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Introduction: Visual Representation 

The dynamic geometry environment, as explored within such software packages as 

Geometer's Sketchpad, Cabri, Cinderella, and others, is easily and correctly associated with 

geometry class.  The topics of geometry are certainly brought to life with this software.  

Compass-straightedge constructions are accomplished with a fraction of the effort and 

abundantly more precision--in addition to allowing the manipulation of the defining objects 

and quantities within the figure.  Dynamic geometry software seems to be made for the topics 

of geometry, and here it has often found its place in schools.  

While geometry class provides an obvious showcase for programs like Sketchpad, the 

richer vein that I would like to pursue here involves the more general use of this type of 

software to explore the geometry which lies within other areas of mathematics.  Mathematical 

relationships possess an algebraic-geometric duality that was unsuspected in antiquity and 

finally discovered and welcomed by people like Rene Descartes.  The Cartesian coordinate 

system assigns algebraic importance to a geometric picture--or geometric perspective to an 

algebraic relationship.  The epiphany that one can translate between geometry and algebra 

has revolutionized mathematical thought.  The idea is abstract and mathematical, and its 

representations are algebraic or geometric (Aczel).  

Note: The principle of translating between representations of a mathematical concept 

in order to gain insight has been called the Rule of Four: Graphical, Numerical, Algebraic, 

and Verbal.  Sometimes the principle has been stated with different representations when a 

Graphical/Geometric/Pictorial distinction is made. (Foley), (Suurtamm).   

Each topic of mathematics has a geometrical or visual representation.  Basic 

pedagogical principles support the use of these visual representations to offer insight and 

perspective to the student.  Dynamic geometry is therefore capable of helping students learn, 

but it goes further than this.  Dynamic geometry, by facilitating discovery within the visual 
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realm of mathematics, will fundamentally change the way mathematics is learned and taught.  

(Clausen-May), (Whiteley), (Finzer and Jackiw).   

 

The Fundamental Change 

Technology of any sort does not merely fill an absence and lead to a more complete 

system.  Instead it is liable to produce, as a sort of emergent property, a fundamental change 

in the system.  This has been modeled throughout history.   

 

• People travel short distances and invent the automobile to help them with this task.  

Now they can travel easily and quickly, so they travel greater distances than they 

previously would expect to.  They live and work in separate cities.  Society has been 

changed in a fundamental way. 

 

• People make a few books and invent the printing press to help them with this task.  

Now books are so plentiful and inexpensive that education and knowledge are 

accessible within previously excluded sectors of the population.  Education, religion, 

society, have all been changed in fundamental ways.   

 

• People perform tedious calculations and create computers to help them with this task.  

Now music, photographs and documents are treated as calculations and transmitted 

around the world in seconds.  The ways we think about information, security, and 

research, have all changed in fundamental ways. 

 

The list goes on and on.  Digital cameras have changed photography.  Nuclear bombs 

have changed war.  Daily news reports have changed political campaigning.  The railroad 

transformed the American West.  Television has transformed our culture.  Our world's history 

is filled, and in fact is largely defined, by effects of technology, for better or for worse.  When 

new technology arrives, it does not merely facilitate a task.  It changes the task in some 

significant way, because a certain task becoming easier implies that another related task 

becomes more feasible.   

Dynamic geometry is a technology that will fundamentally change mathematics 

education, as other technologies have done before.  The way we teach math has been 

fundamentally changed by graphing calculators, and by simple hand-held calculators before 

that.  Slide rules and logarithm tables both constitute technology which facilitated 

calculations to such a degree that the curriculum could be extended in new (and presumably 
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more fruitful) directions.  Other technology that has fundamentally changed our curriculum 

includes such pillars of the curriculum as the long-division algorithm, the fundamental 

theorem of algebra, the quadratic formula... and in fact any theorem that is put to use.  Each 

of these developments, by simplifying a task, by articulating a generalization, has made other 

previously impossible tasks standard components of the curriculum, fundamentally changing 

mathematics education.  

 

Case Studies: Topics 

Let us consider five topics from the high school curriculum which can be 

fundamentally enhanced by the use of dynamic geometry.  

• Geometric Conjecture and Proof 

• Transformations of Functions 

• Polar Functions 

• Iterative Processes 

• Correlation and the Least Squares Regression Line 

 

This list is in no way complete, and neither will my discussion of each topic cover 

every detail of the pedagogical opportunities and implications.  I have chosen a few topics 

which I feel can nicely accentuate some of the unique opportunities offered by dynamic 

geometry.  I am only commenting on a few current topics which can be enhanced.  There is a 

very promising possibility that dynamic geometry will lend access (within the high school 

curriculum) to topics which are prohibitively complicated without such a framework.  

