Theory
Hasse Diagram

smallest element

largest element

The Lattice (L, ≤) on the set L = {0, x, y, z, 1} defined by the ordering relation {(0, x), 
(0, z), (x, y), (y, 1), (z, 1)}. This lattice, called the pentagon lattice, is usually
denoted by N5.

atom



  

Elements of Lattice Theory

 Complete: every subset has a supreme 1 and infumum 0
 Modular: A  (B  C) ≤ (A  B)  (A  C),  A, B, C  L.∨ ∧ ∨ ∧ ∨ ∀ ∈
 Distributive: A  (B  C) = (A  B)  (A  C),  A, B, C  L.∨ ∧ ∨ ∧ ∨ ∀ ∈
 Complemented: A |→ AC,  A  L, A  A∀ ∈ ∧ C = 0, A  A∨ C = 1.
 Orthocomplemented: ACC = A, A ≤ B  B⇔ C ≤ AC.
 Orthomodular:  modularity condition holds for B = AC, A ≤ C => A  (A∨ C  C) = C.∧
 Boolean algebra: A complemented and distributive lattice (L, , ).∨ ∧

Lattice Types



  

Elements of Lattice Theory
Lattice Properties

Is it lattice modular, distributive, both?
Modular: x  (y  z) = ?∨ ∧
Distributive: x  (y  z) = ?∨ ∧



  

Elements of Lattice Theory
Lattices (Boolean algebra) in IR

Powerset Lattice
The structure ( (X), ∩, , \), i.e., the set of all ℘ ∪
subsets of set X, where•
0=∅
1=X
∩ = set intersection

 ∪ = set union
\ = set complement

Lattice of Logical Propositions
The structure ({T, F}, , V, ¬) of propositions in 
mathematical logic, where
0 = False
1 = True
∧ conjunction
V = disjunction
¬ = negation

Lattice of Logical Predicates
The structure (Pred(X), ∧, V, ¬) of predicates in 
mathematical logic. Pred(X) denotes the set of 
all predicates over X; furthermore
Pred1(x)  ∧ Pred2(x) = (Pred1  ∧ Pred2)(x),
Pred1(x) V Pred2(x) = (Pred1 V Pred2)(x).

Lattice of Logical Implications
Let P = {P1, P2,…,Pj,…,Pm} denote a set of 
propositions. The logical
equivalence  partitions set P into equivalence ⇔
classes:
P = {C1, C2,…,Ci,…,Cn},
Ci = {Pi1,…,Pik}, Pi1 …  P⇔ ⇔ ik.
The structure (P, =>) is a distributive lattice.



  

Elements of Lattice Theory
Lattice Types in Information Retrieval



  

Lattice-Based Retrieval 
Systems

Mooers (1959) was the first on to apply the lattice concept in IR
 His model captures relationships between terms
 Words are not necessarily independent of each other
 His model fucusses on symbols (terms) and on relationship between 

the query and a subset of documents selected from the collection

Mooers Model



  

Lattice-Based Retrieval 
Systems
Mooers Model

A is a document subset
L = {D1,…,Dn}, the entire library collection
Document subsets A  D form a Boolean algebra ( (L), ∩, ⊆ ℘

, \) with respect to set intersection ∩, set union , and set ∪ ∪
complement \, where (L) denotes the powerset of L. The ℘
structure ( (L), ∩, , \) is a complemented and distributive ℘ ∪
lattice.



  

Lattice-Based Retrieval 
Systems
Mooers Model

A query Q is conceived as consisting of one or several 
terms.

 One-term query Q = A represented as a lattice {0, A}, 0 ≤ A.



  

Lattice-Based Retrieval Systems
Mooers Model (unestructured queries)

The lattice P contains all the possible queries that can be formed using the given terms.
Retrieval: Given a query Q, i.e., an element of lattice P, there may be other elements in P 
preceded by Q, or elements that precede Q. Retrieval is some procedure that locates those 
elements of (T) that precede and are preceded by Q. However, the retrieval procedure is not ℘
described.



