
Snub Cube Construction

The snub cube goes back at least to Kepler [1, Book II, pp. 84–85], who
named it and apparently found its construction fairly intuitive. For us
mere mortals the following construction, due I think to Coxeter (see Ref. [2,
pp. 75–77]), is probably more convincing.

On the cube with vertices (±1,±1,±1) choose a point v1 = (1, y, z) on the
front face, with, say, 0 < z < y < 1. The 24 points g(v1), where g is a
rotational symmetry of the cube, are vertices of six squares, one on each
face of the cube:

v1 = (1, y, z)

In fact they are vertices of a polyhedron that has six {100} (cube, red) faces,
eight {111} (octahedral, blue) faces, and twenty-four {hkl} (gyroid, green)
faces as shown below. The polyhedron has the same rotational symmetries
as the cube. Moreover, all of its vertices “look alike,” that is, the group of
symmetries of the polyhedron is transitive on vertices.

v1 = (1, y, z)

v2 = (y, z, 1) 

v3 = (1, -z, y)

But this polyhedron is not yet the snub cube. To get the snub cube, we want
to choose y and z so that the green triangles become equilateral. One of
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those triangles has vertices v1 = (1, y, z),v2 = (y, z, 1), and v3 = (1,−z, y)
as shown above. The conditions |v2−v1| = |v3−v1| and |v2−v1| = |v3−v2|
reduce to

y =
1− z

1 + z
(1)

y = z
1 + z

1− z
, (2)

respectively, from which we get

z = y2. (3)

Equations (1) and (3) then give

y3 + y2 + y = 1 (4)
y ≈ 0.543689
z ≈ 0.295598

With this choice of y and z the polyhedron becomes the snub cube:

(1, y, z)

The gyroid (green) faces are conceptually different from the octahedral
(blue) faces, even though all are congruent equilateral triangles.
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Without the coloring, as in this sculpture at Caltech, the snub cube is harder
to understand:

The Venn diagram below illustrates how special is the snub cube. The snub
cube is in the intersection of the three circles; its faces are regular polygons,
its vertices all look alike, and its symmetry is gyroidal, that is, its symmetries
are the same as the rotational symmetries of the cube.
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symmetry is gyroidal
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Incidentally, the Miller indices hkl of the gyroid faces on the snub cube work
out to be�

y2 − y(z + 1) + z(2z − 1)
y − 1

, y − z, y + z

�
≈ (1.1607, .24809, .83929), (5)

which cannot be reduced to a triple of small integers. Thus the snub cube
is not crystallographically permissible; not all its faces are lattice planes.
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