Mackrell has written about three-dimensional explorations using Cabri 3D, while Jackiw has 

hinted at the Sketchpad capacity to examine complex functions.  (Mackrell), (Jackiw).     

 

Geometric Conjecture and Proof 

The concept of formal proof and its role in the learning process can be enhanced in a 

fundamental way through dynamic geometry software.  The unique strengths of the software 

in this case are Generality and Precision.   

The student is introduced to geometric proof.  The teacher draws or constructs a 

figure that will be the setting for a directed series of observations and logical arguments.  The 

production of the diagram cannot be left to the student without strict supervision, since the 

student may produce a diagram neither sufficiently general nor sufficiently precise to suggest 

the conjecture which is being addressed.   
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Generality is not a simple condition to achieve.  It is no mean feat to determine if a 

construction represents a sufficiently arbitrary case.  It takes more than a cavalier sense of 

haphazard creativity to ensure that a triangle, for example, is not isosceles or right or visibly 

close to either.  If the figure is more complex than a triangle, then there is greater doubt as to 

whether or not it is sufficiently arbitrary to free itself of unnoticed special conditions that may 

encourage incorrect conjectures. 

Precision is a costly but necessary quality in a construction.  If the geometric 

relationship being examined involves for example, three lines concurrent at a point, then it is 

possible that only a meticulous and time-consuming compass and straightedge construction 

will suggest the relationship that the student is intended to observe.  Some constructions are 

certainly more forgiving than others and retain the desired effect with only moderate 

precision, but in general the task demands care and focus, which cost time and attention.  

Sinclair (2004) has warned that the precision and certain strengths of dynamic geometry may 

be lost on students insufficiently perceptive to make use of accurate figures.  Nonetheless, 

some tasks demand precision and students working with insufficient precision will fail to 

discover the relevant pattern. 

For ages, the problems of generality and precision have undoubtedly limited what 

teachers and students can do with geometry.  The mathematician has learned over the 

centuries to regard generality and precision as facets of the method rather than flaws.  After 

all, part of the exercise of geometric proof is constructing a figure which is suitably general 

and precise.  Therefore we detect an audible resistance to any departure from this traditional 

process cloaked in mystique... And yet perhaps there is something to be gained by 

momentarily equipping a novice mathematician with the tools of a master.  (Whiteley).  

Because of the difficulties presented by generality and precision, the format of each 

geometric investigation must be carefully structured.  A typical question that a student faces 

when learning about geometric proofs involves a diagram, a conjecture, and a request for a 

proof.  In some cases, the figure is left to the student to produce, but in those cases the 

relevant figure needs to be simple and sufficiently described to ensure correctness.   

The student's task often involves finding and arranging the logical arguments that 

connect a pre-fabricated diagram to a pre-fabricated idea.  The student is in a position to 

either believe the conjecture because it is insinuated, or to remain uncertain throughout the 

attempted proof.  It seems unlikely that either mindset encourages the student to grapple with 

the idea or to become interested in it, and so the task is difficult.   

In many cases, real mathematicians are intimately familiar with a conjecture and 

informally convinced of its truth prior to obtaining the formal proof (de Villiers).  The lack of 
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a proof and the search for a proof gives that proof its value.  The gnawing uncertainty turns to 

clarity and definition in the presence of logic, and that moment of discovery and beauty 

drives the human pursuit of mathematics.   

We as teachers find this aspect of discovery difficult to infuse, as practicalities often 

move us to tasks that potentially omit the spirit of pursuit.  We instead demand of our student 

a formal verification of another person's idea which the student has not had a chance to deem 

either noteworthy or probable or improbable.  What should be a creative and constructive 

process may indeed be remembered by the student as an exhausting charade full of 

constraints. 

The task can be changed in a positive manner.  Instead of offering a pre-fabricated 

figure and conjecture, we can allow the student to create both.  Let us consider as an example 

a problem about Midpoint Quadrilaterals that is the focus of an investigation on the 

Geometer's Sketchpad support website (www.dynamicgeometry.com).  Dynamic geometry 

facilitates a good deal of individual exploration that is most productive when accompanied by 

well written guiding materials.  (Sinclair, 2003).   The activity begins thus: 

1. Construct quadrilateral ABCD.  

2. Construct the midpoints of the sides.  

3. Connect the midpoints to construct another quadrilateral, EFGH. 

The succeeding questions move the student toward the conjecture that the 

quadrilateral EFGH is a parallelogram, and this is supported visually and with numerical 

measurements of slopes and segment lengths.  The student is directed toward a possible 

approach to the formal proof of the conjecture.  From a static picture, a parallelogram may 

seem slightly special, but in a dynamic environment it impresses a student as an orderly 

relationship that persists through movements which disrupt other relationships in the figure.  

