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he purpose of this paper is to explore some of the dynamics that a pension fund 

faces as a result of the uncertainty in the investment returns that it faces. The 

approach taken will be to simulate the operation of a pension fund. In our 

attempts to simulate the behavior of such a complex operation as a pension plan we are 

forced to simplify the problem. This requires careful judgment. If the degree of 

simplification is too great the resulting model is too simple to adequately capture the 

relevant behavior that we want to understand. If the model is too complex it becomes 

difficult to interpret the results of the modeling and to generalize from these results. We 

have attempted to avoid both these pitfalls but the reader must form his own opinions 

about the adequacy of the modeling. 

The primary simplification in the simulation is to remove all uncertainty except the 

uncertainty about investment returns. The number of plan members, when they join the 

plan and when they retire is known. The characteristics of the pension plan members are 

known so their contributions to and withdrawals from the pension plan are certain. The 

plan sponsor is assumed to have sufficient resources that default is never necessary. The 

plan sponsor behaves according to a well defined set of rules which preclude any 

attempts to avoid their obligations under the pension. However the circumstances in 

which a less scrupulous plan sponsor might be inclined to default or otherwise fail to live 

up to its obligations will be obvious.  

These simplifications may seem to all the interesting elements of running a pension plan 

and yet we will find out that there are interesting things to be learned from studying the 

impact of our single source of uncertainty. The main conclusion is that appears that 

defined benefit pension plans probably cannot succeed. The first section of the paper 

describes the environment in which the plan operates and sets out all the underlying 

assumptions. The second section examines the operation of the simplest possible defined 

contribution pension plan. The third section then examines the behavior of a defined 

benefit plan. Conclusions are in section 4. 

 

 

T 
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1. Framework 

1.1 The Economic Environment 

Our model is placed in an idealized competitive economy. The main implication of this is 

that all players in the economy are price takers. In the capital markets all investments are 

fairly priced. The expected return on investment is commensurate with the level of risk 

taken. In labor markets all employees are paid a competitive wage. Employers who try to 

reduce wages find that their employees leave. If a firm over pays the employees, 

investors earn less than competitive rates of return on their investment. The investors 

react by disciplining management and forcing wages to be reduced back to the 

competitive level.1 

The form in which wages are paid is not relevant. Employees understand their 

compensation perfectly. We assume that all employees want a pension. If a pension plan 

is part of the firm’s compensation package the employee understands the value of the 

pension contributions that the employer makes on his behalf and reduces the cash portion 

of his salary demand. If no pension plan exists the cash portion of compensation is 

increased and the employee voluntarily contributes to a pension or saving plan. 

We assume that taxes do not play a role in any of the decisions made and do not affect 

the contributions or benefits of any pension plan. Related to this we initially assume that 

there are no regulatory constraints on the behavior of pension plans. These two 

assumptions are clearly not correct but will serve as a starting point. Later on in the 

discussion we will examine the implications of some of the regulatory restrictions that 

exist. Finally we assume that there is no inflation. This allows us to avoid the distortions 

that inflation imposes.  

Many readers may feel that these assumptions are too restrictive or unrealistic. However 

most flow directly from the assumption of perfect competition and seem to form a 

reasonable approximation to how a western market economy operates. The assumptions 

also have the virtue of reducing the number of decisions that a pension plan can make. 

                                                 
1 If the employer is a government we assume that the electorate plays the role of the investor since over 
payment by government is paid for by the tax payer. 
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Subject to a few conditions that will be introduced in the next sections, the only decision 

that the fund manager can make is to choose the level of risk in the fund’s investments.  

 

1.2 The Plan Member 

The pension fund has a number of plan members. A plan member joins the fund, makes 

contributions to the fund, and at retirement draws a pension from the fund. We assume 

that the level of contribution is the same whether the plan is run by the employer with 

contributions withheld at source or if the plan is a private plan to which the employee 

contributes.  

In our model all the plan members have the same characteristics.2 The plan member starts 

his work career at the age of twenty-five and works until he is sixty-five. The gross 

compensation in the first year of employment is set to 100. This includes both direct 

(cash) and indirect (pension plan contributions) forms of compensation. The 

compensation grows by 2% per year until retirement. The salary is paid in a single 

payment at the beginning of each year; the first payment occurs when the employee is 25 

and the last when sixty-four. Each year, 15% of the plan member’s compensation is 

contributed to the pension plan. This may come as direct investment by the plan member 

or contributions on his behalf by the employer. These contributions occur when the salary 

is paid. The pension plan contributions are invested by the pension plan manager. At 

retirement the employee receives a pension. 

The nature of the pension that is drawn depends on the type of pension plan. For the sake 

of simplicity we will assume that the plan member’s share of the pension fund is 

withdrawn at age sixty-five and used to buy a 20-year annuity. The first annuity payment 

occurs immediately at age sixty-five. The plan member’s objective is to be able to buy an 

annuity that will pay him annually 70% of his final salary.  

Initially we will examine a defined contribution pension plan. In a defined contribution 

plan the value of the pension at retirement depends entirely on how well the pension plan 

                                                 
2 These characteristics and all the other assumptions used in this paper are all plausible but are not intended 
to represent any particular situation.  
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investments have worked out. In this case the 70% pension is only an objective. Our 

examination of plan performance and dynamics will be phrased in terms of this objective. 

Later when we turn our attention to defined benefit plans the 70% pension will become a 

more concrete requirement for the plan. 

 

1.3 The Investment Environment 

Because of the competitive markets assumption introduced above all investments are 

fairly priced. The expected rate of return on any particular investment depends on the risk 

of the investment. We will simplify the choices available to the fund manager by 

allowing a choice between only two assets. One of the assets has no risk in the sense that 

the return on the asset is fixed and known. The second asset is risky in the sense that 

there is some variability in the return generated by the asset.3 We will assume that the 

return on the risky asset in each period is drawn from a normal distribution with some 

specified mean and variance, and that sequential returns are independent of one another. 

This is a reasonable approximation to the returns observed in the market. As a result, the 

mean and the variance of the long run return (which are the sum of many short run 

returns) are the sum of the means and variances of the short term returns.4  

We assume that the moments of the return distributions are stationary. For the purposes 

of our simulation we will assume that the risk-free rate of interest is 3%, the risk 

premium on the risky asset is 3%, and the annual volatility of the risky asset is 15%. The 

effect of increasing either the risk-free rate of interest or the risk premium will be to 

improve the performance of the fund. Increases in the risk-free rate have the largest effect 

since they improve the investment performance of the fund and reduce the cost of buying 

the 20-year annuity at retirement.  

