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This article develops a unified approach to the computation of refraction ice crystal halos and their
caustics. An explicit formula is given for the halo function, that is, the function that expresses points
of light on the celestial sphere as a function of crystal orientation. Restricting the halo function to
various subsets of its domain produces different halos. The caustic of a halo is the image of the set of
singular points of the (suitably restricted) halo function. Computation of the kernel of the Jacobian of
the unrestricted halo function leads to a general approach to the construction of caustics of arbitrary
halos. The halos used as examples are circular halos, upper and lower tangent arcs, infralateral and
supralateral arcs, Lowitz arcs, and parhelia. The above methods are used to generate computer plots
of several of these halos and their caustics, together with the sets of crystal orientations responsible
for the halos.

INTRODUCTION

The purpose of this paper is to present an analytic frame-
work that permits the systematic computation of ice crystal
halos, including their caustics, and that lends itself to a rig-
orous mathematical development of the properties of halos.
The halos in question result from the refraction of light in ice
crystals in the atmosphere. The fundamental object of study
is the halo function F, which expresses points of light on the
celestial sphere as a function of crystal orientation. If all
crystal orientations are present the domain of F is a three-
dimensional set Y, and a circular halo results. If the crystals
assume preferred orientations as they fall, then the domain
of F is restricted to various subsets of i. In every case the
resulting halo is constructed by parametrizing the set of
crystal orientations present and then plotting the values of
the halo function as the parameters vary. In this paper we
vary the parameters systematically and get results resembling
those of Tricker,1 2 though not in all respects, and of Wegener.3

If the parameters were to take random or weighted values we
should get halo simulations like those of Greenler and co-
workers.4 -9

Caustics. Let f be a differentiable function from an r-
dimensional manifold'0 N to an s-dimensional manifold. A
point X in N is a singular point of f if the Jacobian matrix Jf
at X has less than maximal rank [= min(r,s)]. In this case,
since rank Jf + dim(kerJf) = r, then the kernel of Jf at X is
larger than normal. So at X there is an unusual amount of
bunching or collapsing by f, at least infinitesimally.

Now suppose our manifold N is a subset of Y and that f is
the restriction of F to N, so that the range of f is some halo.
The caustic of the halo is the image of the set of singular
points of f. This is where relatively many crystal orientations
are lighting up a small region of the celestial sphere. Thus the
caustic is the dominant feature on most halos.

Later we develop a general analytic formula for computing
the caustic and then plot the results for several halos. We also
examine the "minimum deviation locus" in relation to the
caustic.

Previous theoretical work on refraction halos is found in
Bravais," Pernter and Exner,12 Wegener, 3 Humphreys,13 and
Tricker." 2"14 Some of the geometrical motivation for the
present paper is in Tape.15

Section I of the paper develops the notation and analytic
tools needed to study refraction. Section II describes the
mapping involved in the formation of the upper tangent arc;
this mapping is the main ingredient in the representation for
the halo function that is given in Sec. IV. Section III contains
an often stated but apparently nontrivial result involving the
deviation between the incoming and outgoing rays to a crystal;
this result is needed in Sec. VI. Section V gives the kernel of
JF, which is the basis for computing caustics for all halos.

Section VI is a discussion of the circular halo, which in the
past has been perhaps too readily dismissed simply as a
minimum deviation phenomenon.

Section VIII treats two-dimensional halos, which are
visualized as folded or pleated transparent rubber sheets.
Section IX very briefly examines the one-dimensional halos,
which are just curves on the celestial sphere.

The core of the paper consists of Secs. IV-VI and VIII. The
reader who is not interested in following the proofs may skim
Secs. I and VII.

1. TECHNICALITIES OF REFRACTION

We ignore reflected rays and diffraction effects. Thus we
consider the problem of refraction in a wedge as shown in Fig.
1. We set up the following terminology and notation:

n: index of refraction (n > 1). In the
figures, n = 1.31 (ice).

normal plane: any plane perpendicular to both faces
of the wedge. In Fig. 1 the plane of
the paper is the normal plane.

N: outward unit normal to the entry
face.

N1 : inward normal to the entry face (not
labeled in Fig. 1).

N2 : outward normal to the exit face.
axial vector P: unit vector in direction of N, X N2.

The axial vector determines the signs
of all angles in the normal plane;
positive angles give P via the right-
hand rule.

refracting angle ao: angle from N, to N2. 0 < a < 180,
but the most important values of a
are 60 and 90 (see, e.g., Figs. 17-19).
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FIG. 1. Notation regarding refraction. The axial vector P is pointing out
of the paper.

All angles are measured in degrees.
: unit vector in direction of incoming

ray (not shown in Fig. 1).
unit vector in direction of outgoing
(twice refracted) ray (not shown).

Ip vector projection of I onto the normal
plane.

Rp vector projection of R onto the nor-
mal plane.

,u angle from Ip to N1.
r angle from the projected refracted

ray at the entry face, to N1.
,': angle from the projected incident ray

at the exit face, to N2-
r': angle from Rp to N2-
D: angle from Ip to Rp (not shown).
A: angle between I and R (not shown).

0 < A < 180.
0 : angle between P and -I (not shown).

0 < 0 < 180.
n': Bravais refractive index

(n 2 
- coS2 0)' 1 2/sin0.

Bravais' laws, which are a consequence of Snell's law, reduce
the general problem of refraction to the problem of refraction
in the normal plane:

(bl) The angle between P and I is equal to the angle be-
tween P and R.

(b2) The three projected rays (Ip, Rp, and the intermediate
projected ray within the wedge) behave like light rays entering
and leaving a medium having index of refraction n'.

A. Properties of D
By Bravais' law (b2) D is a function of 0 and , and is cal-

culated from the relations

sinr = (sin,)/n',

,' = r + a,

sinr' =n' sinu',

D = a + , - r'.

(1)

(2)

(3)

(4)

Figure 2 shows the domain of the function D, namely, the
set

Z = I(0A)|IOtmin < 0 S 180 -min, -90 S ,u S AL L(O)j,
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where

SinAuL(O) = cosa - (n2 - )1/ 2(sina)/sin0, (5)

sin0mi, = (n2 - 1)1/2 tan (a/2). (6)

The condition tt = -90 gives grazing incidence, and , = /.L (0)
gives grazing exit. The function D is continuous on S and
differentiable on the interior of A, that is, on the set

,D = R(0,i) 1 0min < 0 < 180 -min, -90 < A < AL (0)

From Eq. (6) it follows that sin(a/2) < n-1 in order for light
to pass through the wedge.