It is therefore fair to expect that the conjecture will occur to the student.   

 

Without the software, the task would probably be:  

 

Given: quadrilateral ABCD whose sides AB , BC , CD  and DA  have midpoints E, F, 

G and H, respectively.  Prove that quadrilateral EFGH is a parallelogram.   

 

Using a computer application like Geometer's Sketchpad, a student can easily 

construct a highly precise diagram which can be manipulated through an apparent continuum 

of cases.  In this way, two of the major drawbacks of considering a figure (lack of precision 

and lack of generality) are overcome in grand fashion.  We suddenly have a diagram which 

http://www.dynamicgeometry.com/�
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can play a significant role in the student's approach to the problem, and this is a fundamental 

change to the topic of geometric conjecture.   

 
Figure 1: Midpoint Quadrilaterals 

 
The software clearly does not provide an argument of formal rigor, but there is an 

element of informal rigor, if such an idea can be said to exist.  The reason we say that an 

argument lacks rigor is that it does not cover all possible cases.  In a virtual environment 

which facilitates the inspection and alteration of the figure, a student can indeed cover a 

convincing range of cases (Finzer and Jackiw), (de Villiers), (Whiteley).  The interactive 

figure makes curiosity easy to appease, and without the toil of creating each different 

diagram, the student is able to quickly and logically proceed through a sequence of inquiries: 

How does the figure change if the big quadrilateral is a square?  A rectangle?  What is 

the easiest way to make sure it's a rectangle?  A very thin rectangle?  A parallelogram?  A 

trapezoid?  A rhombus?  A kite?  Did I miss one?  I wonder what the big quadrilateral has to 

be to make the little one a rhombus?  Could the two quadrilaterals ever be the same shape?  

Will the middle one ever be bigger?  Is it still a quadrilateral if two of the sides cross?  Does 

something interesting happen when I do the same thing with a triangle?  Is there anything 

interesting about midpoint pentagons?  

The student may thus become engrossed in an outwardly casual mathematical 

endeavor which nonetheless drives straight to the marrow of ideas such as necessary, 

sufficient, and mathematical certainty.  Students are thus able to explore mathematics and 

experience the important functions of experimentation: conjecturing, verification, global 

refutation, heuristic refutation, and understanding. (de Villiers).  
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It becomes reasonable to imagine that a mildly inquisitive student could cover a lot of 

ground and gain a visual and tactile familiarity with midpoint quadrilaterals that would 

certainly not be part of the lesson without this software.  The student could informally arrive 

at the conclusion that the conjecture is always true, and they would have reached that 

conclusion not by inspecting one or two cases, not by assuming it from the question, but by 

watching the relationships that did or did not change as the figure was transformed through 

every imaginable class of quadrilaterals.  In other words, informal rigor. 

From this point, the student should be asked to proceed to a proof that will establish 

the truth of the conjecture once and for all.  The general case cannot commit to one 

appearance; it describes all appearances at once and therefore cannot be perfectly represented 

visually.  Therefore the formal proof of the conjecture needs the same components as it 

would without the dynamic geometry software.  The technology offers the new advantage of 

allowing the student to approach the formal proof with a familiarity of the statement and 

evidence supporting its truth.   

Involving a powerful visualization in a discussion of proof is likely to result in a clash 

of philosophies.  While a visual proof is sometimes possible, it would need a strong 

accompanying argument to outline the logic.  Roger Nelson said, “A good visual proof is a 

picture or diagram that helps one see why a particular mathematical statement is true, and also 

to see how one might begin to prove it true.”  (Nelson).   

There is a clear mathematical difference between the probabilistic pretty-sure 

certainty inspired by finite empirical evidence and the logically definite certainty offered by a 

formal proof.  Some students may argue that a formal proof is not necessitated in light of the 

evidence on the computer screen.  I am already convinced by the computer, why do we need 

to prove something that is evidently true?  This is the moment feared by many teachers 

(Pandiscio), and though it demands delicacy, it is a moment that teachers cannot afford to 

miss.  If the teacher is prepared to defend the need for formal proof, then all is well. 

 

 

 

Transformations of Functions 

Dynamic geometry can fundamentally enhance the study of transformations of 

functions.  The unique strength of the software in this case is Graphing Functions and Using 

Continuous Parameters. 

Consider the traditional method of looking at the graph of a quadratic function.  