                                                 
3 This is consistent with theories of capital markets that show that in most cases it is optimal to pool all the 
risky assets into a single portfolio and then make an asset allocation decision about the proportion that 
should be invested in this portfolio and the proportion that should be invested in the riskless asset. Models 
in which asset selection plays a more detailed role (i.e., models in which some risky assets are preferable to 
others) generally rely on markets being less than perfectly competitive. 
4 This is exactly true if we use continuous compounding to measure the returns. It is approximately true no 
matter how we measure the returns. 
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2. Defined Contribution Plan 

2.1 Base Case Fund Analysis 

First consider the simplest of all DC plans: a plan with a single member. The 

characteristics of the plan member and the economy are as described above. The pension 

fund invests the member’s contribution and invests them in a portfolio that is 60% 

invested in the risky asset and 40% in the riskless asset. This will be our base case. 

The plan member’s gross salary in year t, S(t), is 

 ( ) ( )( )0 1 tS t S g= +  

where S(0) is the initial salary, assumed to be 100, and g is the growth rate in salary, 

assumed to be 2% per year. The year, t, is a number between 0 (when the employee is 25) 

and 39 (when the employee is 64). The plan contribution in year t, C(t), is  

 ( ) ( )C t c S t= ×  

where c is the contribution rate, assumed to be 15%. The balance in the pension plan at 

time t immediately before a contribution, W(t), is 

 ( ) ( ) ( ) ( )1 1 1 1, , 40W t W t C t wR w r t⎡ ⎤= − + − × + − =⎡ ⎤⎣ ⎦ ⎣ ⎦ …  

where W(0) is assumed to be zero, w is the fraction of the portfolio invested in the risky 

asset, assumed to be 60%, r is the risk-free rate, currently 3%, and R  is the uncertain 

return on the risky asset, drawn from a normal distribution with mean of 6%, equal to the 

risk-free rate plus the risk premium, and standard deviation 15%. 

The performance of the pension is assessed by simulating the investment performance of 

the fund over the 40-year working life of the plan member. Forty random one-year 

returns for the risky asset are simulated and used to evolve the portfolio value from 

inception to retirement. This is repeated 10,000 times to generate a distribution of 

possible plan values at the member’s retirement. This value can be compared with the 

amount of money required to buy the specified pension annuity that pays 70% of the final 

earned income to determine whether the plan has been successful in meeting the 
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objective. 5 The results of the simulation are illustrated in the following Figure 1 which 

shows the frequency of various outcomes. It also shows the amount required to buy the 

desired annuity and the outcome that would be expected if the investment earned the 

expected rate of return each year.6 

Figure 1
Pension Fund Performance

0 2000 4000 6000 8000
Terminal Value

Frequency
PV Annuity
Mean

 

Figure 1 shows that the terminal asset value is roughly log-normally distributed. Under 

our assumptions, had there been a single investment the distribution would have been 

exactly log-normal. The most likely outcome is a fund value a little higher than $2,000 

which is close to the annuity cost of about $2,322. On the basis of expected returns the 

fund will be worth about $2,423 (this is denoted as the Mean in Figure 1) which is 

sufficient to purchase the desired annuity.  

Figure 1 reveals the fundamental problem that pension funds face. Many of the outcomes 

are much larger than required, which is probably not considered to be a problem. 

However, many of the outcomes are much less than the desired $2,322 in which case the 

pension provided will not be as large as desired. In about 53% of the trials the outcome 
                                                 
5 Under our base case assumptions the cost of the annuity, purchased at age 65, is 

 ( ) ( )
( )

39

19

1 1
0.7 0 1 1 1 2,322.05

1
S g

r r
× × + × + − =

+

⎧ ⎫⎡ ⎤⎪ ⎪
⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

6 The expected rate of return is E r w RP= + ×  where RP is the risk premium. In our example E = 4.8%. 
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falls below our objective,7 we are successful only about 47% of the time. In the case of 

the defined contribution plan described here there is no obligation to meet the objective 

but plan members may bring considerable pressure to bear on the plan manager to meet 

this objective. In a defined benefit plan, to be discussed a little later, there is an obligation 

to meet the target. 

In the next section we will examine a number of alternative investment strategies to see if 

they improve the performance of the plan. 

 

2.2 Alternative Investment Strategies 

There are three simple alternative investment strategies that may improve the 

performance of the plan described in the previous section: 

1. Use a fixed investment strategy but consider changing the investment mix to 

something other than 60% in invested in the risky asset, 40% in the risk-free 

asset. 

2. Adopt a time varying investment strategy in which the proportion of the fund 

invested in the risky asset changes in some systematic way over time. 

3. Adopt a time varying investment strategy in which the proportion of the fund 

invested in the risky asset changes in some systematic way as a result of 

realized performance to date. 

The first of these alternatives was examined by re-simulating the previous model for 

proportions invested in the risky asset ranging from 10% to 100%. Table 1 shows for 

each portfolio mix the outcome based on the mean or average rate of return and the 

fraction of outcomes that were sufficiently large to buy the desired annuity (which costs 

about $2,322). 

                                                 
7 About 58% of the outcomes are smaller than the mean. For long term investments mean returns overstate 
the likely outcome of the investment. This is caused by the possibility of some extremely large returns. The 
largest result seen in this simulation was about $16,000, about six times the average result. 
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Table 1 
The average terminal portfolio value and the 
probability of having sufficient resources to buy 
the desired $2,322 annuity for various values of 
w, the fraction of wealth invested in the risky 
asset. The case previously considered is bold. 

w Mean Probability 
100% 3,211 56.6% 
90% 2,989 55.1% 
80% 2,785 53.8% 
70% 2,596 51.0% 
60% 2,423 46.7% 
50% 2,262 41.0% 
40% 2,115 31.7% 
30% 1,978 18.1% 
20% 1,852 3.3% 
10% 1,736 0.0% 

 

What Table 1 shows is that the chances of achieving the objective are improved if a 

greater proportion of the portfolio is invested in the risky asset. By increasing this 

proportion we increase the mean portfolio return (due to the higher expected returns on 

the risky asset) and we also increase the variability of the outcome (due to the greater 

uncertainty about the returns on the risky asset). These two effects work in opposite 

directions but given the assumptions about means and variances in our example the effect 

of increasing the mean dominates. If the risk premium were smaller, or if the volatility of 

the risky asset were larger, different results might be observed. 

As the fraction invested in the risky asset drops below 50% the success rate declines 

sharply. Note however that as w increases the rate of improvement in the chance of 

achieving the objective declines. There are diminishing returns to increasing the portfolio 

risk and return. In our case moving beyond investing 60 or 70% of the portfolio in the 

risky asset does not provide a material improvement in our chance of reaching our 

objective. 