From the definition of n' = n'(0),
dn' -(n 2 

- 1) cos0

dO n'sin30

From Eqs. (1)-(4),

ZD -dn' sina
= , (8)

a0 dO cosr cosr'
6D cosr'cosr - cosU'cosa (9)
')A cosr' cosr

From Eqs. (9), (1), (3), and (2), a computation shows that
bD/16 = 0 if and only if ,u =m(O) (in which case ,u =-r'and
' -r), where

sinMuM(O) =-n'(0) sin(a/2). (10)

Thus for fixed 0 the extreme values of D(0,4) can only occur
at A = -90, AM (0), or /L (°)-

Define Dmin(0) = D(0,MM(O)). Since r' =- for , I=,M(O),
Eq. (4) gives

Dmin(0) = a + 2gM(O). (11)

Similarly, define Dmax(0) = D(040L(0))[= D(O,-90)]. Then
Dmax(0) is the value of D on the boundary of iO and from Eqs.
(1)-(5) is given by

Dmax(t) = a + AL(0) - 90. (12)

The sign of bD/d.z [Eq. (9)] shows that for fixed 0, the mini-
mum value of D(0,g) is Dmax(O) and the maximum value is
Dmin(0). Then from Eqs. (5), (6), (10)-(12), and the fact that
n>1and0<a<180,wefind-180<D<O. Soif0isfixed,
then Dmin(O) and Dmax(O) are the minimum and maximum,
respectively, of ID (0,A) 1.

From Eqs. (11), (10), (7), (12), and (5) we get derivatives

180 150 120 90
THETR

60 30

O

t0

M

FIG. 2. Set O = domain D. The upper boundary Is the line ,u = -90
(grazing entry) and the lower boundary is the curve A = AL(M) (grazing exit).
The middle curve is ,u = lMA(O), on which D(,Lt) = Dmin(0). a = 60.
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FIG. 3. Upper tangent arc when the sun is on the horizon. The dotty
circle is the 220 halo (caustic). a = 60.

D 2(n 2 - 1) cos0sin(a/2) (1

minD() (n 2 
- Cos2 0)1/2cosyM sin2o

D',max(0) = (n- 1)1/2 cosO sina (1
cosAL sin 2 0

B. Properties of A
The actual deviation A is related to the deviation D me,

sured in the normal plane by

sin(A/2) = -sin0sin(D/2), (P

which follows from Bravais' law (bi) and the definitions of I
A, and 0. Then since -180 < D < 0 and sinO p,- 0 [Eq. (6)], v
have 0 < A < 180. From Eq. (15) and the continuity of D
X, it follows that A is continuous on S. Similarly, A
differentiable on 9.

From Eq. (15) we find

6A -bD sin0cos(D/2)

6g A Ot cos(A/2)

Finally, let Amin(0)
= A(0,AL(0)) = A(0,-90)-
(15), (13), (11), (10), (14),

= A(0,tM (0)) and Amax(m
Two long calculations using Eq,

(12), and (5) give derivatives

sin20 cos(a/2) sin(Dmin/2)
A'=ino (17

\° /2 - cos
2
0 COSAM cos(Amin/

2
)

cos0 sina _2-1Coa
A'max(0) = sin COSML sinArax [(2 sinG sina + \/n2-1 cosa)

X cos/uL sinG + (n2 
- 1)sin 2a

-3sin
2 - isinOsinaeosa - 2sin2 o0n . (P

3d

3)

4)

The function D, which gives the deviation as measured in
a- the normal plane, is fairly simple. Recall from Sec. IA that

for fixed 0, the "minimum"17 value of D(0,pi) occurs at AmM(0)
and the maximum value occurs at the endpoints IUL (0) and

5) -90. Then Eqs. (13) and (14) show that the minimum value
of D on T occurs at (9O,.Mm (90)), while the maximum occurs
at the "corners" (Omin,-90) and (180 -

0 min, -90) of AZ) (Fig.
ye 2).
On
is Proposition 1 examines the analogous properties for A, the

actual deviation. We will see that A indeed has its minimum
value at (9 0,,UM(9 0)), as does D; but this conclusion is by no
means obvious from a casual inspection of the relation
sin(A/2) = -sinGsin(D/2) [Eq. (15)]. And the maximum
value of A may or may not occur at the corners of W-the
outcome depends on a and n. Three cases are shown in Fig.
4.

Is. Proposition 1: (1) The deviation A has its minimum value

at, and only at, (9O,Am(9O)). Thus the minimum value is
Amin(90) = -Dmin(90). (Refer to Sec. I for notation.) (2) The
deviation A has its maximum value at (Omin,-90) and (180
-Omin, -90), or at (90,-90) and (9 0,AL( 9O)).

Proof: See Appendix A.

The properties of A are reflected in the upper tangent arc,
shown in Fig. 3 for a = 60 and n = 1.31. The deviation A is

8) measured by a radial coordinate centered on the sun. The

ALPHA 40 ALPHA 6 ALPHA 90

30 60 90 120 150 30 60 90 120 160 30 60 90 120 150
THETA

FIG. 4. Functions Amax (the lower curve) and -Dmax for a = 40, 60, and 90. For a = 40 the maximum value of Ama, occurs at 0 = 90. For a = 60
and 90 the maximum value of ACmx occurs at the endpoints 0 = 0min((a) and 180 - Omrn(a). n = 1.31.
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II. UPPER TANGENT ARC

To help visualize results later on, we review16 the mapping
involved in the formation of the upper tangent arc when the
sun is on the horizon. These later results, however, do not
depend logically on the present section.

Let the sun be at (1,0,0) on the celestial sphere. The upper
tangent arc (Fig. 3 if a = 60) is formed by crystals with P lying
in the horizontal half plane z = 0O y > 0, and with (0,ji) in A.
There is a 1-1 correspondence between such crystal orienta-
tions and the points of ). So AZ can be thought of as a rubber
sheet that is placed on the upper tangent arc by the halo
function. The curves ,.t = AL (O) and g =-90 inA) (Fig. 2) are
brought together and placed on the upper boundary of the
halo. At the same time, the sheet is folded and bunched at
points on the curve Au = AuM(O), which ends up on the lower
boundary of the halo. In the process, each line 0 = 0D in ] is
folded and bunched at Au = ILM(Oo) and placed on one of the
circular segments shown on the halo.