Countless generations learned a few facts about parabolas through a handful of figures which 
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were carefully drawn on chalkboards but ultimately doomed to imprecision.  There were no 

good tools for drawing parabolas, so the teacher plotted a few points and connected them in a 

beautifully sweeping but suspiciously un-mathematical fashion to produce a smooth curve 

that the students were assured was a parabola.  (Some students assumed at first that the 

teacher was being sloppy, so they carefully connected the plotted points with line segments in 

their notes).  Textbook figures of any precision were observed and respected, but they rarely 

fit perfectly with the question under consideration at a given moment.  Only in recent decades 

have the textbook figures been much more than hand-drawn representations.  In this way, the 

graph of a parabola has played a limited role in the discussion of quadratic functions.  

Technological limitations have significantly shaped the way we study parabolas in 

schools.  We give the impression that the world of algebra and functions is not really fit to 

venture into visible realms.  The professors and teachers and a few of the brightest students 

might visually explore some of these ideas, but that requires a familiarity with the conceptual 

landscape and an abstract sense of vision that perhaps few beginning students possess.  

The topic of basic transformations of functions (vertical and horizontal translations 

and dilations) provides an interesting case for discussion here.  It is a staple of the high school 

curriculum, and the traditional mode of instruction is noticeably limited by a lack of 

technology.  

Traditionally, this lesson could be supported visually by drawing two versions of the 

graph of a function for each transformation, before and after the transformation has taken 

place.  The teacher preparing to transform a function needs to choose a function whose graph 

is very simple, since he will have to replicate his graph several times and distort only certain 

aspects of it.  The function cannot be linear, since the character of each transformation will be 

misleading on a line.  He needs a function, therefore, which is very simple, but not linear.  He 

also needs a variety of numbers for the parameters which are being altered. 

Will a teacher in such a position choose an appropriate subject for his illustrations?  

The function 2)( xxf =   is not an appropriate example and it will encourage misconceptions, 

but his need for a simple and non-linear function will certainly lead him to consider 
2)( xxf = .  Will he choose an appropriate set of samples for each parameter?  The 

unfortunate element in this and similar situations is that the teacher's drawing ability drives 

the choice of an example.  A human math teacher's limited skill and precision will influence 

the examples that he chooses to employ.  In such cases, a teacher may avoid a cognitively 

superior example in favor of one which is more easily drawn.   
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Dynamic geometry facilitates graphing to such an extent that this type of lesson can 

be fundamentally enhanced.  Within the dynamic environment, a more appropriate function 

can be chosen that will illuminate the important features of the problem.   

Proposed Implementation: The teacher can choose a logically suitable example rather 

than a simple example.  The teacher chooses )3)(12()( +−= xxxf  and prepares to plot the 

function using Sketchpad with a data projector.  What do you know about this function?  If 

the students are asked to describe the basic features of the graph before it is put on the screen, 

they receive immediate feedback when the graph arrives.  Next, the teacher can create a 

parameter "A" and define its value using a slider.  What will happen if we make a new 

function Axfxg += )()( ?  When 5=A , what will happen?  When 3−=A , what will 

happen?  What if we slide this point so the value of A changes continuously?  What should 

we call this transformation?   What if we change )(xg so that )()( Axfxg += ?  Here a few 

of the students will wrestle with the direction of the shift.  What if )()( Axfxg = ?  The 

teacher can ask insightful questions to guide the extension of the problem.  (Contreras).   
 3 
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Figure 2: Transformations 

The graph is controlled by the teacher and the students.  The graph can be altered 

easily to fit the whims of curiosity that every teacher hopes to hear.  Can we try this for a 

different function?  Sure, I'll just type it in.  Can we try two different transformations at once?  

Sure, I'll show you what happens when we look at )( BAxf + .  What is the horizontal shift in 

this case?  What if we put all of the transformations in at once?  DCBxAxf ++= 2)()( .  

Where is the vertex?  What is the vertical shift?  What is the horizontal shift?  Is it better to 

write DCBxAxf +−= 2)()( ?  Come up and draw three points on the screen—Can you 

adjust the parameters to make the parabola go through all three points?  The graph can be 
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tailored to support the exploration, an emancipating departure from having a lesson limited 

by an inability to graph. 

Several fundamental changes are offered in this topic.  First, the teacher is enabled to 

choose better examples because the effective cost of graphing has decreased dramatically 

with the use of the software.  Secondly, the exploration is algebraic and graphical without 

being burdened with computations.  Finally, the transformed function can be made to dance 

around the plane continuously.  Rather than a mess of different-but-related function graphs, 

the picture can show a single graph whose defining quantities are animate.  (Finzer and 

Jackiw).    

Polar Functions 

Geometer's Sketchpad can fundamentally change the way polar functions are 

addressed in high school curriculum.  The particular strength which is exhibited by Sketchpad 

in this case is the overall usability of its graphing tools.   