Overall, given a 15% annual contribution rate, the chances of being able to fund the 

desired 70% pension in the economic environment described are no better than fifty-fifty. 
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The only way to materially improve these chances with a fixed investment policy is to 

increase the contribution rate. If the contribution rate was raised to about 21.5% and the 

contributions were invested in the riskless asset there would be sufficient assets to buy 

the desired annuity at age sixty-five; a success rate of 100%. In this case as the fraction 

invested in the risky asset is increased the probability of success declines. When 10% of 

the assets are invested in the risky asset the probability of success is 90% and by the time 

we get to 100% invested in the risky asset the success rate is only 77%. This is an 

illustration of a general principal: if the contribution rate is lower than the level at which 

a riskless investment will produce enough funds to buy the annuity the probability of 

success with a riskless investment is zero; increasing the level of risk taken improves the 

chances of achieving the goal. Conversely, if the contribution rate is higher than the level 

at which a riskless investment will produce enough funds to buy the annuity the 

probability of success with a riskless investment is one; taking more risks worsens the 

chances of achieving the goal. 

Now let us consider the first of the time varying investment strategies. The contribution 

rate is assumed to be 15%. Some financial planners suggest that the portfolio mix change 

in some predetermined way as the plan member ages. One common strategy is to start out 

with an aggressive portfolio with most of the fund invested in the risky asset, and then as 

time passes this proportion is steadily reduced. To explore the effects of this type of 

strategy we varied the fraction invested in the risky asset linearly over the working life of 

the plan member. The fraction invested starts at α0 when the member first entered the 

plan and ends up at α1 when the member is about to retire. The fraction invested in the 

risky asset at time t is 

 ( ) ( )0 1 040
tw t = α + α −α  

where t is the members age less 25, a number between zero, when the member first joins 

the plan, and 40 when the member is about to retire. The strategies considered were 

symmetric over time in the sense that the final fraction, α1, is one minus the initial 

fraction, α0. If we start with 90% of the portfolio invested in the risky asset we end with 
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only 10% invested in it. Values of α0 between 0 and 100% were considered. The results 

are shown in Table 2. 

Table 2 
The average terminal portfolio value and the probability of 
having sufficient resources to buy the desired $2,322 annuity 
when w, the fraction of wealth invested in the risky asset 
varies linearly over time from α0 to α1. The bold values 
correspond to the 50% row in Table 1. 

α0 α1 Mean Probability 

100% 0% 2,032 23.4% 
90% 10% 2,076 26.5% 
80% 20% 2,121 31.4% 
70% 30% 2,167 34.6% 
60% 40% 2,214 38.1% 
50% 50% 2,262 41.3% 
40% 60% 2,312 42.8% 
30% 70% 2,362 44.5% 
20% 80% 2,413 46.3% 
10% 90% 2,465 47.0% 
0% 100% 2,519 47.5% 

 

Surprisingly, these results indicate that the chances of meeting the objective are improved 

by becoming more aggressive in our investments as we age. This is a result of the general 

principal given above. The contribution level is too low to achieve the objective through 

riskless investment so our chances are improved by taking more risks. Because the asset 

balance is growing over time our ‘average risk level’ is higher if we make risky 

investments later rather than earlier. However, overall this strategy appears to be worse 

than the strategy of maintaining a fixed investment strategy. We are better off 

maintaining a relatively high fraction of the portfolio invested in the risky asset over the 

entire investment horizon. 

The third possible trading strategy is to vary the portfolio mix in a systematic way based 

on the results of our investments to date. This is similar to the sort of dynamic trading 

that derivative traders engage in to manage the risks of their portfolio. The trading 

strategy is implemented in the following way. A wealth target at time t, T(t), is chosen, 
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and based on this target and the current accumulated wealth, W(t), we set the fraction of 

the portfolio that will be invested in the risky asset. 

 ( ) ( ) ( ){ }( ) ( )0 1 01 max 1 ,0w t f W t T t⎡ ⎤= α + − − α −α⎣ ⎦  

for some monotonic function f. This is less complex than it appears. The simplest form of 

f is a linear function whose value equals its argument. In this case the portfolio weight 

function simplifies to  

 ( ) ( ) ( )( ) ( ) ( )
( ) ( )

0 1 0

1

W t T t W t T t
w t

W t T t
α + α −α ≤⎧⎪= ⎨ α >⎪⎩

 

At inception when the portfolio has no assets we invest α0 of the portfolio in the risky 

asset. Then as the portfolio value, W(t,) approaches our target we gradually adjust the 

weight toward α1, and when we are at or above the target the weight is α1.  

A possible non-linear form for f is the square-root function. In this case 

 ( )
( ) ( ) ( ) ( ) ( )

( ) ( )
0 1 0

1

1 1 W t T t W t T t
w t

W t T t

⎧ ⎡ ⎤α + − − α −α ≤⎪ ⎣ ⎦= ⎨
α >⎪⎩

 

For this functional form the portfolio weight does not approach α1 as quickly as in the 

linear case. For example, when α0 = 1, α1 = 0, and W/T = 0.5, w = 0.5 under the linear 

model and 0.75 under the square-root model. 

A limitless range of possible strategies exist so our thinking was directed by what we 

have observed in the preceding examples: it is probably better to invest in risky assets. As 

a result we chose α0 to be 1 and α1 to be close to zero. This means that when the portfolio 

is well below the target we invest almost all the money in the risky asset and as we 

approach the target we reduce the portfolio risk by reducing the fraction of the portfolio 

invested in the risky asset. When we are at or above the target if α1 is zero all of the 

money is invested in the risk-free asset. 

The second dimension to this type of strategy is the choice of the target. Since our 

ultimate objective is to be able to purchase the annuity, the target should be related to this 

cost. We considered three alternatives:  
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1. The cost of the annuity, 

2. The present value of the cost of the annuity (discounted at the risk-free rate), 
and 

3. The present value of the cost of the annuity less all anticipated future 
contributions (discounted at the risk-free rate). 

When α1 = 0, the third alternative has the property that when we reach the target we stay 

at the target. This follows from the fact that in this case both target and investments grow 

at the risk-free rate.  

Figure 2 illustrates the effect of these three alternative strategies. This figure shows the 

distribution of the terminal fund values when the square-root trading rule described above 

is used, α0 = 1, α1 = 0, and one of the three alternative targets is chosen. It also shows the 

distribution for the base case discussed above in which a constant 60% of the fund is 

invested in the risky asset (this is the distribution shown in Figure 1). The objective is to 

have a terminal wealth large enough to buy a $2,322 annuity. 

