
Notes on Implementing Mathematical Functions

in Matlab/Octave

Timothy J. Hickey

February 9, 2011

Abstract

The goal today is to show how to use matlab/octave to approximate a
mathematical function using a Taylor series and then to examine the ac-
curacy of that approximation. We will work through the third homework
assignment using the exponential function. Your task, for hw3, will be to
repeat this process with another function.

1 Introduction

Lets start with a reminder of the Taylor formula with remainder which states
that

Theorem 1.1 Let [u, v] be an interval and let f be a function which is n + 1-
times continuously differentiable on the interval [u, v], and let a, x be any two
points in [u, v], then there is a ξ between a and x (i.e. in [a, x] if a < x or in
[x, a] if x < a) such that

f(x) =

(
i=M∑
i=0

f (i)(a)
i!

(x− a)i

)
+
(

f (M+1)(ξ)
(M + 1)!

(x− a)M+1

)
In the special case where a = 0 we have the McLaurin Series

f(x) =

(
i=M∑
i=0

f (i)(0)
i!

xi

)
+
(

f (M+1)(ξ)
(M + 1)!

xM+1

)
for some ξ between 0 and x.

I’m not assuming that you have seen any Calculus (though I hope this will
inspire you if you haven’t!) For those that don’t know about derivatives, this
theorem states that we can approximate a function F (x) by a simple polynomial

Pn(x) = p0 + p1x + p2x
2 + . . . + pnxn
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where pi is the ith derivative of f at 0 divided by i factorial:

pi = f (i)(0)/i!

This formula gives us a way of estimating the error in that approximation.

En(x) = F (x)− Pn(x) = c(x) ∗ xn+1/(n + 1)!

where pi and c can be computed from f using Calculus techniques (or can be
looked up online!)

For example, if we look at the exponential function f(x) = ex, it has the
property that f(0) = 1 and f is it own derivative:

f ′(x) = f(x)

Moreover, these two properties uniquely define this function. Applying it to the
Taylor theorem, we see that for all n >= 0

f (n)(0) = f(0) = exp(0) = 1

and so the nth Taylor approximation to exp is

Pn(x) = 1 + x + x2/2 + x3/6 + x4/24 + . . . + xn/n!

Thus, we can compute the kth taylor coefficient using the following matlab/octave
function:

function a=mytaylorexp(k)
% mytaylorexp(k) calculates the kth Taylor coefficient for the exponential function:
% Tim Hickey, Feb 2011
a = 1/factorial(k)

end

We can now easily define an octave function computing Pn(x) as follows:

function y = myexp(x,d)
% myexp(x,d) calculates the degree d Taylor approximation to exp(x)
% Tim Hickey, Feb 2011

y=0;
for i=0:n
y = y + mytaylorexp(i)*x^i

end
end

2 Plotting Taylor approximations to exp

This allows up to create several different approximations expd of the exponen-
tial function by changing the degree d of the approximation. The following
script will define several Taylor approximations and plot them, along with the
matlab/octave builtin exp function
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Figure 1: Plot of degree 3(red) and degree 5(green) Taylor approximations of
the exponentail function ex (blue) ”

exp_3 = @(x) myexp(x,3)
exp_5 = @(x) myexp(x,5)
x=[-4:0.01:4]
hold on
plot(x,arrayfun(exp_3,x),’-r’)
plot(x,arrayfun(exp_5,x),’-g’)
plot(x,exp(x),’-b’)
hold off

As you can see in Figure 1, the degree 3 and degree 5 Taylor approximations to
the exponential function seem to be pretty accurate for −1 ≤ x ≤ 1, but diverge
noticeably when as x gets larger.

3 Estimating the accuracy in terms of number
of correct digits

Even though the approximation look visually to be fairly close to exp, we really
want to know how accurate the approximations are, For example, evaluating
exp3 at 0.5 we get

exp3(0.5) = 1.64583333333333

and the natural question for us to ask is how many of those 16 digits are accu-
rate? In this case,

exp(0.5) = 1.64872127070013

so the first three digits are accurate. Another way to measure accuracy is to use
the log base 10 of the relative error. This will give you an estimate of the size
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of the percentage error in terms of powers of 10. For example, for the exp3(0.5)
example above we get

abs((exp3(0.5)− exp(0.5))/exp(0.5)) = 0.00175162255629076

log10(abs(exp3(0.5)− exp(0.5))) = −2.75655947087342

10−2.53941222992179 = 0.00175162255629076

and we see that taking log10 of the absolute value of the relative error gives a
good estimate (2.75) of the number of decimal digits (3) of exp3(0.5) that are
correct. (QUESTIONS: Why did we take the relative error and not just the
straight error: (exp3(0.5)− exp(0.5))?