Prior to dynamic geometry technology, polar functions were introduced to high school 

students as a brief foray into an alternative perspective.  The familiar x-axis and y-axis were 

temporarily abandoned, and the functions were either plotted on special graph paper or very 

inconveniently created on ordinary paper. 

The topic of polar coordinates offers a rare chance for students to venture away from 

the comforting safeties of the x-y plane and consider functions in a different light.  By 

working in the absence of certain familiar conventions, students are able to refine their 

understanding toward a more concise and complete definition of function.    

Here we can observe again that the world of mathematics education is subject to the 

same economic laws and principles that govern the rest of human behavior.  Polar graphs are 

costly.  As a result, the exploration of polar functions has been limited to those functions 

which can be approximated by a small number of plotted points. 

The very novelties that make polar coordinates enriching to inspect are as well the 

sources of confounding difficulties and subtle illusions.  After all, there is precious little 

difference between being captivated by wonder and shackled by confusion.   

Polar functions are usually trigonometric in nature, and trigonometric functions can 

only be evaluated (at more than a few points) using calculators or infinite series.  Even a 

student familiar with the sketching of sinusoids on rectangular axes will have trouble 

connecting plotted points of a polar function.  

A function )(xfy =  varies in only one dimension as it is read horizontally. Cartesian 

functions and Cartesian graphs of functions are one-to-one, and any two functions with the 

same graph are considered to be equivalent.  Polar functions and polar graphs of functions 



 

Dynamic Geometry: Some Topics which are Fundamentally Enhanced Nathanael J. Burchell   
 - 11 - 

can be many-to-one (or even, seemingly, one-to-many as we vary the domain) due to the 

temporal nature of the function.  In a Cartesian function )(xfy = , the output and input are 

easily seen to spatially correspond.  With time and practice, a student reads a graph and is 

able to regard each location on the graph as an input-output pair, and the measurement of 

each quantity is plainly visible.  Reading a polar graph is more difficult, since the output is a 

radial distance that varies in its direction as well as its magnitude.  Neither is the independent 

variable located on a continuum; its value is determined by position of a ray which also 

corresponds to other different values of the input.   

A negative value of a Cartesian function is located below the x-axis, and the x-axis is 

always present as a clear boundary between the negative and positive halves of the plane.  

There is no such line of demarcation in polar coordinates, where the negatives and positives 

mingle together in the same vast plane that radiates out from a very singular pole.  The polar 

manifestation of negative then, is decidedly different.  When a polar function takes on a 

negative value, the resulting point ( )θ,r  on the graph is indistinguishable from a positive 

value of r at a different value of θ .  A textbook graph, printed on paper in its entirety, does 

not draw attention to this behavior.  The teacher's hand-drawn graph can show this, but an 

adequate graph is only feasible for a few of the simplest functions  The dynamic environment 

can be used to graph a function and control its domain as a parameter.  With an x-y function 

this is a possible but lusterless trick; with a polar function, it can reveal what a static picture 

will not.   

In calculus, when polar functions are integrated, the integral mechanism is used for its 

cumulative summation properties, but the meaning of a definite integral changes from net 

area to total area.  Depending on the function and the interval, an integral may even take on 

a value that exceeds the area due to overlapping.  No Cartesian function intersects and 

overlaps itself, but a polar function can do just that.  In the absence of a strong graphing 

system, the quantities which are discussed in the calculus of polar functions can be 

abandoned in favor of simpler functions.   

The dynamic geometry environment facilitates the exploration of polar graphs.  The 

topic is not stressed enough to justify extensive familiarity with the graphs, but with a strong 

graphing tool that allows a variable domain, students can grapple with some key themes of 

the concept of function.  Such an exploration can challenge and refine their paradigms of 

independent variable and function.  With a strong graphing tool at the student's disposal, the 

teacher can ask such questions as:  Can a polar function ever intersect itself?  Can a polar 

function have an asymptote?   Is there a polar function that never intersects itself?  Can a 

polar function be a straight line?  Find a flower function that has seven petals.  Or, as 
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(Walker) suggests: Find a polar function that can be superimposed as outlines for each of 

these flower pictures.   

In my own experience, I have led my students through a similar exploration with very 

positive results.  The dynamic environment turns the exploration into a conceptual rather than 

computational task.  