Figure 2
Pension Fund Performance

0 1,000 2,000 3,000 4,000 5,000
Terminal Value

Target 1
Target 2
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60 / 40

 

The effect of reducing the portfolio risk as we approach the target is to lower the 

probability of very large outcomes that are implicit in the log-normal density generated 

by the fixed investment strategy. Since trading strategies are value-neutral this means that 

we also cut off the very bad outcomes that are implicit in the log-normal density 

generated by the fixed investment strategy. The most likely outcomes are those close to 

and usually higher than the target amount. 
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The difference between the three targets lies in how aggressive the implied trading 

strategy is. As we lower our target we transit from being fully invested in the risky asset 

to being fully invested in the risk-free asset more quickly. Each of the targets suggested is 

designed to ensure that there is sufficient wealth to buy the annuity. However as we move 

from target 1 to 3 we have a more sharply defined strategy. 

One of the positive effects of these value based trading strategies is that they greatly 

improve the probability of achieving our objective, the purchase of the annuity. Table 3 

compares the performance resulting from the choice of target for different portfolio 

mixes. The probability of achieving the objective is in all cases better than the very best 

outcome in Table 1. The third alternative target is the worst in terms of probability of 

achieving our objective. This is a result of the fact that the target is so tightly defined. 

When we reach the target we stay at the target. However, because of the change in 

portfolio mix toward riskless investment as we approach the target, we often end up just 

below our objective. 

Table 3 
The average terminal portfolio value and the probability of having 
sufficient resources to buy the desired $2,322 annuity when w, the 
fraction of wealth invested in the risky asset varies in relation to the 
current value of the portfolio using the square-root rule. The bold 
values correspond to the 60% row in Table 1. 

Target α0 α1 Mean Probability 

1 100% 0% 2,437 59.2% 
1 100% 20% 2,549 60.1% 
1 100% 50% 2,762 59.6% 
2 100% 0% 2,267 58.5% 
2 100% 20% 2,402 61.2% 
2 100% 50% 2,655 59.9% 
3 100% 0% 2,154 54.9% 
3 100% 20% 2,291 59.5% 
3 100% 50% 2,567 59.7% 
     

Fixed 
Portfolio 60% 40% 2,423 46.7% 

 



 15

2.3 Policy Alternatives 

The final task that our simple defined contribution plan pension model can be put to is to 

explore the implications of some policy variables on the performance of our pension plan. 

When a defined benefit pension plan is in surplus (plan assets exceed the present value of 

plan liabilities) it is not unusual for the plan sponsors to do one of two things. The first 

possibility is to declare a contribution holiday for as long as the plan is in surplus. The 

second alternative is to withdraw any surplus but continue contributions. These rules do 

not apply for DC plans since the present value of liabilities is not defined in these plans. 

However, we will proceed by treating our DC plan as if it were a defined benefit plan 

where the objective is the liability.  

Our modeling of these policies is a simplification of reality. For the case in which 

surpluses are withdrawn (which we will call the ‘Tax’ case) we just limit the asset value 

to the specified threshold. Whenever the asset balance in the simulation is larger than the 

threshold the balance is reduced to the specified level. In practice this would be achieved 

by the plan sponsor withdrawing the surplus in conjunction with a termination of 

contributions. In our simulation however, since we focus strictly on the fund performance 

we do not specify where the surplus goes, merely that it is withdrawn from the fund. For 

the case in which there is a contribution holiday (the ‘Holiday’ case), in any year of the 

simulation in which the asset balance is larger than the threshold no contributions are 

made. However there is no cap on the asset balance, it may continue to grow due to 

positive investment returns. As with the tax case we do not track what happens to the 

contributions that are withheld but focus on the value of the pension assets. 

We explored the effects of these two policies on the performance of our pension plan for 

the case in which a fixed investment policy was chosen. Our definition of surplus was 

any amount in excess of 110% of the present value of the cost of the annuity less all 

anticipated future contributions (target 3 in section 2.2). The effect of these policies on 

the performance of the fund is shown in Figure 3 which compares the terminal fund value 

for the case in which surpluses are withdrawn (the ‘Tax’ case), the case in which there is 

a contribution holiday (the ‘Holiday’ case), and the original base case in which 
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contributions continue and there is no withdrawal of surplus. In all cases the investment 

strategy is a fixed strategy with 60% of the fund invested in the risky asset. 

Figure 3
Pension Fund Performance

0 1000 2000 3000 4000 5000
Terminal Value

Holiday
Tax
Base

 

The effect of withdrawing any surplus is quite dramatic. Of course we never see any 

surplus and the probability of lower outcomes is increased relative to the probabilities in 

the base case. The effect of the contribution holiday is more muted. It appears that the 

effect of permitting contribution holidays merely shifts the final distribution of outcomes 

slightly to the left. 

To get a clearer understanding of how significant these two alternative policies are we 

compare the effect they have on achieving our objective for a range of fixed investment 

policies. The cases in which surpluses are taxed away or a contribution holiday are 

compared with the base case shown in Table 1. The results are shown in Table 4. 
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Table 4 
The average terminal portfolio value and the probability of having sufficient resources to 
buy the desired $2,322 annuity for various values of w, the fraction of wealth invested in 
the risky asset. The case in which a surplus is taxed away, a contribution holiday is 
imposed, and the base case reported in Table 1 are displayed. 

 Tax Holiday Base 
w Mean Probability Mean Probability Mean Probability 

100% 1,919 31.3% 2,893 53.1% 3,211 56.6% 
90% 1,959 32.3% 2,717 51.8% 2,989 55.1% 
80% 1,988 33.2% 2,564 50.3% 2,785 53.8% 
70% 2,020 34.5% 2,427 48.0% 2,596 51.0% 
60% 2,036 33.8% 2,296 44.7% 2,423 46.7% 
50% 2,043 32.1% 2,190 39.0% 2,262 41.0% 
40% 2,020 27.4% 2,079 30.1% 2,115 31.7% 
30% 1,957 15.5% 1,970 17.8% 1,978 18.1% 
20% 1,852 2.9% 1,853 3.3% 1,852 3.3% 
10% 1,736 0.0% 1,736 0.0% 1,736 0.0% 

 

As Figure 3 suggested, the contribution holiday has only a minor negative impact on the 

probability of achieving our goal. However, the withdrawal of surpluses has an extremely 

large effect on the plan performance. 



 18

3. Defined Benefit Plan 

3.1 Single Member Plan 

We now turn our attention to defined benefit plans. To analyze the single member 

defined benefit plan we return to the single member defined contribution plan of section 

2.1. The distinction is that what was described as an objective, having sufficient funds to 

purchase the pension annuity, now becomes an obligation. We will assume that the 

obligation belongs to the plan sponsor, the entity that hires the plan member. In this 

section we will consider how costly the guarantee obligation is and how this is affected 

by the investment strategy of the plan and the extension of the plan to multiple members.  