III. MINIMUM AND MAXIMUM OF THE DEVIATION

Z

S�

CZ
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FIG. 5. Point A = A(O,y); 0 is the angle between the sun direction S and
the "horizontal" (i.e., w = 0) vector P. and y is the angle from BS to BA.
If P is the axial vector of a crystal and A is the projected angle of incidence,
then A(O,D(Ou)) is the corresponding point of light on the celestial sphere.
The vector from B to A(O,,u) is the outward normal N to the entry face of the
crystal.

shape of the lower boundary of the halo depends in part on
Amin, while the upper (theoretical) boundary of the halo il-
lustrates the more complicated behavior of Amax.

IV. COORDINATE REPRESENTATION OF THE
HALO FUNCTION

In this section we develop a coordinate representation for
the point of light F(O,wf) on the celestial sphere that is de-
termined by a given crystal orientation (0 ,jz). The moti-
vation for our choice of coordinates is (1) to exploit Bravais'
laws and (2) to represent the circular halo, which is the most
general halo, as a superposition of suitably rotated, congruent,
upper tangent arcs.

Let the unit sphere represent the celestial sphere, with the
sun at (cosl,O, sin2), so that 2 is the elevation of the sun. Let
uvw Cartesian coordinate axes be obtained from the ordinary
xyz axes by rotation through angle -2 about the y axis. For
the remainder of this section vectors are expressed in uvw
coordinates. Thus the direction of the sun is now S

(1,0,0).

Choose 0 so that 0 < 0 < 180; then the vector? = (cosO,
sin0,O) is in the right (i.e., v > 0) half of the uv plane (Fig. 5).
Let B be the vector projection of 9 onto A, and let BA result
from BS by rotation through angle -y about P. Then the point
A = B + BA is given by

cos
2

0 + cos-y sin 2O

A (0,Y) = (1 - cos-y) cosO sinG .

-sin-y sinG

FIG. 6. Axial vector P and outward normal N = BA determined by the
coordinates (O,/,o). The vector P lies in the (heavily shaded) half plane
obtained by rotating the half plane w = 0, v > 0, through angle : about the
u axis; 0 is the angle between S and P, and ,u is the angle from BS to BA.
See Sec. VII.

angle : about the u axis (Fig. 6), will produce a congruent
tangent arc, but rotated through angle / about the u axis (Fig.
7). Thus the halo function is given by

F(0,A,O) = R(A(0,D(0,A))), (20)

where R3 is rotation through angle : about the u axis.

If we let T be the set of real numbers modulo 360, then the
halo function F is defined on the set

= AZ) X T = I(04,I I )IOmin < 0 < 180- Omin,

-90 < j AL <L( 0 )b

From Eqs. (19) and (20) and the continuity of D on eO, it fol-
lows that F is continuous on Y. Similarly, F is differentiable
on the set 7 = D X T. The set J appears in Figs. 8-16.

Equation (20) provides a systematic way to generate
halos.

(19)

Now consider the crystal orientation with axial vector P
- (cosO, sin,) as above and with projected angle of incidence
ji (Sec. I). Since the plane of the small circle in Fig. 5 is the
normal plane of the crystal, Bravais' laws imply18 that the
point of light on the celestial sphere determined by this crystal
orientation is A(O,D(04,)). As (0,g) varies in X, A(0,D(0,A))
fills out an upper tangent arc, shaped as if the sun were on the
horizon (Fig. 3 if a = 60),

Similarly, crystal orientations with axial vector in the half
plane obtained by rotating the half plane w = 0, v 2 0, through

1178 J. Opt. Soc. Am., Vol. 70, No. 10, October 1980

-I-----

FIG. 7. Contribution to the circular halo due to crystals with axial vector
P in the (heavily shaded) half plane obtained by rotating the half plane w
= 0, v > 0, through angle : about the u axis. (3 happens to be negative
in Figs. 6 and 7.) See also Figs. 3 and 6. The dotted circles are the inner
and outer boundaries of the circular halo. a = 60.
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180

-180

FIG. 8. Two views of the set Y = domain F and some of the curves F1 ( Y).
tions on a curve F( )Y) light the same point Y on the celestial sphere. Since
a = 60.

V. KERNEL OF JF

Let JF be the Jacobian matrix of F. The kernel of JF plays
a crucial role in the formation of halos; it is in the direction of
the kernel that the halo function "collapses" many crystal
orientations to light up a small area of sky. Proposition 2,
below, gives an analytic expression for the kernel. In Secs.
VI, VIII, and IX, this result is used to give a general approach
to the computation of halo caustics.

Proposition 2: Define V = I(90,,uM(90),0)I I e T1. Let X
= (O,,u,) be in J. (1) If X $ X, then the kernel of JF at X is
one-dimensional and is spanned by the vector

/CoD D M
/ - cos - sinO6A 2

2snD- cosO -- DCos-Dsino (21)

\ ?D .D/
2 -- so-- sin -

(2) If X e N then the kernel of JF at X is two-dimensional
and is spanned by the vectors

(1° and

Proof: See Appendix B.

D( co D-
sin - /

2

(22)

and

an-------

The base of Y is TD (Fig. 2), and the 3 axis is vertical. Ail crystal orienta-
the kernel of JF is independent of A, these few curves shown are typical.

VI. CIRCULAR HALOS

A circular halo or, more precisely, an annular halo, occurs
if all crystal orientations are present19: Sihce F is continuous
on the connected, compact set i, and because of the rotational
symmetry in $, the image of Y under F must be the whole
celestial sphere, a closed disc centered on the sun or the an-
tisolar point, or else a closed annular region centered on the
sun. Since 0 < A < 180, the first two cases are ruled out, and
the halo must indeed be annular, as expected.

As in Proposition 2, let eX be the vertical line in J consisting
of orientations (0,,4,O) such that 0 = 90 and ,u = A'M(9 0 ).