  

Lattice-Based Retrieval Systems
Mooers Model (term hierarchies)

 Term ”clothing” is broader than the term ”shoe”
 Hierarchical relations between terms should be have aun 

impact upon retrieval
 Some elements mey be preceded by more than one element 

(weak hierarchy)
 After appropiate reductions, another lattice can be obtained 

that does not allow for any element to be preceded by mor 
than one element (strong hierarchy) 



  

Lattice-Based Retrieval Systems
Mooers Model: boolean queries (structured) and documents



  

Lattice-Based Retrieval Systems
Mooers Model: boolean queries (structured) and documents

If the query is a conjunction of terms (e.g., A1∧ A2), all terms are equally
relevant to the subject matter of the document. When the query is a disjunction of 
terms (e.g., A1 V A2), then either one, or either two, and so on either all terms may 
be relevant to the subject matter of the document.  For example, how good is a 
retrieval system that treats the query red V square as a logical expression?

• Disjunction should not be a permissible operation in queries for retrieval; the only 
permissible operations should be conjunction and negation.
• On the other hand, a document should be represented as a lattice using only 
negation and disjunction of terms.



  

Lattice-Based Retrieval Systems
Mooers Model: boolean queries (structured) and documents

For example, if two terms are used, say A and B, then all possible 
documents (i.e., the ‘space’ whose element a document may be) 
are given by the lattice shown on right figure.

The document lattice can be obtained as a product of two-
element lattices shown on left figure.



  

Lattice-Based Retrieval Systems
Mooers Model: boolean queries (structured) and documents

The query lattice is similarly generated, but instead of disjunction we have conjunction. 
Mooers does not treat retrieval for such representations. At the same time, he makes 
a number of general and interesting observations:

• If a term A has not been used as an index term for a document, then the query “¬A” 
should not retrieve that document merely because it does not contain A. In other 
words, in retrieval, absence is not necessarily synonymous with negation.

• It may be important to know the frequency with which terms are used. Thus, one can 
attach frequencies as “scalars” to lattice elements.

• In Boolean logic, the operations commute, e.g., A V B is the same as B V A. But this 
is not always the case: gramatical structure. 



  

Lattice-Based Retrieval Systems
The FaIR System

 It was the first practical IR system (2000) based on lattices
 It uses domain knowledge (in form of thesaurus) to generate term lattices
 The thesaurus consist of a set T of terms partitioned into classes (facets)
 Facets are lattices
 Every node represens a term (word or phrase)
 The lattice expresses thesarurus relationships (broader one, narrower 

than, etc)



  

Lattice-Based Retrieval Systems
The FaIR System

The elements of the facet lattice may be formally conceived as containing (i.e., 
being equal to the union of) the elements that are below it (equivalently, down to 
atoms). Every document is mapped to a single concept over all facets.

A query Q is a Boolean expression of terms. For example, the query Q = ”Java” 
retrieves the documents containing exactly and only the term “Java” (in the 
exclusive search) and the documents that also contain the more general term 
“WWW programming language” (in the inclusive search).

Facet lattice “programming language.” A 
document containing both CGI and Java is 
assigned to the node “WWW programming 
language,” which is the join of these terms.



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models: Galois Lattice

 Concepts are basic units of language and thought
 The extension G of a concept consists of all objects that belong to it. 
 The intension M of a concept consists of all attributes (properties) that apply to 

the elements of its extension. 
 A formal context K is defined as a binary relation, i.e., as the set of relationships 

between objects and attributes to denote which object has a given property:



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models: term-document 
matrix and concept lattice



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models: term-document 
matrix and concept lattice



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models: BR-Explorer 
System

 Messai et al. (2006) propose a retrieval system called BR-Explorer based on concept 
lattices. 

 The term-document Boolean matrix (conceived as a formal context) is first 
transformed into a concept lattice L. 

 A query Q is conceived as being a set of terms (attributes). 
 In order to answer query Q, this is inserted into the concept lattice L first (e.g., by 

building L from scratch, or using some more efficient method as suggested by 
Messai et al.).

 Relevance is defined as follows. The document d is relevant to query Q if they share 
at least one attribute. Messai et al. give a retrieval method (i.e., traversal of the 
concept lattice) that retrieves documents already ranked by their relevance degree.