 

 
Figure 3: Calculus of Polar Functions 

 

When confronted with the task of producing a 'neat looking' polar graph, students 

responded by varying the quantities discussed in the formal exploration and by introducing 

new elements into the functions.  What happens if we change this parameter?  What happens 

if we square it?  What if we divide it by a number?  Add a number?  Multiply it by another 

simple function?  Use degrees instead of radians?  Given a small amount of familiarity with 

the software, most students are very adept at appeasing their natural curiosity.  If a polar 

graph is only obtained by tedious calculations, few will venture off the beaten path, and few 

will do more than is required of them.   

If a polar graph costs a great deal of time and tedious enterprise, (as has always been 

the case), then the entire topic will be forced into a brief unit with a small number of simple 

graphs.  On the other hand, if the price of the graph, in terms of time and precision, can be 

made competitive, students are more likely to engage and appease their curiosity.   
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Iterative Processes 

The concept of iteration is yet another gladiator who is glorified in the arena of 

dynamic geometry software.  We use iterative processes when we extend simple 

approximations toward infinite precision.  In the high school curriculum, particularly in 

calculus, iteration provides the key mechanism in brilliant approaches to important 

mathematical tasks.  Riemann's rectangle sums that yield the definition of integral, Newton's 

approximation of roots, and Euler's approximation of a solution to a differential equation are 

all instances of methods that rely on an iterative extension of a simple idea.   

 

Riemann Sums 

An area can be approximated by a Riemann sum of rectangles.  Now a small number 

of large rectangles will seem like a clumsy attempt, but students can be helped to see that a 

large number of small rectangles will approximate an area well.  In the development of the 

integral definition, the final element to be added is a limit statement: the rectangles in the sum 

are becoming infinitesimal in width and infinite in number.  When a mathematician 

internalizes this statement, there is undoubtedly a mental picture of a partitioned area with a 

growing number of rectangles squeezing in, the jagged saw-tooth error diminishing to give 

way to an area made of impossibly thin slivers, as close to the true area as you like.   

The dynamic environment brings this explanation to life in an appropriate way.  The 

dynamic software can offer the teacher a chance to articulate the perception offered by a 

deeper understanding than the students yet possess.  This is certainly a thought experiment 

rather than a problem-solving tool, but the same can be said of the Riemann summation of 

rectangles.  They are mental definitions, pictures to hold in order to keep track of what is 

being discussed. 

The Riemann approximation can be constructed using Sketchpad, (in fact there are 

directions in the included sample sketches which come with the software).  While the 

definition does not demand equal intervals, the construction is considerably more 

approachable.  The software allows the construction of a single rectangle and the iteration to 

a parametric depth.  The number of rectangles in the partition can be varied at will by 

animating the parameter or defining it by a slider.  The further illustration that I offer my 

students is several pairs of side by side graphs that compare the estimates given by the 

Rectangular Approximation Methods using Left (LRAM), Right (RRAM) and Midpoints 

(MRAM) of the subintervals, as well as the trapezoidal estimate.  With a small number of 

rectangles, I let the students argue in support of one method or the next, and I encourage them 

to come to the conclusion that no method is systematically best for every interval.  Can you 
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find an interval on which LRAM and RRAM are both better estimates than MRAM?  When 

is the trapezoid rule an over-estimate?  After they have discussed the virtues of each, I can 

demonstrate by increasing the number of rectangles that the limits are equal, therefore we do 

not have a burden of choice.  I have found that this can help students to come to peace with 

the arbitrariness of the Riemann sum definition.   

Note: The figure below shows screenshots from a sketch with a parametric number of sub-

intervals.  The parameter is determined by a point sliding on a line segment (a construction 

referred to as a slider) which in this case has been constructed with an exponential scale. 

 
Figure 4: Iterative Processes - Riemann Sums 

 

The idea of a limit implies a motion ("goes to") and it is therefore appropriate that we 

should seek a visual depiction which contains motion.  The cognitive advantage to motion is 

that the student does not get stuck on a large-but-finite number of rectangles, but they are 

encouraged to see that the number is going to infinity as an ever increasing quantity, 

increasingly and forever diminishing the error.   
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Euler's Method of Approximating the Solution of a Differential Equation 

Euler's method says that the solution of a differential equation can be approximated 

by following the slope field.  This is a logically correct statement, but we are forced into 

making some error.  We can only know the direction of the slope field at a point, but by the 

time we take one step to follow it, we have ignored the intervening directions that were 

indicated by the piece of the field that we stepped over.  We therefore get the best 

approximation when we take the smallest steps.  The student is not expected to calculate the 

infinitesimal, so the lengths of steps are chosen to be large, and the resulting estimate is full 

of compounded errors.  Furthermore, since slope fields are difficult to generate, the student's 

entire experience with Euler's method may be algebraic. 
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Figure 5: Iterative Processes - Euler's Method 

   

With Sketchpad, we can use iteration to take very small steps, and many of them.  The 

result of packing hundreds of iterated steps into a few inches on a computer screen is a 

smooth curve, which is imperceptibly different (but different nonetheless) from the actual 

solution.  The smooth curve of small steps does nothing to show the construction and logic 

behind the estimate.  The angular curve of large steps shows the construction, but it does not 

suggest the robustness of the method, since the estimate after a few steps has deteriorated and 

is as poor as any un-mathematical guess.   

