
Homework 11

Math 430

This assignment is due April 14, 2010.

1 We call a 2-connected graph ∆Y reducible if it can be transformed into the graph C2 (the
graph with 2 vertices and two parallel edges) by a sequence of ∆− to−Y and Y − to−∆
transformations and SP reductions. Demonstrate that K5 is ∆Y reducible. Bonus points:
Show why K6 is not ∆Y reducible.

2 Find a Hamiltonian cycle in the following graph.

3 Construct the dual graph of the icosahedron (the graph of the icosahedron is shown below).

4 Find a Hamiltonian cycle on the dual graph of the icosahedron.
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5 If we have a Hamiltonian cycle of even length in a cubic graph (all vertices are of degree 3),
then it’s easy to color the edges of the graph so that every vertex has edges of three colors
(that is properly color the edges): color the edges of the Hamiltonian cycle alternately in
two colors, and color the other edges a third color.

Properly color the edges of the dual graph of the icosahedron (another copy of the icosa-
hedron graph has been provided for you).

6 Now, we can use the coloring of the dual graph to color the edges of the icosahedron itself:
simply assign the same color to the edge of the icosahedron that was used to color the
crossing edge in the dual graph.

Find an edge-coloring of the icosahedron so that every face is surrounded by three colors.
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7 Say you have a plane graph with a Hamiltonian cycle. We can use this to develop a coloring
of the faces, using at most four colors. (If only every planar graph had a Hamiltonian cycle,
the Four Color Theorem would be easy to prove, but alas, it’s not the case.)

How does it work? The Hamiltonian cycle divides the plane into two pieces, an “inside”
and an “outside”. Since the cycle is Hamiltonian, every vertex lies on it, and edges not in
the cycle are either in the inside of the cycle (“inside diagonals”) or in the outside. So, we
can color faces in the inside of the cycle alternately with two colors, changing color every
time we cross an inside diagonal, and we can color faces in the outside of the cycle similarly,
with two other colors.

Find a Hamiltonian cycle on the following graph, and use it to color the faces so that no
two adjacent faces have the same color (Don’t forget to color the outside face!).

8 Construct a strange icosahedron:
(a) Acquire an index card and several sheets of cardstock.
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(b) Decide on and cut out a template triangle from an index card. It will be easiest if all the
sides of the triangle are of different lengths. Don’t make your triangle too crazily acute or
obtuse, or you may possibly end up with a self-intersecting polyhedron.

(c) Trace 20 copies of your triangle onto the cardstock and cut them out.
(d) On your template triangle, assign each edge to correspond to one of the three colors in the

edge coloring of the icosahedron graph.
(e) Now, tape together the cardstock triangles according to the coloring in the icosahedron

graph, making sure that in the graph, if you have two faces meeting at a red edge, say, then
in your model, you will have two edges of the “red” length meeting. Every vertex will have
five triangles surrounding it.