Proposition 2 tells us that X is the set of singular points of F,
that is, points in I where JF has less than maximal rank.
Hence the caustic of the circular halo is F(eV).

But the first part of Proposition 1 shows that F(S) is the
inner, circular, boundary of the halo. Hence the caustic of the
circular halo is its inner boundary, with radius -Dmin(90)
(= 21.8 for a = 60, 45.7 for a = 90).

The radius of the outer (theoretical) boundary is given by
the second part of Proposition 1.

On the open set .i, F is a differentiable function from a
three-dimensional manifold (5) to a two-dimensional mani-
fold (the celestial sphere). The implicit function theorem of
advanced calculus then says that if X e J - S, then smooth
coordinates can be chosen in open sets about X and about Y
= F(X) so that in these coordinates F looks like a projection2 0

(x1 ,x2,x3)- (x1,x2). Furthermore, the inverse image (in I)

1179 J. Opt. Soc. Am., Vol. 70, No. 10, October 1980
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360

0

= 30

360

0

= 57

FIG. 9. Infralateral arcs and their generating sets for four sun elevations ; 30, 57, 60, and 80. On the right-hand side in each picture the dotted curves
are the 460 halo (caustic) and the parhelic circle. At the left-hand side the i3 axis is vertical, the V axis is to the left, and the negative kt axis is to the rear.
Hash marks are at 10-deg intervals on the axes.
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FIG. 9. (continued).
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180

-180

FIG. 10. Supralateral arc and its generating set. z = 10.

360

-. 0

FIG. 11. Lower Lowitz arc and its generating set. z 30. The dotted circle is the 220 halo (caustic). The same scale is used both for the halo and
for Ogp3 space as in Figs. 9 and 10; now Y is larger and the halo is smaller due to the change in ce from 90 to 60. See also Fig. 15.
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180

180

FIG. 12. Upper Lowitz arc and its generating set. z = 30. See also Fig. 16.

360

0

FIG. 13. Third Lowitz arc and its generating set. z = 40.
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-90

/-~ =20

270

.- 90

A/ 2=50

FIG. 14. Upper and lower tangent arcs and their generating sets for 3 = 20 and 50. a = 60.

1184 J. Opt. Soc: Am., Vol. 70, No. 10, October 1980 Walter Tape 1184



360

0

FIG._15. On the left-hand side, singular set and boundary of JV for the lower Lowitz arc of Fig. 11. On the right-hand side, caustic and image of the boundary
of X1. The caustic outlines the folds and pleats. The two curves near the rear of Y make up the part of the singular set that gets mapped to the pleats.
The two curves toward the front of Jr are mapped to the folds.

180

-180

FIG. 16. On the left-hand side, singular set and boundary of W for the upper Lowitz arc of Fig. 12. On the right-hand side, caustic and image of the boundary
of XM. The two short curves at the front of Y are mapped to the pleats. The long meandering curve is mapped to the fold.
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of Y will be a smooth curve in 9 - V.21 So I - 4 is a union
of curves each of which consists of infinitely many orientations
lighting the same point on the celestial sphere. At each point
X on such a curve the tangent vector to the curve is in the
kernel of JF at X. Figure 8 shows several of these curves
when a = 60. On the other hand, if Y is on the caustic then
F-' ( Y) consists of exactly one, easily calculated, orientation,
which will be in 4'.

Circular halo as a superposition of halos
Taking a less abstract point of view, we can analyze the

circular halo as a superposition of rotated upper tangent arcs,
as in Sec. IV. For instance, to find the above-mentioned curve
F- I (Y) of orientations lighting a given point Y on the circular
halo, first construct a template in the form of an upper tangent
arc, as in Fig. 3 if a = 60. Then rotate the template from its
customary vertical position, through any angle ,B chosen so
that the template covers the point Y. Referring to the posi-
tion of Y on the template, undo the mapping described in Sec.
II in order to get 0 and A. The orientation (0,A,13) is then on
the curve F-I(Y).

Bravais"l pointed out that a circular halo is a superposition
of parhelia. In fact, each line segment I(00oA,0o) 1-90 < A
< AL (00I) in Y represents rotations of a crystal about a fixed
axial vector. The corresponding image on the celestial sphere
is a "parhelion," like one of the circular segments shown on
the tangent arc of Fig. 7.

Circular halo and minimum deviation
In what sense is a circular halo a minimum deviation phe-

nomenon? If we start with the (nonobvious) fact that A is
minimized when 0 = 90 andy = Am (9 0), then the image F(4')
must be the inner boundary of the halo. So if X e 4', then
since X e Dr and F(X) is a boundary point, the implicit
function theorem guarantees that X is a singular point of F.
Hence F(4') must be part of the caustic. But without Prop-
osition 2 there would still remain the annoying possibility that
the caustic consists of several concentric circles.

We have seen that the circular halo is rather complicated,
and it seems an oversimplification to explain it solely by
analogy with the parhelia or the rainbow, both of which are
one-dimensional problems. Since for a circular halo the set
of responsible orientations is three-dimensional, it takes two
directions of collapse [i.e., dim(kerJF) = 2] in order to get
relatively concentrated light on the celestial sphere. At every
point in J there is at least one direction of collapse. (We have
not mentioned the contrast between illuminated and unillu-
minated regions that occurs at the boundaries of the halo, but
this contrast is perhaps less noticeable than the concentration
of light due to the caustic.)

Let us restate some of these results more physically: Place
a prism in a beam of light and watch the emergent ray as the
prism assumes different orientations. If the prism axis is
normal to the beam, and if the prism is then rotated about its
axis, then the outgoing ray spends much of its time near the
minimum deviation position F(90,gNM(90),3). This obser-
vation alone, however, does not explain the circular halo. In
fact, we can choose any orientation X in 5I for the prism and
find an appropriate way to turn the prism (not a simple
rotation about the axis) so that the outgoing ray changes either
not at all (the case X $ 4') or only infinitesimally (the case X
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e S'). So the above observation suggests no special accumu-
lation of light. The point is that for orientations in S there
are two directions in which the prism can be turned so that the
outgoing ray changes at most infinitesimally.

VII. SET OF ORIENTATIONS

In the remainder of the paper we study halos resulting from
constrained sets of crystal orientations. To express these
constraints we need to look more closely at the set of all or-
ientations.