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models: Rajapakse-Denham

 Rajapakse and Denham (2006) proposed another application of lattices to IR 
 Documents and queries are represented as individual lattices
 A document or query is conceived as a structure of objects, attributes, and their 

relationships from which a lattice is generated. 
 The atoms are the elements consisting of objects that have identical attributes. 
 On the next level, the elements are the objects that share most of their attributes, and 

so on. The smallest element of the lattice, at the bottom, is an artificial empty 
element, whereas the largest element, on the top, is the union of all the objects.



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models: Rajapakse-Denham

Retrieval 
 The relevance of a document to a query is determined on the basis of their common 

concepts. This is achieved by comparing nodes of the query lattice with the nodes of 
the document lattice. 

 A partial match between the query lattice and the document lattice is defined as 
being the meet between their corresponding objects and attributes. When any of 
these two meets are empty, a keyword match is applied.



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models: FooCA System

 FooCA lets the user enter a query, which it sends to Google 
 The hit list returned by the search engine is used to construct a formal context and 

formal concepts
 The snippets (i.e., the short excerpts returned by the search engine) are used to 

extract terms. 
 If there is no snippet, then the page address is used instead. The URLs of pages are 

viewed as objects, whereas its terms are viewed as attributes.
 The hit list returned by the search engine is presented to the user (navigation, query 

refinement
 FooCA can be used to visualize the hierarchy of formal concepts, which helps the 

user to assess the hits better and thus to know which hit to view first.



  

Lattice-Based Retrieval Systems
Galois (Concept) Lattice-Based Models:  Query Refinement, 
Thesaurus Representation

Query refinement 
 Find the matching documents for a boolean query
 The set of common terms in the retrieved documents is determined and used to build 

a concept lattice
 The query can be refined by choosing the most general term (concept) that contains 

all the query terms 

Representation 
 The concept lattice of a document collection may be used as an underlying 

clustering structure
 The query is merged into this lattice
 Each document is ranked according to the shortest path between the query and the 

document concept



  

Boolean Retrieval
The Boolean retrieval method, which is used by virtually all commercial database and 
retrieval systems today, is based on mathematical logic and set theory. Both the 
documents to be searched and the user’s query are conceived as sets of terms. 
Retrieval is based on whether or not the documents contain the query terms. 

There is a finite set of elements called terms

and a finite set of documents

A boolean expresion Q called query is expressed as



  

Boolean Retrieval
Boolean Retrieval Method



  

Boolean Retrieval
Boolean Retrieval Method: example



  

Boolean Retrieval
Boolean Retrieval Method: example



  

Boolean Retrieval
Boolean Retrieval Method: example



  

Boolean Retrieval
Technology of Boolean Retrieval



  

Boolean Retrieval
Lattice-Based Boolean Retrieval



  

Boolean Retrieval
Lattice-Based Boolean Retrieval



  

Boolean Retrieval
Lattice-Based Boolean Retrieval



  

Boolean Retrieval
Lattice-Based Boolean Retrieval



  

Boolean Retrieval
Lattice-Based Boolean Retrieval



  

Boolean Retrieval
Lattice-Based Boolean Retrieval



  

Boolean Retrieval
Lattice-Based Boolean Retrieval



  

Vector Space Retrieval



  

Vector Space Retrieval



  

Fuzzy Algebra-Based Retrieval
Elements of Tensor Algebra

Let v = [v1 … vn]T denote a vector in the orthonormal basis e1,…,en. Further, 
let gi denote the matrix obtained from general basis vectors bi:



  

Fuzzy Algebra-Based Retrieval
Elements of Tensor Algebra

Matrix gi is called a basis tensor. As vectors b1,…,bn are basis vectors, rank(gi) = n. 
Hence, gi has an inverse, denoted by gi

−1 , that is called its reciprocal basis tensor 
and is denoted by gi, i.e., gi = gi

−1. 
Let the coordinates of vector v in basis gi be p1,…,pn. Thus, recalling that the vector 
is invariant with respect to the change of basis, we have gi × [p1…pn]T = v, from 
which, by multiplying by gi

−1 on the left, we obtain:



  

Fuzzy Algebra-Based Retrieval
Elements of Tensor Algebra: metric tensor



  

Fuzzy Algebra-Based Retrieval
Latent Semantic Indexing Retrieval: eigenvalue, eigenvector



  