4 Plotting number of significant digits over a
range of values

Figure 2: Plot of the number of digits of accuracy for Taylor approximations of
degree 3(red) and degree 5(green) and degree 15 (blue)Taylor approximations
of the exponentail function ex ”

Our next step is to write a script that will plot the base 10 log of the
relative error of the Taylor approximations to see how the relationship between
the number of terms in the Taylor series that we use and the accuracy of the
resulting function over an interval. Lets first define a function that computes
the log10 of the relative error for a Taylor approximation:

function y=myexperr(x,k)
% myexperr(x,k) returns an estimate of the number of digits
% of expk(x) that are correct
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% Tim Hickey, Feb 2011
y = log10(abs(myexp(x,k)-exp(x)))
end

We can now use this in a script to plot the relative error (in terms of number
of digits of accuracy) for the Taylor approximations of size 3, 5, and 15. The
script is the following:

x= [-2:0.01:2];
hold off
plot(x, arrayfun(@(x) myexperr(x,3), x), ’-g’);
hold on
plot(x, arrayfun(@(x) myexperr(x,5), x), ’-r’);
plot(x, arrayfun(@(x) myexperr(x,15), x), ’-b’);

The plot that results from running this script appears in Figure 2. Observe
that the degree 15 Taylor approximation gives the same exact value as the builtin
octave function for all x with -0.7¡x¡0.7 but the error grow rapidly outside of
that region.

5 Getting good accuracy for all values of x

To finish up this discussion of approximating the exponential function, lets try
to modify our program to get high accuracy for all values of x, not just those
close to zero. The trick is to reduce the evaluation of exp(x) for large x to
an evaluation of exp(a) for some a close to zero. In this case, we can use the
following trick. Remember that

ea+log(2)∗c = ea ∗ (elog(2))c = ea2c

since elog(2) = 2. Putting these two properties to use, we can find a and c so
that x = a + log(2)c for an integer c by solving

c = round(x/ log(2))

and then let
a = x− c ∗ log(2)

which means that
x = a + c ∗ log(2)

where k is an integer and −log(2) ≤ a ≤ log(2) so abs(a) < log(2)/2 = 0.3465...
We can use this to calculate exp(x) as follows:

ex = ea+c log(2) = ea ∗ elog(2)c = ea ∗ 2c

Here is our final approximation to exp
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Figure 3: Plot of the accuracy of the exptaylor approximation of the exponentail
function

function y = exp15a(x)
% exp15a(x) is a high accuracy approximation of the exponential function
% Tim Hickey, Feb 2011
c=round(x/log(2))
a=x-c*log(2)
y=myexp(a,15) * 2^c

end

and we can plot the log10 of the absolute value of the relative error with

x=[-100:0.1:100];
plot(x,arrayfun(@(x) log10(abs(exp15a(x)-exp(x))/exp(x)), x), ’-b’)

6 Packaging it into a single file

Finally, we can package this into a single file by including all the auxilliary
functions after the main function, as follows:

function y = exptaylor(x)
% exptaylor(x) is a high accuracy approximation of the exponential function
% Tim Hickey, Feb 2011
c=round(x/log(2));
a=x-c*log(2);
y=myexp(a,15) * 2^c;

end

% this function, myexp, is local to this file and can not be seen outside of this file!
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function y=myexp(x,d)
% myexp(x,d) calculates the degree d Taylor approximation of exp
% Tim Hickey, Feb 2011
y=0;
a=x;
for n=d:-1:0
y = y + a^n/factorial(n);

end
end

and we can plot the number of significant digits as follows, with the resulting
plot shown in Figure 3.

x=[-300:0.1:300];
plot(x,arrayfun(@(x) log10(abs(exp15a(x)-exp(x))/exp(x)), x), ’-b’)
axis([-300,300,-20,0])

7 Other Functions

The same method we used above can be applied to other special functions. Lets
look at a few here:

7.1 sin and cos

The trigonometric functions sin and cos also have simple derivatives

sin′(x) = cos(x) cos′(x) = sin(x) cos(0) = 1 sin(0) = 0

So

sin(0) = 0
sin′(0) = cos(0) = 1
sin′′(0) = cos′(0) = −sin(0) = 0
sin′′′(0) = −sin′(0) = −cos(0) = −1
sin(4)(0) = sin(0) = 0
sin(5)(0) = cos(0) = 1
sin(6)(0) = −sin(0) = 0
sin(7)(0) = −cos(0) = −1
sin(2i)(0) = 0

sin(2i+1)(0) = (−1)i

cos(j)(0) = sin(j+1)(0)
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From these we can get the Taylor approximations:

sin(x) =
M∑
i=0

sin(i)(0)x2i+1

cos(x) =
M∑
i=0

cos(i)(0)x2i

So

sin(x) = x− x3/3! + x5/5!− x7/7! + . . .

cos(x) = 1− x2/2! + x4/4!− x6/6! + . . .

and we can proceed in a similar way to approximate sin and cos by polynomials.
To get high accuracy for large values of x we can use the periodicity of the trig
functions, but I’ll leave that as an exercise.

A similar approach works for any function whose higher derivatives at zero
can be easily computed or approximated analytically.
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