Let 9 be the set of all orientations, technically known as the
special orthogonal group. Thus 9 contains Y as a subset; Y
consists of the elements of D9 which will pass light as in Fig. 1.
An element of 9 can be thought of as an ordered pair (P,T) of
orthonormal vectors. We usually regard P as the axial vector
of a crystal and & as the outward unit normal to the entry face
of the crystal, as before.

For the theory of halos there seem to be at least two natural
coordinate systems for 9. The (0,A,fl) system defined in Sec.
IV is natural with respect to the incoming light, and Bravais'
laws are expressed simply in these coordinates. On the other
hand, when crystals align themselves as they fall, they respond
to gravity and not the direction of the sun, and the constraints
they obey are usually best expressed with respect to the ver-
tical.

The 0 and f coordinates of Sec. IV are just spherical coor-
dinates with respect to the uvw axes, the u axis being the polar
axis. We have

u = cosO,

v sinO cosf,

w sin0sin3.

In the special case z = 90 we get u0 , v0, w0 axes which are
exactly the ordinary z, y, -x axes, respectively. The uvw and
u v ow systems are related by a rotation through angle -(90
- X) about the y axis, so

uo = u sin2; + w cosl,

V° = V (23)

w = -u cosŽ + w sinX

Now suppose (AJ) in 9 has coordinates (0,A,fl), where, as
in Sec. IV, 0 and f are the above spherical coordinates of P
with respect to the uvw axes, and N = BA results from -IP
= BS by rotation through angle A about P (Fig. 6). Then P
and Z have uvw coordinates

Up = COS0,

VP = sin0 coso,

wp, sin0sino,

UN = cosg sinO, (24)

VN = -coSY COS( CosO + sing sinl,

WN = -cosy cost sin3 - sing cost.

Hence from Eqs. (23) and (24), the u'vowo coordinates of P
and & are
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(a)

NM=

I

FIG. 17. Crystal and light path involved in formation of upper and lower
tangent arcs when a = 60. The principal axis of the prism is hori-
zontal.

Zp = u = coso sin + sinO sinf cos ,

yp = V u = sin cosO,

-Xp = w7 = -cosocosl + sinosin:3sinZ,

ZN = UN= cosysinfsinZ
+ (-cosA cosO sinO - sing coso) cosX,

YN = V N = -COsy C5O0 cosO + sing sino,

-XN = WN = -cosg sin0 cos2

+ (-cosg cosO sin 3 - sing coso) sin Z.

(25)

(26) FIG. 18. Crystals and light paths involved in formation of (a) infralateral

I-X and (b) supralateral arcs. The principal axis of the prism is horizontal.
kZ lJ

(28)

(29)

(30)

Of course, if M is the unit vector in the normal plane resulting
from -I by rotation through angle My about P. then Eqs.
(28)-(30) hold if & is replaced by M and g is replaced by y.

Equations (25)-(30) are used to express the common con-
straints on crystal orientations.

VilI. TWO-DIMENSIONAL HALOS

The halo function F depends only on the refracting angle
and the index of refraction. We get different halos by starting
with different subsets of i, that is, with different sets of crystal
orientations. Let us define the generating set .N of a halo to
be the set of orientations in Y which give rise to the halo. And
let N = Xf n i.

In order to apply the methods of the calculus to compute
caustics, we make the idealization that the crystals producing
a halo do not deviate from their preferred orientations.
Precisely, .V should be a submanifold of 7; so .i is either an
open set in JX, a smooth surface in A, or a smooth curve in i7.
We classify the halo as three-, two-, or one-dimensional, ac-
cordingly. The circular halos are three-dimensional halos,
with N = S. In this section we study the two-dimensional
halos. As examples we use the upper and lower tangent arcs

(to the 22° and 46° halos), the supralateral and infralateral
arcs of the 460 halo, and the Lowitz arcs of the 22° halo.

Following current literature, we tentatively attribute these
halos to the crystals and light paths given below and shown
in Figs. 17-19. For each halo we now give the corresponding
generating set &V and refracting angle a.

Upper and lower tangent arcs. The upper and lower
tangent arcs are assumed to arise from crystals with P hori-
zontal (Fig. 17 for a = 60). So from Eq. (25), jV is given by

cos0sin2 + sin0sinfcosl = 0.

For tangent arcs to the 220 (46°) halo, a = 60 (90).

(31)

Side arcs. By a side arc we mean a halo whose generating
set is characterized by having M horizontal, where M is some
vector in the normal plane of the crystal, fixed with respect
to the crystal. Hence from Eq. (28) the generating set TV for
a side arc is described by

cos-y (sinO sinŽ - cost sin: cost) - sin-y coso cos2 = 0,

where, as at the end of Sec. VII, fy is the angle from -I1 to M.
To write My in terms of g, let X be the (fixed) angle from M to
N; then My = g - X.

The infralateral and supralateral arcs are assumed to arise
from horizontal hexagonal ice columns as shown in Fig. 18.
For both arcs a = 90. For the infralateral arc [Fig. 18(a)] the
light ray enters a basal face and exits a side face of the prism.
Then & is horizontal and so plays the role of A, so X = 0 (or
X k 180, since X is only defined up to a multiple of 180). For

FIG. 19. Crystals and light paths
involved in the formation of (a)

-- M lower Lowitz arc, (b) upper Lowitz
---------- ASK;arc, and (c) third (unnamed) Lowitz

arc. The crystals are spinning
about the horizontal axis M.
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the supralateral arc [Fig. 18(b)] the ray enters a side face and
exits a basal face, so Nt2 is horizontal and A = 90.

The Lowitz arcs are assumed to be due to hexagonal plate
crystals spinning about a long axis of the hexagon, as proposed
by Tricker,14 land further studied by Mueller et al.8 It is now
the spin axis that plays the role of M. The refracting angle
is 60. For the lower Lowitz arc [Fig. 19(a)] X = 30; for the
upper Lowitz arc [Fig. 19(b)] X = 90; and for the third Lowitz
arc [Fig. 19(c)] X = 150.