In the dynamic environment, one construction can take on both roles, demonstrating 

with one diagram the bulky illustrative steps and the small accurate steps.  Sketchpad allows 

iteration to a parametric depth that can be varied to show a continuum of images.  Once the 
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construction has been made, students can change the initial condition and explore the 

characteristics of the field that increase or decrease the error of the approximation. 

 

Newton's Method of Root Approximation  

The Riemann sum and Euler's method mentioned above are logically sound 

approximations that approach exactness as the number of iterations increases.  Newton's 

method for finding roots of a function is not perfect, and a simple construction can reveal the 

scenarios that prevent success.   

Newton's method is nicely portrayed in the dynamic geometry environment.  Without 

dynamic geometry, the use of Newton's method is crippled by computation, which means that 

the student will be asked to do very few problems and very few iterations within each.  The 

student will fail to appreciate exactly how easy the process is and how quickly it converges 

and how often it works.   

By iteratively constructing the approximation, a student can employ the construction 

and understand the premise of the approximation.  Rather than painstakingly plodding 

through three or four iterations, the student can use dynamic geometry to iterate twenty times, 

tabulating the approximations in a chart (in Sketchpad this is possible).  The initial guess can 

easily be defined by a point in the plane, which allows the user to explore what happens as 

the starting point is moved.  Using this technology allows one to experience the task with a 

fundamentally new advantage.  With a few iterations, the student is likely to regard the 

approximation as a 'neat trick that is still wrong', while a greater number of iterations within 

an environment that supports exploration will probably influence the student to appreciate the 

method's logic and its nearly universal success.  The supportive environment allows the 

inspection of ideas such as:  When will this fail?  How does the starting point affect it?  Will 

it always find the closest root?   Will it ever converge to a point that is not a root?  For most 

students, these are all questions that would fall unanswered without a tool like dynamic 

geometry.  With such a tool, a few more students will likely be encouraged to indulge in such 

curiosity of powerful concepts.   

Iterative methods beg the use of technology because they represent little corners of 

mathematics where the theory itself has turned toward mechanical approximations in the 

absence of a more eloquent solution.  These are powerful ideas which need many calculations 

to be effectively used.  The convergent nature of the solutions means that we miss out by 

looking at only a few small iterations.  Dynamic geometry can do what the ideas demand, and 

allow students to 'go to infinity'.   
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Statistics - Least Squares Regression Line. 

Using Geometer's Sketchpad, a sketch can be made to show a set of independent 

points on a scatter plot with the Least Squares Regression Line (LSRL) passing through 

them.  Sketchpad can also be used to show the squares of the errors which are being 

minimized by the placement of the least-squares line (Finzer).  A numerical calculation of 

correlation can be included to develop an instinctive understanding of what correlation is and 

how it reacts to various changes in the data.  This is a beautiful use of the dynamic geometry 

setting because it allows us to strip the concept down to its central visual dynamics without 

being overworked and distracted by the computations that are involved.  A student can 

develop a tactile familiarity with 'correlation' and wrestle with ideas that are not accessible in 

a static picture.  The student can see which aspects of position affect a data point's ability to 

influence the line.  In such a sketch, the data points are interactive--their values are not typed 

in from a list, but rather the points are visually manipulated without regard for the numbers 

involved. 

Note: Many of the same visualizations discussed here are possible with the dynamic 

statistical software Fathom, but I have used Sketchpad. 

 
Figure 6: Least Squares Regression Line 

 
 

One fundamental enhancement here is dynamic statistics.  Without a dynamic 

geometry environment, subtle changes to statistical computations cannot be observed without 

re-calculating all of the affected statistics.  In the days before computers, this could be a 

lengthy process to observe even one change.  Spreadsheet computer applications such as 
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Microsoft Excel allow us to create dynamic numerical environments, but examining a list of 

numbers will not allow most learners to effectively perceive the direction and magnitude of 

changes that occur. 

Another fundamental change in this topic is precision in a statistical visualization.  

We can ignore the numerical precision of our data without sacrificing the visual precision.  

The sketch described can foster the development of an instinctive understanding of the 

linkages between the shape of the distribution, the value of the correlation coefficient, and the 

placement of the LSRL.  We ultimately want to evoke questions like:  What happens if this 

point moves over a little?  How do we know that one point is more influential than another?  