In the base case in section 2.1 the cost of the pension was about $2,322. First let us 

consider the most idealized defined benefit plan in which the sponsor covers all shortfalls 

and recoups any surpluses. Whenever the value of the fund at the retirement date is less 

than the promised amount the plan sponsor is required to make the plan whole by 

contributing enough money to bring the balance up to $2,322. If the fund performance 

has been such that there is more than enough money to purchase the annuity the plan 

sponsor can withdraw any surplus. Let W(T) be the value of the plan at the retirement 

date and let A be the cost of the annuity. In our idealized case the contribution that the 

sponsor must make is 

 ( )max ,0A W T− −⎡ ⎤⎣ ⎦  

where the minus sign denotes that this is an obligation of the sponsor which can never 

have a positive value. This is the payoff on a short position in a put option on the fund 

where the strike price is A. Similarly the surplus withdrawal that is available to the 

sponsor at the retirement date is 

 ( )max ,0W T A+ −⎡ ⎤⎣ ⎦  

which is the payoff on a long position in a call on the fund, also with a strike price of A. 

The cost providing the of the defined benefit plan guaranty and the value of the right to 

withdraw any surplus for the single member pension plan can be determined with a 

simple extension to the simulation used to calculate the distribution of plan outcomes. 
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The procedure is merely to keep track of the average shortfall or surplus in all the 

simulations and to discount these average values back to the present. These calculations 

were carried out for all of the fixed investment plans reported in Table 1. The results 

appear in Table 5.  

Table 5 
The price of the options required to guarantee a 
defined benefit pension plan. The plan must have 
sufficient resources to buy an annuity costing 
$2,322. Various values of w, the fraction of wealth 
invested in the risky asset are considered. 

w Call Put Call – Put 
100% 57.89 271.01 -213.12 
90% 49.25 260.64 -211.40 
80% 37.18 249.47 -212.29 
70% 25.98 239.65 -213.67 
60% 18.25 230.48 -212.23 
50% 10.58 222.81 -212.24 
40% 4.62 216.83 -212.21 
30% 1.03 213.62 -212.58 
20% 0.03 212.62 -212.59 
10% 0.00 212.65 -212.65 

 

The more aggressive investment strategies result in higher values for both the put (the 

guarantee) and the call (the right to withdraw any surplus). However, the most interesting 

feature that Table 5 reveals is that the net cost to the plan sponsor to provide a defined 

benefit plan (the value of the call less the cost of the put) is independent of the investment 

strategy. This result is very general. It can be tested by repeating the analysis used to 

create Table 5 for the alternative investment strategies described in section 2.2. For the 

case of the square-root investment rule with α0 = 1, α1 = 0, and the target chosen to be 

the discounted value of the cost of the annuity (target 2) the values of the put and call are 

$225.13 and $12.58 respectively. The resulting net cost to the plan sponsor of the 

guarantee is –$212.54. 
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This constant net cost is a result of put-call parity which for a stock option says the price 

of a call less the price of a put equals the present value of the option strike price less the 

current stock price. In the case of the pension investment we are considering an 

analogous result holds. Another way of thinking about this result is to understand that the 

function of the guarantee is to ensure a final fund value (including the payoffs from the 

guarantee) of $2,322, the cost of the annuity. An alternative way of achieving this result 

would be to have the pension invest only in the riskless asset and then top up the fund at 

maturity. In this case there is no uncertainty about the outcome so no complex 

calculations are required. The shortfall is about $694 and the present value of this is about 

$213.8 A basic principal of competitive financial markets is that things which are the 

same must have the same price. Investing the fund in the riskless asset and providing a 

top-up is the same (has the same end result) as investing the funds in the risky assets and 

proving the guarantee. 

If the defined benefit plan works as described in this section, the plan sponsor is 

indifferent among different investment strategies based on the cost of providing the 

implicit guarantee. Now suppose that it is not possible for the sponsor to recover any 

surpluses in the plan. In this case the call has no value to the sponsor and the cost of the 

guarantee is the cost of the put. An examination of Table 5 shows that this cost is 

minimized by choosing a low risk investment policy. A more detailed analysis shows that 

investing the plan assets in the risk-free asset is the lowest cost policy. In this case, the 

plan sponsor should prefer to invest in the risk-free asset. 

Alternatively, the sponsor may be considering defaulting on the guarantee in which case 

it probably would prefer a very risky investment strategy. The reason for this choice is 

that under the risky strategy the probability of generating enough wealth to cover the 

liability is maximized while if the investments fail to produce the desired result the 

sponsor does not honor the guarantee. If there is any chance of withdrawing any of the 

                                                 
8 The plan sponsor can wait until maturity and provide a top-up of about $694 or invest about $213 in the 
riskless asset at the inception of the fund. Both of these actions have the same value and the sponsor should 
be indifferent between them. If the sponsor is cash constrained or considering default they may prefer to 
defer the top-up. 
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surplus or reducing sponsor contributions if the fund should ever get into a surplus 

position the sponsor would prefer the risky investment. 

 

3.2 Multi-Member Plan 

So far we have only considered single member plans. In this section we will extend our 

model to examine how a multi-member plan might operate. The model we will use is a 

simple extension of the previous model. Every plan member is the same. All start at age 

25 with an initial salary of $100. Each retires at age sixty-five and draws a pension equal 

to 70% of their final salary, and so on. One new member enters the plan each year so a 

newly minted plan starts with a single member and grows in size until after 40-years it 

reaches its steady state population of 40 members. The steady-state population is 

uniformly distributed in the sense that there is one member in each age category from 25 

to 64. As a result of this, once the plan reaches the steady state the annual contribution 

becomes a constant and the annual pension cost is also constant. 

The output of a dynamic model like this is difficult to understand or interpret. It helps to 

first consider the steady state situation. In the steady state the 40 plan members contribute 

$906 each year. A pension annuity costing $2,322 is also purchased each year. The 

difference between income and expense, $1,416, must be funded from the return on 

invested assets. If we assume a rate of return of 3%, the riskless rate, this requires an 

asset pool of $47,200. If we assume a rate of return of 6%, the return on the risky asset, 

we need an asset pool of $23,600. This defines a range of assets values within which the 

fund will be roughly self sustaining. If the asset balance is higher than this range the plan 

will probably run a surplus and the asset balance will grow. If the asset balance is below 

this range the plan will not generate enough income to cover the pensions being awarded. 

The assets will be consumed to fund the pensions, and the plan will collapse.  