To emphasize, perhaps somewhat artificially, the similar-
ities among the above five side arcs, we can introduce the angle
p = A - 90, which is the angle from P X A to N. Then the
general form for the generating set of a side arc becomes

G(O,g,/3 ) = a(0,4,2;) sin(g - (p)
+ bQ3,2) cos(g - s°) = 0, (32)

where

a (,A,2;) = sinO sinZ - cosO sinf cosZ,

b(,A ) = cos cosO.

And for the above five side arcs,

(-a for the lower Lowitz and the infralateral
o= 0 for the upper Lowitz and the supralateral.

a for the third Lowitz and the infralateral

Plots of the halos
To construct any two-dimensional halo we parametrize the

surface NV of orientations, using 0 and A as parameters 22 and
solving for : = (0,,) (multiple valued). Then as 0 and A vary,
F(0,g,/3(0,g)) traces out the halo. Figures 9-14 show some
typical resulting halos, in stereographic projections. In most
of the figures the caustic, to be discussed below, is the inner
curve. Each remaining light colored curve corresponds to a
fixed value of 0. The slightly darker curve is the image of the
boundary of jV.

A theorem of Whitney2 3 tells what to expect when surfaces
are mapped smoothly to surfaces: with rare exceptions we
should get at worst folds or pleats. Most of the two-dimen-
sional halos appear 2 4 to illustrate the theorem nicely: The
folds in Figs. 9-13 can hardly be missed, and with practice one
can also see the pleats (Figs. 11 and 12), though the situation
is complicated by the presence of the second, unpleated,
sheet.

Figures 9-14 also show the corresponding generating sets
AN, together with the outline of Y. The dark curves are the
boundary of N; this is where the surface N meets the
boundary of Y. To grasp the perspective, it helps to re-
member that the light curves are 0 = constant curves and
hence lie in vertical planes parallel to the g/ plane.

The nature of the mapping is most easily seen in Fig. 9, since
the two horizontal lines j3 = +90, z = -90, are common to the
infralateral arc generating sets for all X [use Eq. (32) with yo
= -90], and hence all the infralateral arcs share the images
of these lines. Each of the two images has the form of the
upper boundary of the upper tangent arc (a = 90) with Y
= 0, but is rotated through *90.
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Comparison of iV with its corresponding halo clarifies
several of the qualitative changes in halos that occur as y

changes. Figure 9, for instance, shows that the merger in the
sheets of the infralateral arc that occurs at 2 = 57.8
(= -ML (90)) is not an overlap of images but rather a conse-
quence of the merging of the components of N. And the in-
fralateral arc breaks away from the 46° halo caustic at 2
- 67.9 [=-PM(90)2 5] when jV no longer intersects the vertical
line '.

Figure 14 shows the upper and lower tangent arcs to the 220
halo for Z = 20 and z = 50. The folds are harder to see than
in the side arc figures because each segment 0 = constant has
been folded back on itself, as with the mapping of Sec. II. The
generating sets, however, are simple; note that A does not
appear in Eq. (31). In the 2 = 20 figure, the lower arc passes
through the subsun point (x,y,z) = (cosX, 0, -sin2;) and the
mapping becomes one of the "rare exceptions" mentioned in
the above rough statement of Whitney's theorem. It is a fold
along A = AM( 0

), together with a drastic twist.

For any two-dimensional halo, the set of all orientations
present, not just those in Y, is a surface in 9. The generating
set consists of the pieces of the surface which happen to pass
through Y.

Caustics of the two-dimensional halos
Recall that for a halo with generating set N, the caustic is

the image of the set of singular points of F I x (the restriction
of F to NV). And a point X in N is a singular point of Fix
when J(FP A) at X has less than maximal rank. If the halo
is two dimensional, X will be a singular point of Fiv when the
kernel of J(Fj a) at X is nonzero. This occurs when the
kernel of JF at X contains a nonzero vector which is tangent
to the surface NV at X.

Case (i): X e S. Then Proposition 2 tells us that kerJF
at X is two-dimensional. The intersection of the kernel with
the tangent plane to jV at X will be nonzero, and hence X
must be a singular point of Flg. Note that the corresponding
point F(X) on the halo is characterized by being both on the
halo in question and on the caustic of the circular halo. Thus
the more important case follows.

Case (ii): X i 2. Then kerJF is one dimensional, so X is
a singular point of F[,v when the kernel of JF at X is tangent
to the surface jN at X. This in turn occurs when the kernel
of JF at X is perpendicular to the normal vector to NV at X.
Thus the caustic can be calculated.

As a first illustration of these ideas, consider the upper and
lower tangent arcs when 2; 0. From Eq. (31), N consists of
the two horizontal planes j3 = 0 and : = 180 in 7, which are
shown in Fig. 8 for a = 60. As we see below, the curve p
= uM(0) on each plane consists of singular points of Fix.
Figure 8 shows some of the curves F- ' (Y) that intersect the
curve p = pM(O), j3 = 0. As expected, these curves, whose
tangent vectors are in kerJF, are tangent to JV where they
intersect A = M (0)-

As a second, more important, example, we calculate the
caustics for the side arcs. The set N is given by Eq. (32). The
normal vector to NV is then
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G dG |sin(,u - p) (cosO sinY + sinO sinf cost)
6G0 OGu OG , cos(,u- sp) (sinO sin2;- cosO sinO cos;) - sin(y - (p) cosl cosO .

-sin(, - p) cosO cost cosZ - cos(A -sp) cosX sink

The kernel of JF is given by Eq. (21). To compute the caustic
we solve the two equations

-G , 'b kerJF = 0 and G(0,AA=) 0, (34)

and then apply F to the resulting points of JV.

The equations (34) have been solved numerically and the
resulting caustics have been included in Figs. 9-13. Since the
pleat regions of Figs. 11 and 12 are cluttered, the caustics of

these two figures are also shown separately, along with their
singular sets, in Figs. 15 and 16. In all the halo figures the
caustics outline the folds and pleats.

The equations (34) describe the singular set, and hence the

caustic, of any two-dimensional halo; the form of G will change
to suit the halo.

Are the pleats real? The portion of the singular set that
produces the pleats of the upper Lowitz arc (Fig. 16) is located

almost at the front boundary of i, in the region of orientations
giving nearly grazing exit. This is typical of the upper Lowitz
arc for all sun elevations. It suggests that the pleats of the
upper Lowitz arc should be extremely weak.