Does this change if we use different units, or if the numbers are bigger or smaller or shifted? 

(Finzer and Jackiw).   

Without a dynamic environment, the model is calculated from the data and 

superimposed on a graph after the data itself has been plotted.  The data are observed, we 

take information from our observations, we use that information to devise an appropriate 

model.  We hope that the student will wonder about the implications of changing this or that 

value in the data, so we make our slight change and it becomes a different set of data with 

different means and standard deviations and a different LSRL.  We could thus compare a 

wide range of scenarios, and each would be perceived by the student as a different data set 

with a different approximating model.  I propose that there is something to be gained by 

presenting these alterations as a continuous flow.   

In the environment of a computer program like Sketchpad or Fathom, we can create 

and investigate data dynamically.  All of the calculations can be made in the absence of the 

usual toil and distraction that accompany them.  The results of those calculations, namely the 

numerical value of correlation and the image of the LSRL model, can be constructed to 

dynamically recalculate and reposition themselves instantly according to any changes in the 

data.  The changes in the data can be made by dragging points on a computer screen rather 

than by determining which of a list of numbers to change and by how much.  This constitutes 

a fundamental change in the presentation of the associated concepts.  Essentially, the 

dynamic environment illuminates the vitality and the calculus of the statistics that are being 

discussed.   

With exploration guided by well-formulated questions, nuances of the concepts 

become accessible.  What are the implications of a small change?  What does it mean that 

some points are more 'influential' than others?  How can we know the value of correlation if 

there are no units marked on this graph?  Can one point be moved to make the correlation any 

number that I choose?  Where can I move this point so that the LSRL does not change?  
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These are all questions that build an informal familiarity with mathematical quantities.  Any 

teacher would welcome such curiosity from a student, but in most cases, the computations 

associated with answering the question would prevent the inquiries from leading anywhere.  

The dynamic software environment can act as a catalyst to lower the energy required to 

satisfy such curiosity. 

The construction which I have described is of course focused on a small data set.  The 

teacher will need to guide the exploration toward more general problems like: What if the 

data has a high correlation but it makes a curved pattern?  What affects the value of 

correlation?  Logarithmic re-expression can be brought to life on the same screen as the 

LSRL.  The process of transforming data and generating a non-linear model can be illustrated 

dynamically with the use of Sketchpad.  This can inspire the conclusion that several models 

could be produced for a set of data, and one of them may be more appropriate than the others.   

The entire exploration can take place with a minimum of numbers.  Statistics is often 

bogged down with calculations, and the chance to wrestle with concepts is often impeded by 

the intermediate tasks of using technology to represent data and find models.  Dynamic 

geometry facilitates the invisibility of number-crunching and accentuates the beauty and logic 

of what is happening. 

The advantages offered by dynamic geometry constitute a fundamental change in the 

way correlation and statistical modeling can be taught.  Although the current process is 

already heavily dependent on technology, it is concerned with the many calculations that 

produce a model like the Least Squares Regression Line.  The dynamic visual environment 

develops the ideas intuitively.  The student can move a potential model and see (as areas) the 

squares of the errors.  The spatial faculties of a student’s mind will perceive which direction 

to move the line in order to decrease the total area, but the same assessment could not easily 

be done with numerical observations.  The correlation can be continuously observed with 

change, rather than discretely observed after change.    

Statistics is a brand of mathematics specifically dedicated to making numbers 

understandable.  Whitely cites an increase in visual representations within statistics.  

(Whiteley).   

 

Conclusion 

If the constraints determining access were altered, what might change about the high 

school mathematics curriculum?  For indeed the constraints are being altered, and some ideas 

are more accessible now than they have ever been.  The technology of dynamic geometry 

offers some intriguing opportunities to teach and learn ideas differently, which results in the 
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intriguing opportunity to teach and learn different ideas.  Teachers should aspire to use 

dynamic geometry effectively, but they should take special advantage of those ideas and 

topics which are fundamentally enhanced by the technology. 

The pursuit of a strong conceptual understanding should be at the forefront of an 

instructor's intentions.  In practice, many teachers do not use tools that enable such whimsical 

exploration because they feel a need to keep the focus on the calculations that will produce 

successful results.  De Villiers has suggested that with new technology, we may need to 

realign our conception of a successful result.  We as mathematicians are entering an age 

where many of the computations can be outsourced, and the focus is shifting toward an 

arguably more elegant struggle with concepts.  The dynamic geometry setting can allow the 

weakest students to witness a visual display that, in ages past, was confined to the dreams of 

master mathematicians.   
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