Now let us consider the expected evolution of the plan under the base case in which 60% 

of the portfolio is invested in the risky asset. In this case the expected return is 4.8% per 

year. The plan starts with an initial contribution of $15 from the first member. This earns 

4.8% over the first year resulting in an expected asset value after one year of $15.72. At 
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this time the next contribution of $30.30 is received9 resulting in an asset value of $46.02. 

This continues for 40 years resulting in an expected asset value of $31,695 at that time. 

Henceforth the plan is in its steady state with contributions of $906 and withdrawals of 

$2,322 each year. The investment income based on the expected asset balance at the start 

of the steady state period is $1,521 which is more than enough to cover the net annual 

withdrawal of $1,416. As a result the plan is expected to be in surplus and the assets are 

expected to grow in perpetuity. The expected asset values over the first hundred years of 

the plan are shown in Figure 4. The first 40 years is called the fund formation period, the 

period during which the fund is adding members and paying no pensions. Thereafter the 

fund is in the steady-state period during which membership is fixed and pensions are 

paid. The decline in the expected asset growth at the end of the fund formation period 

reflects to start of pension payments. 

Figure 4
Pension Plan Asset Value
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Now let us consider the dynamics of this pension fund. To do this we simulate the 

evolution of the plan over a 200-year horizon. The annual contributions and pension 

withdrawals in each year are as described above. Two hundred random one-year returns 

for the risky asset are simulated and used in conjunction with the contributions and 

withdrawals to evolve the portfolio value from inception. This is repeated 10,000 times to 

                                                 
9 This is $15.30 from the first member whose salary has grown by 2% and $15 from the second member 
who has just joined the plan. 
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generate a frequency distribution of possible plan values at each maturity from 1 to 200 

years. In doing this simulation we must acknowledge the possibility that the asset value 

may be insufficient to cover the pension withdrawal at some point. Our assumption is that 

if this occurs, the plan sponsor tops up the fund providing sufficient funds to cover the 

withdrawal. Should this ever occur the asset value falls to zero, and the plan dynamics are 

reduced to: plan members contribute $906 per year, the plan sponsor contributes $1,416 

per year, and a pensioner withdraws $2,322 in each year. We refer to this as a collapsed 

state which we assume lasts forever. In practice it is likely that such a plan would be 

terminated. 

Figures 5a and 5b show the distributions of plan asset values at different maturities. 

Figure 5a shows the distributions at 10-, 20-, 30-, and 40-years during the plan formation 

period before pensions start to be paid. Figure 5b shows the distributions at 50-, 60-, 80-, 

and 100-years in the steady state period during which pensions are paid. These figures 

can be interpreted as a probability distribution for the possible outcome for any particular 

plan that has the characteristics given above. For example, figure 5a shows that after 40 

years it is most likely that the assets will be between $20,000 and $40,000. However, 

since different pension plans face the same investment environment any two plans with 

the same characteristics are likely to have the same or similar outcomes. If plan A has a 

low asset value after 40 years, plan B is likely to as well.  

Figure 5a
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Figure 5b
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The most striking result observed in Figure 5b is the fact that as we look farther in to the 

future the amplitude of the frequency distribution of asset values appears to be dropping 

to zero. The chance that asset values will be between $10,000 and $100,000 gets smaller 

and smaller. The reason for this is that the probability of very high asset values and the 

probability of entering a collapsed state (the collapsed funds are not shown in Figure 5b) 

both increase as we look farther into the future. As a result the probability that assets 

remain in the intermediate interval is reduced.  

The collapsed state usually occurs after the asset value drops below the self sustaining 

level of about $29,50010 as a result of below average investment returns. At this stage 

investment returns in combination with current contributions are unlikely to be sufficient 

to cover current pension obligations. When this occurs the plan enters a death spiral as 

funds are withdrawn to cover pension obligations. Eventually the asset value drops to 

zero at which point the sponsor ends up contributing $1,416 per year to cover the 

difference between contributions and withdrawals. Table 6 shows the probability that a 

plan will be self-sustaining (here defined as assets in excess of $29,500) and the 

probability that a plan will have collapsed at different maturities. The upper panel of table 

6 shows the results for the base case while the lower two panels show results for 

                                                 
10 This is based on the expected portfolio return of 4.8%. 
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alternative asset mixes. As in the single person plan moving to a policy of investing 

100% in the risky asset improves the chances of success. However the degree of 

improvement is modest. The probability of collapsing in the short term (year 60) is 

increased while the probability of surviving 100 years is improved. The reverse is 

observed when we move to the lower risk strategy of 40% invested in the risky asset. The 

plan is more likely to survive in the short run and less likely to survive in the long run. In 

this case the expected return of 4.2% is insufficient to sustain the plan and results in 

expected collapse (expected assets reach zero) in about 87 years. 

Table 6 
Probability that assets will be in excess of $29,500 (self-sustaining) and the probability that 
assets will be zero (collapsed) between 40- and 100-years after inception. No pensions are 
paid until the forty-first year. 

60% Risky – 40% Riskless Asset Mix 
 40 50 60 70 80 90 100 

Self-sustaining 52.4% 45.0% 40.9% 38.5% 37.1% 35.8% 34.9% 
Collapsed 0.0% 0.3% 13.4% 33.3% 46.7% 54.4% 58.9% 

100% Risky – 0% Riskless Asset Mix 
 40 50 60 70 80 90 100 

Self-sustaining 58.9% 55.1% 52.4% 50.9% 49.5% 48.7% 48.1% 
Collapsed 0.0% 2.8% 19.9% 32.8% 40.7% 45.3% 48.0% 

40% Risky – 60% Riskless Asset Mix 
 40 50 60 70 80 90 100 

Self-sustaining 40.0% 28.3% 22.1% 19.2% 17.0% 15.7% 14.9% 
Collapsed 0.0% 0.0% 9.8% 40.0% 61.5% 72.7% 78.3% 

 

Returning to the base case whose results are in the top panel of Table 6, the effect of 

increasing the contribution rate is similar to that observed in the single period case. If the 

contribution rate is raised from 15% to 17% the probability of collapse by year 60 is 

reduced from 13.4% to about 5% and at the 100-year point from 58.9% to about 38%. If 

the contribution rate is raised to 21.5%, the level at which the plan can meet its 

obligations while investing in the riskless asset, the probability of collapse is zero if the 

investment is riskless. As the investments become more risky the probability of collapse 

increases. For the 60-40 mix the probability of collapse by year 100 is about 7%. 