The pleats of the lower Lowitz arc (Fig. 15) also arise from

a somewhat poorly positioned singular set, but they are
probably considerably stronger than those of the upper Lowitz
arc. But Mueller's 8 simulation of the z = 30 lower Lowitz arc
indicates that the pleats would still not be strong enough to
be seen in reality, even if they were not masked by the other
Lowitz arcs. (If the crystals in the simulation do not deviate
from their ideal orientations, then presumably the pleats could
eventually be made to show up, by sufficiently magnifying the
picture and by taking a large enough number of input crystal
orientations. This is not to say, of course, that the pleats will
be seen in the sky.)

Role of minimum deviation loci
Consider a halo resulting from a surface N of orientations.

The minimum deviation locus for the halo is the curve 0

F(6,/UM(O),O) = R0(A(0,Dmin(6))), where 3 = O(OAm(O))
is chosen so that (O,,M(O),1) is in V. If X = (0OoM(00),f) is
in N, so that F(X) is on the minimum deviation locus, then
F(X) is the halo point which has minimum 17 D for 6 = 6o.26

We will see that for the upper and lower tangent arcs (and
for parhelia, in the one-dimensional case), the minimum de-
viation locus is on the caustic. In the past, minimum devia-
tion loci on other halos have sometimes been mistakenly
identified with caustics. The minimum deviation loci can be
seen by inspection in some of the figures, particularly Figs. 9
Q; = 30, 57), 11, and 14; since sin(A/2) = - sin(D/2) sind [Eq.
(15)j, minima for D on 6 = constant curves coincide with
minima for 1X, so the closest point to the sun on the image of
each curve 6 = constant is the point with minimum D. In
Figs. 9-13 the minimum deviation locus is clearly distinct from
the caustic. This distinction was pointed out by Tricker.'

To see analytically why the minimum deviation locus is on

1189 J. Opt. Soc. Am., Vol. 70, No. 10, October 1980

I

the caustic in the case of the upper and lower tangent arcs, let
X = (0,,4M(O),f) be in N, so that F(X) is on the minimum
deviation locus. From Eq. (31) the normal vector to N at X
has zero , component, so (0,1,0) is tangent to N at X. But
since

= 0,

Proposition 2 shows that (0,1,0) is also in the kernel of JF at
X. Thus X is a singular point of Fix, and so F(X) is on the

caustic.

On the other hand, suppose instead that J2 is the generating
set for a side arc, and suppose that X = (0,.M(0),3) e JV -
is a singular point of Fj Iv, so that F(X) is a point on both the
minimum deviation locus and the caustic. Equation (21)
shows that the kernel of JF at X is spanned by (0,1,0). Hence
the At component of the normal vector to jN at X must be zero.
So from Eqs. (32) and (33),

a sin(A - s) + b cos(M - <p) = 0,

a cos(,u - ) - b sin(g - s) = 0.

Considered as linear homogeneous equations in unknowns a
and b, these equations have only the trivial solution a = b
= 0, since the determinant of the coefficients is -1 id 0.
Hence,

a = sindsinZ - cos~sinfcosl = 0,

b = cosZ cos 3 = 0.

Unless z = 90 these equations imply : = 90 and 0 = 90 - 1,
or d = -90 and 6 = 90 + Z. Together with the above as-
sumption A = UM(O), these conditions give the parhelion
caustic points (Sec. IX). Thus if there are any "correct"
points at all on the minimum deviation locus, that is, if there
are any points that are also on the caustic, then they must be
either the two parhelion caustic points or the contact points
F(90,gM(90),3 (90,guM(9 0))) to the circular halo caustic.

We conclude this section with a more physical picture of the
caustic of a two-dimensional halo. In Sec. VI we remarked
that starting with a prism having any orientation X in A(, we
could turn the prism so that the direction of the outgoing ray
would change at most infinitesimally. For a two-dimensional
halo, this turning usually is in a direction that leaves JV, and
hence cannot occur. However, if X is a singular point of Fix
then the direction of turning is tangent to JN, so that relatively
many orientations in JV near X all send out light in the same
narrow beam.

IX. ONE-DIMENSIONAL HALOS

For a one-dimensional halo the generating set N is a curve
in Y and the image set (the halo) is a curve on the celestial
sphere. As with the two-dimensional halos, these halos are

Walter Tape 1189

(33)

6D
-)A



constructed by parametrizing 3V and then applying the halo
function. And as before, a point X in JV is a singular point
of Flv if the Jacobian of Flv at X has less than maximal rank.
For a one-dimensional halo, this happens when the tangent
vector to AV at X is in the kernel of JF at X. We look at a few
examples to suggest that the one-dimensional halos fit into
our general scheme.

Parhelia. Parhelia are assumed to result from crystals with
P vertical. Hence from Eqs. (26) and (27) the generating set
is given by the equations

sinG cos = 0,

-cosOcosX + sinGsin/sinY = 0,

which are equivalent to the horizontal lines

a = 90 and 0 = 90 - Z (gives left (y < O)parhelion)

or

1 =-90 and 0 = 90 + Z (gives right parhelion).

Recall that the upper tangent arc (Fig. 3 for a = 60) is the
image under F of the plane: = 0. Each circular segment on
the upper arc corresponds to a fixed value of 0. The left
parhelion is obtained by rotating the 0 = 90 - Z segment of
the upper arc through 900, while the right parhelion is ob-
tained by rotating the 0 = 90 + z segment through -90°.
Some parhelia and their generating sets appear as subsets in
Figs. 9-13.

To find the caustic of the left parhelion let X = (90 -,,u

90) be in V. The tangent direction to . is (0,1,0), which by
Proposition 2 is in the kernel of JF at X if and only if 6D/bfi
= 0, i.e., , = Mm( 9 0-Z). Thus the caustic of the left parhe-
lion is the single point F(90 - 1, M (9 0 - 1),90), the inner-
most point of the parhelion.

Other one-dimensional arcs. The usual assumed sets of
orientations producing circumzenithal arcs, circumhorizontal
arcs, and all varieties7 of Parry arcs are each characterized by
P being horizontal and the outward normal IR at the entry face
being at some fixed angle so to the vertical. Thus the gener-
ating set for such an arc satisfies the upper and lower tangent
arc condition [Eq. (31)] and the side arc condition [Eq. (32)]
simultaneously. For instance, for a circumzenithal arc a
= 90 and o = 0. For a circumhorizontal arc a = 90 and up
= -90.