Fuzzy Algebra-Based Retrieval
Latent Semantic Indexing Retrieval: eigenvalue, eigenvector



  

Fuzzy Algebra-Based Retrieval
Latent Semantic Indexing Retrieval: Singular Value 
Decomposition



  

Fuzzy Algebra-Based Retrieval
Latent Semantic Indexing Retrieval



  

Fuzzy Algebra-Based Retrieval
Generalized Vector Space Retrieval



  

Fuzzy Algebra-Based Retrieval
Elements of Fuzzy Set Theory

Example

Let X = {1, 10, 15, 18, 24, 40, 66, 80, 100} be a set denoting possible ages
for humans. Then, the fuzzy set Ã = “ages considered as young” could be
the set {(10, 1), (15, 1), (18, 1), (24, 1), (40, 0.7)}.



  

Fuzzy Algebra-Based Retrieval
Elements of Fuzzy Set Theory: fuzzy intersection



  

Fuzzy Algebra-Based Retrieval
Elements of Fuzzy Set Theory: fuzzy union



  

Fuzzy Algebra-Based Retrieval
Elements of Fuzzy Set Theory: fuzzy subset



  

Fuzzy Algebra-Based Retrieval
Retrieval Using Linear Space

Any document Dj (and any query Q) may be identified with (described by) a 
fuzzy set Ãj:



  

Fuzzy Algebra-Based Retrieval
Retrieval Using Linear Space



  

Fuzzy Algebra-Based Retrieval
Retrieval Using Linear Space



  

Fuzzy Algebra-Based Retrieval
Retrieval Using Linear Space



  

Fuzzy Algebra-Based Retrieval
Fuzzy Algebra Retrieval Methods: entropy



  

Fuzzy Algebra-Based Retrieval
Fuzzy Algebra Retrieval Methods: probability



  

Fuzzy Algebra-Based Retrieval
Fuzzy Algebra Retrieval Methods: probability



  

Fuzzy Algebra-Based Retrieval
Fuzzy Algebra Retrieval Methods: experimental results



  

Fuzzy Algebra-Based Retrieval
Fuzzy Algebra Retrieval Methods: experimental results



  

Fuzzy Algebra-Based Retrieval
Fuzzy Algebra Retrieval Methods: experimental results



  

Probabilistic Retrieval
Elements of Probability Theory



  

Probabilistic Retrieval
Elements of Probability Theory



  

Probabilistic Retrieval
Principles of Probabilistic Retrieval



  

Probabilistic Retrieval
Principles of Probabilistic Retrieval



  

Probabilistic Retrieval
Principles of Probabilistic Retrieval



  

Probabilistic Retrieval
Principles of Probabilistic Retrieval



  

Probabilistic Retrieval
Probabilistic Retrieval



  

Probabilistic Retrieval
Probabilistic Retrieval



  

Probabilistic Retrieval
Bayesian Network Retrieval



  

Probabilistic Retrieval
Bayesian Network Retrieval



  

Probabilistic Retrieval
Bayesian Network Retrieval



  

Probabilistic Retrieval
Bayesian Network Retrieval



  

Probabilistic Retrieval
Bayesian Network Retrieval



  

Probabilistic Retrieval
Bayesian Network Retrieval



  

Probabilistic Retrieval
Bayesian Network Retrieval



  

Web Retrieval and Ranking
Web Graph



  

Web Retrieval and Ranking
Web Graph



  

Web Retrieval and Ranking
Web Graph



  

Web Retrieval and Ranking
Web Graph



  

Web Retrieval and Ranking
Web Graph



  

Web Retrieval and Ranking
Web Graph



  

Web Retrieval and Ranking
Link Structure Analysis



  

Web Retrieval and Ranking
Link Structure Analysis



  

Web Retrieval and Ranking
Link Structure Analysis



  

Web Retrieval and Ranking
Link Structure Analysis



  

Web Retrieval and Ranking
Link Structure Analysis: example



  

Web Retrieval and Ranking
Page Rank Method



  

Web Retrieval and Ranking
Page Rank Method



  

Web Retrieval and Ranking
Page Rank Method



  

Web Retrieval and Ranking
Page Rank Method



  

Web Retrieval and Ranking
Page Rank Method



  

Web Retrieval and Ranking
Page Rank Method
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