Asset levels below the self-sustaining level are a form of fiscal black hole. Once in this 

region the fund usually gets sucked to death. However, falling below the self-sustaining 
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level of $29,500 does not immediately condemn the fund to death. It may be rescued by a 

run of good luck in its investment returns. Equally, a fund not too far above this level 

may be pushed into collapse by a run of poor returns. At the other end of the spectrum 

lies a fund with extremely large asset balances. The expected balances shown in Figure 4 

are correct. At the 100-year horizon while the probability that asset balances will be zero 

is 58.9%, there is an approximately 12% chance that the plan has an asset balance in 

excess of $295,000, ten times the sustaining level. The average or expected asset balance 

is about $65,000. 

The tendency of a plan to collapse can be evaluated by considering what will happen to a 

plan in the steady state if it starts out with a specific initial asset balance. Table 7 shows 

what the probability that a fund will have entered the collapsed state by a particular year 

given that the asset balance at the end of the fund formation period took on some value 

between $20,000 and $50,000. This table shows that the dividing line between success 

and failure is not terribly narrowly defined. 

Table 7 
Probability of fund collapse by a specific horizon 
given a particular asset balance at year 40. 

Year Assets at 
Year 40 50 60 80 100 
20,000 0.1% 55.4% 94.7% 97.7% 
25,000 0.0% 15.6% 73.5% 85.1% 
30,000 0.0% 3.1% 44.9% 62.4% 
35,000 0.0% 0.6% 22.8% 40.6% 
40,000 0.0% 0.2% 11.3% 24.4% 
45,000 0.0% 0.0% 4.8% 13.5% 
50,000 0.0% 0.0% 2.1% 7.3% 

 

3.3 Policy Alternatives in the Multi-member Plan 

The extreme results shown in section 3.2 are a result of the assumptions imposed. Plans 

with very high asset values continue to invest and firms with very low asset values are 

allowed to collapse down to a balance of zero. In this section we will examine the effect 
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of allowing contribution holidays or withdrawal of surpluses from plans with very high 

asset balances. We will also consider alternative forms of support for failing plans. 

First let us consider the regulatory type constraints that we looked at in section 2.3. 

Whenever the asset balance exceeds some specified threshold either a contribution 

holiday is declared or any surplus is withdrawn. We set our threshold at 110% of the 

present value of future liabilities less the present value of future contributions. Once the 

plan reaches its steady state the annual liability is $2,322, the annual contribution is $906 

and the annual net liability is $1,416. This net liability is a perpetuity that has a present 

value equal to $1,416 divided by the discount rate. We considered two alternative 

discount rates. First, since the future net cost is known with certainty, it is appropriate to 

discount at the risk-free rate, 3%. In this case the present value is $47,200 and the 

threshold is $51,920. This was the case considered in Section 2.3. The alternative 

discount rate was the expected return on our portfolio, 4.8%, in which case the present 

value is $29,500 and the threshold is $32,450. This constitutes a much tighter limit on 

assets. 

We will consider the more stringent case in some detail. The impact of the $32,450 

threshold on the distribution of assets values in year sixty (after 20 years of steady state 

performance) is shown in Figure 6 which compares the case in which surpluses are 

withdrawn (the ‘Tax’ case), the case in which there is a contribution holiday (the 

‘Holiday’ case), and the original base case in which contributions continue and there is 

no withdrawal of surplus. In all cases the investment strategy is a fixed strategy with 60% 

of the fund invested in the risky asset. 
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Figure 6
Distribution of Asset Values
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The impact of the restrictions on asset value appears mainly to reduce the probability of 

very high asset values while increasing the likelihood that the asset value falls within the 

sustainable range.  

To confirm that this is the effect we recalculated the fraction of funds that collapse and 

the fraction that are self-sustaining between 40- and 100-years after the inception of the 

fund. The threshold is set at $32,450. We consider the case in which surpluses are 

withdrawn (‘Tax’), the case in which there is a contribution holiday (‘Holiday’), and the 

original base case in which contributions continue and there is no withdrawal of surplus. 

The results are shown in Table 8 

Table 8 
The probability of assets in excess of $29,500 (‘Self-sustaining’) or assets of zero (‘Collapse’) 
for the case in which a surplus is taxed away, a contribution holiday is imposed, and the base 
case of no reduction of assets or contributions. 

  Year 
  40 50 60 70 80 90 100 

Self-sustaining 52.1% 45.0% 41.1% 38.4% 36.7% 35.5% 34.7% Base 
Case Collapsed 0.0% 0.2% 13.2% 33.7% 47.0% 54.3% 58.9% 

Self-sustaining 52.2% 37.1% 27.2% 21.2% 16.9% 14.1% 11.9% 
Holiday 

Collapsed 0.0% 0.2% 13.2% 35.4% 53.4% 66.3% 74.5% 
Self-sustaining 51.0% 20.9% 11.1% 6.2% 3.5% 1.9% 1.2% 

Tax 
Collapsed 0.0% 0.3% 13.6% 41.6% 65.3% 80.4% 89.0% 
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As Figure 6 suggests the effect of the restrictions is much smaller than the results 

observed in the single-investor plan might have led us to expect. Since we have defined 

‘self-sustaining’ as assets in excess of $29,500 and our threshold acts to limit assets at 

about this level we see a sharp reduction in the number of plans considered to be self-

sustaining. However the increase in the number of collapsed plans is quite small until we 

are at least 40 years into the steady-state period. The results for the higher threshold of 

$51,920 are very slight indeed.  

 

4. Conclusions 

When a pension plan offers a defined pension benefit it creates a fixed liability. Attempts 

to fund this fixed liability by investing in assets with uncertain rates of return results in a 

situation in which there is usually a substantial miss-match between assets and liabilities 

at the time the pension is withdrawn. When we focus on a single plan member we find 

that if the investments have an expected return such that the expected asset balance will 

be sufficient to cover the liability we find that in somewhere between 55% and 60% of 

the cases11 the asset balance is too low and the plan requires a top-up by the sponsor. In 

the more realistic multimember plan that evolves over time the problem is deferred by 

what amount to transfer payments from one plan member to another. In these 

circumstances the pensions of those who retire first are supported by the contributions of 

those who are still working. However, this merely delays the inevitable. If current 

contributions are used to support existing pensions they are not being invested to support 

future pensions and the plan assets are being consumed. This leads to the ultimate 

collapse of the fund. Under reasonable assumptions this collapse seems to occur 

somewhere between 20 and 40 years after we first start using current contributions to 

support current pensions. 

The use of contribution holidays or withdrawal of any apparent surplus from the plan 

assets aggravates the situation. Either of the se strategies has the same effect as that of 

lowering the overall contribution rate. In the case of the single member plan the 

                                                 
11 See footnote 7. 
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probability that plan assets fall below the required level is greatly increased. In the 

multimember evolutionary plan it becomes more probable that the plan will collapse. It 

also raises the probability that the plan will collapse sooner. 