X. SUMMARY AND FURTHER WORK

We have written a single expression for the halo function
F, which depends only on the refracting angle a and the index
of refraction n. Having chosen a and n, we get different halos
by restricting F to various subsets of its domain. The caustic
of a halo is the image of the set of singular points of the
(suitably restricted) halo function. The central concept in
computation of the caustic is the kernel of the Jacobian of F,
which measures the direction of collapse or bunching by F.

Perhaps the most conspicuous deficiency in the theory is
the lack of a simple analytic measure of the strength of the
caustic. In addition to discriminating between strong and
weak parts of the caustic, such a measure ideally should give
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an indication of the stability of the caustic with respect to
perturbations of the generating set.

APPENDIX A: PROOF OF PROPOSITION 1

Proposition 1: (1) The deviation A has its minimum value
at, and only at, (9 0,gM( 9 0)). (2) The deviation A has its
maximum value at (Omin,-90) and (180 - Omin,-90), or at
(90,-90) and (9O,ML( 9O))

Proof: For fixed 0, the minimum of D occurs at ,Mm(0) and
the maximum occurs at ML (0) and-90. From Eq. (15) we see
that the corresponding statement is true for A. Hence the
minimum value of A on W occurs somewhere on the curve A
= 1Mm(0) and the maximum occurs somewhere on the curves
4 = AL (0) and M = -90.

From the sign of A' j(0) [Eq. (17)] we see that the minimum
value of Amin(O) occurs exactly when 0 = 90. This proves the
first part of the proposition.

Setting A'max(0) = 0, we eventually find from Eqs. (18) and
(5) that 0 = 90 orG = 0 flat, where sinnflat = (n 2 

- 1)1 2 (tana)/2.
(There will be no such Oflat if tana > 2(n 2 -l)-11/2 or if a ' 90.)
Hence the maximum value of Amax(0) occurs at Omin, Oflat, or
90 (we can assume 0 < 90). Computations based on Eqs. (15),
(12), (6), and (5) show

COSAmax(Omin) = 1 - (n 2 
-1) sin2 a

1 + cosa

cos/max(Gnat) = 1 - (n2 
-1) sin2a

2

Hence Amax(Oflat) < Amax(Gmin), so that the maximum value
occurs at Omin or 90. This proves the second part.

APPENDIX B. PROOF OF PROPOSITION 2

Proposition 2: Define & = j(90,AM(9 0),/3 )IB E 'TJ. Let X
- (0,tM) be in S. (1) If X i & then the kernel of JF at X is
one dimensional and is spanned by the vector

/ D D\7/ cos - sin6
,M 2

aD . D
-2sin D cosG - - CosD- sinG

6Dsin D
k o 2

cos2
21

and .D }

sin 2
2

(21)

(2) If X e & then the kernel of JF at X is two dimensional and
is spanned by the vectors

(I)

For the proof we need the following
Lemma: Let (u,v,w) = A(O, D(O,M))

au
- 1=0,
th6=90M(0)

then 0 = 90.

(22)

as in Sec. IV. If
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= 0,

=0.
a/l $1=M(O)

From the definition Amin(O) = A(OM(O)) (Sec. IB), we
have

OA/ dAM DA
A'Min(a,) = 6A-

60 | =AM(0) 6A PA=ALM(O) dO 60 iI=MM(0)

But u = F(Ag43) .9 = (-f ).(-I) = cosA. So

a = - *- | sinA = -A'min(O) sinA.
aO L=AM(M) as AJ=ALM(0)

Hence if

Proof of lemma: Since

tn m E. (=M(O)

then from Eq. (16),
= 0,

then A'min(O) = 0 and th-n by Eq. (17) 0 = 90. This proves the
lemma.

Proof of the proposition: Again, let (u,v,w) = A (0, D(Oj)).
Then from Eq. (20),

F(M,,u,) = Ro(u,v,w) = (u,v cos3 - w sin 3 ,v sin/ + w cos 3).

Then JF is

au/au

6o( - cos3 - -O sin:

- sinf + - cosl

ou

60
(O

Ow

- coso - - sin3

- sink + - cost

0

-v sin: - w cos 3  I

v cost - w sino /
is row equivalent to, and hence has the same kernel

au

Jv

ow

bit

0

-W I (Bi)

/

which from Eq. (19) is row equivalent to (divide the first and
second rows by -2sin(D/2)sinO and 2sin(D/2), respec-
tively)

/ D 6D D
2 sin cosO + - cos - sinO/ 2 (0 2

os - cosO sinO + (cos20 - sin2 o) sin D

\ cosD sinO - sinD cosO

OD D .
-Dcos - sinO
atl 2

- cos -cosO sin 6

a4L 2

- cosD sinO
Oau

0

Cos - sinG2 c

(1 -cosD) cosO sinO

For the purposes of this proof let M be the above matrix
(B2). Then M has the same rank and kernel as JF. We al-
ways have dim(kerJF) + rank JF = 3 (dimension of 5c). The
entry cos(D/2) sinO of M is never zero, so rank JF > 1. And
F maps Jc into the two sphere, so rank JF < 2. Hence 1 <
dim(kerJF) < 2.

Recall that ,u = ,LM(O) if and only if oD/ 1iA = O. Hence if
X e S, then Eqs. (B2), (7), and (8) give

/ t

D
M = -sin -

2

0

0 O\

D
0 cos)-

2

0f 0

whose kernel contains the two linearly independent vectors
(22). This proves the second part of the proposition.

To prove the first part: Direct computation shows that the
vector (21) is in the kernel of M. IfA # LM(O) then (21) is not
the zero vector, since its third component is nonzero. Also
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if g 5 ,uLM(O) then the first two rows of M are linearly inde-
pendent, so dim(kerJF) = 1.

If A1 = ILM(0) and 0 FD 90 then by the lemma, ou/lbO 5 0.
And from Eq. (B2) the matrix (B1) becomes

(' 00

0

0

the first two rows of which are linearly independent. Hence
dim(kerJF) = 1, and the vector (21) spans the kernel, since
the second entry

bu I D
- /(2 sin - sinG)
(0 pAM(M) 2

is nonzero.
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