It appears that this problem of pension plan failure can be solved in only one way. Either 

the contribution rates must be raised or the promised pension benefits must be lowered 

until the contributions, invested at the risk-free rate, are sufficient to support the pension 

promise. In the case of the single member plan the contributions must be invested at the 

risk-free rate for this to work. In the ongoing multimember plan the investment policy 

seems less important. Once contributions reach this supporting level the probability of a 

plan collapse is quite small for any investment policy. However, it is not clear why a 

more risky policy would be chosen over a less risky policy since there appears to be no 

advantage and there is some chance of failure, however small. 
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Overview

• Simulation model of how a pension plan will 
operate in a competitive market

• Considers
– Single member DC plan
– Single member DB plan
– Overlapping generation DB plan
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Economic Environment

• Competitive economy – everyone is a price taker
• No inflation
• No taxes
• Two assets

– Riskless asset yielding 3%
– Risky asset: risk premium 3%, volatility 15%

• There is no money illusion
• Everyone agrees that a pension is desirable
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Individual

• Start work at 25, retire at 65
• Initial compensation $100
• Compensation grows by 2% per year
• 15% of compensation invested in pension 

each year
• Pension is a 20-year annuity paying 70% of final 

compensation purchased at age 65
• Annuity cost is $2,322
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Pension Plan

• Pension plan manager takes annual contributions 
and invests in the two assets

• Only choice is asset mix
• Base case portfolio is 60% risky asset, 

40% riskless asset
• When a pension is drawn assets are taken from 

the pension plan to buy the pension annuity 
(cost $2,322)
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Simulation

S(t) Compensation in year t, t = Age – 25
C(t) Pension contribution in year t
W(t) Plan assets at start of year t, W(0) = 0
r Riskless return
R Risky return

( ) ( )C t c S t= ×( ) ( )( )0 1 tS t S g= +

( ) ( ) ( ) ( )1 1 1 1, , 40W t W t C t wR w r t⎡ ⎤= − + − × + − =⎡ ⎤⎣ ⎦ ⎣ ⎦
% K
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Simulation – continued

• 40 values of R are sampled from a distribution 
with the correct mean and volatility

• These samples, applied to the wealth equation, 
generate a single possible life for the pension

• This is repeated 10,000 times to develop a 
statistical view of what might happen to the 
pension
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Single Member DC Plan (SMDC)

• Base case analysis
• Alternative investment strategies

– Different asset mix
– Dynamic asset selection

• Effect of policy Alternatives
– Contribution holidays 
– Withdrawal of surplus
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Base Case – SMDC

Figure 1
Pension Fund Performance
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$2,322 $2,423 Based on expected return

53% of outcomes 
below $2,322

58% of outcomes 
below $2,423
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Alternative Mix – SMDC

0.0%1,73610%
3.3%1,85220%
18.1%1,97830%
31.7%2,11540%
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56.6%3,211100%
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Asset Mix Changing over Life

47.0%2,46590%10%
44.5%2,36270%30%
41.3%2,26250%50%
34.6%2,16730%70%
26.5%2,07610%90%

Probability of 
Outcome > $2,322Expected WFinal Fraction 
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Asset Mix Changing as W Changes

• Choose a target, T, for final W
– When current W is far below T invest mostly in 

risky asset
– As W approaches T reduce fraction invested in 

risky asset
– When W ≥ T invest only in riskless asset

• Possible Targets:
1. Cost of annuity, $2,322
2. PV($2,322)
3. PV($2,322) – PV of future contributions
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Results of Dynamic Strategy

Figure 2
Pension Fund Performance
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Probability Outcome > $2,322 about 60%
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Policy Alternatives – SMDC

• Contribution Holiday
– Contributions withheld when W > 110% of target 3
– W may continue to grow due to investment returns

• Withdrawal of Surplus (‘Tax’)
– Asset balance is capped at 110% of target 3
– Whenever W exceeds this level the surplus is 

withdrawn
– What happens to the withdrawn surplus is not 

considered
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Effect of Policy Alternatives

Figure 3
Pension Fund Performance
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Probability Outcome > $2,322 about 34% for 
Tax Case
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Single Member DB – SMDB

• Same as SMDC except someone (??) agrees to:
1. Cover any deficit: 

cost = max[$2,322 – W(T), 0]
2. May withdraw any surplus: 

benefit = max[W(T) – $2,322, 0]
• The guarantor is long a call and short a put on 

the plan assets
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Cost of Guarantee – SMDB

• Due to put-call parity the net cost of the long call 
and short put is independent of investment policy 
– Guarantor does not care about investment policy

• This net cost is the additional amount that would 
have to be invested up front if all money were 
invested in the riskless asset

• If the guarantor cannot withdraw any surplus the 
cost of the short put is minimized by minimizing 
the volatility of the asset balance
– Guarantor prefers a riskless investment policy
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Multi-Member DB – MMDB

• One new member enters plan every year
• After 40 years a steady state is reached

– Each year one new member is added and one member retires
– Plan membership is 40 members
– Annual contribution is $906
– Annual pension cost is $2,322
– $1,416 must be funded from asset returns

• If asset values fall to zero the plan is called ‘collapsed’. 
The guarantor contributes $1,416 per year thereafter to 
cover pension liabilities
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Expected Outcome Base Case

Figure 4
Pension Plan Asset Value
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20

Distribution of Outcomes Base Case

Figure 5
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Probability of Collapse

78.3%72.7%61.5%40.0%9.8%0.0%0.0%Collapsed
100908070605040Horizon

40% Risky – 60% Riskless Asset Mix
48.0%45.3%40.7%32.8%19.9%2.8%0.0%Collapsed

100908070605040Horizon
100% Risky – 0% Riskless Asset Mix

58.9%54.4%46.7%33.3%13.4%0.3%0.0%Collapsed
100908070605040Horizon

60% Risky – 40% Riskless Asset Mix
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Impact of Alternative Policy

89.0%80.4%65.3%41.6%13.6%0.3%0.0%Tax
74.5%66.3%53.4%35.4%13.2%0.2%0.0%Holiday
58.9%54.3%47.0%33.7%13.2%0.2%0.0%Base Case

100908070605040Horizon
Probability of Collapse

Threshold is set at 110% of $29,500
Expected rate of return times $29,500 = $1,416
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Conclusions

• A classic case of gambler’s ruin
• If you start with a finite amount of money and 

engage in a series of fair $1 bets you are sure to 
be bankrupted eventually

• A pension plan with fixed liabilities that invests in 
risky assets will always eventually encounter a 
string of poor investment returns that will wipe it 
out 
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