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Abstract: Finite automata are considered in this paper as instruments for classifying finite tapes. Each 

one tape automaton defines a set of tapes, a two-tape automaton defines a set of pairs of tapes, et cetera. 

The structure of the defined sets is studied. Various generalizations of the notion of an automaton are 

introduced and their relation to the classical automata is determined. Some decision problems concerning 

automata are shown to be solvable by effective algorithms; others turn out to be unsolvable by 

algorithms. 

 

 

1. Introduction 

 
Turing machines are widely considered to be the abstract prototype of digital computers; workers in the field, 
however, have felt more and more that then tion of a Turing machine is too general to serve as an accurate 
model of actual computers. It is well known that even for simple calculations it is impossible to give an a priori 

upper bound on the amount of tape a Turing machine will need for any given computation. It is precisely this 
feature that renders Turing’s concept unrealistic. 
In the last few years the idea of a finite automaton has appeared in the literature. These are machines having 
only a finite number of internal states that can be used for memory and computation. The restriction of finiteness 
appears to give a better approximation to the idea of a physical machine. Of course, such machines cannot do as 
much as Turing machines, but the advantage of being able to compute an arbitrary general recursive function is 
questionable, since very few of these functions come up in practical applications. 
  

2. Finite Automata 

 
Nondeterministic finite automaton (NFA) is a quintuple (Q,E, sigma, q0, F), where Q is a finite set of states, _ is 
a set of input symbols, _ is a mapping Q × (E∪ {"}) 7→ P(Q), q0 ∈ Q is an initial state, and F ⊆ Q is a set of 
final states. Deterministic finite automaton (DFA) is a special case of NFA, where _ is a mapping Q ×  7→ Q. 
We define ˆ_ as an extended transition function: ˆ_(q, ") = q, ˆ_(q, ua) = p ⇐⇒ ˆ_(q, u) = q′, _(q′, a) = p, a ∈ _, u 
∈ _∗. 
A configuration of DFA is a pair (q,w) ∈ Q × _∗. The initial configuration of DFA is a pair (q0,w) and a final 
(accepting) configuration of DFA is a pair (qf , "), where qf ∈ F. A move of DFA M = (Q,_, _, q0, F) is a relation 
⊢M⊆ (Q × (_∗ \ {"})) × (Q × _∗) defined as (q1, aw) ⊢M (q2,w), where _(q1, a) = q2, a ∈ _, w ∈ _∗, q1, q2 ∈ 
Q. The symbol ⊢∗ M denotes a transitive and reflexive closure of relation ⊢M. 
In the previous definition we talk about completely defined DFA, where there is for each source state and each 

input symbol exactly one destination state defined. However, there is also partially defined DFA, where there is 
for each source state and each input symbol at most one destination state defined. The partially defined DFA can 
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be transformed to completely defined DFA introducing a new state (so called sink state) which has a self loop 
for each symbol of _ and  into which all non-defined transitions of all states lead. 
 
 
  

3. 1-Way Quantum Finite Automata (1QFA)  
 
One-way Quantum finite automata (1-QFA) proposed by Moore and Crutchfield. 1-way Quantum Finite 
Automata is discussed first. One way quantum finite automaton is a very reasonable model of computation. The 
finite dimensional state-space of a QFA corresponds to a system with finitely many particles. A classical device 
can read symbols from the input and apply the corresponding transformation to quantum mechanical part. A 
quantum automaton (real time) consists of following elements: A Hilbert space H, An initial state vector Sinit Є 
H with |Sinit|2 =1, A subspace H accept H and an operator P accept that projects on to it, An input alphabet A, A 
unitary transition matrix Ua for each symbol a A. 1-way quantum automaton means the head moves only one 
direction and acceptance power of this is reduced to proper subset of regular language. There are two different 
models of one-way quantum finite automata [5, 6]. They are (i) measure-once quantum finite automata (ii) 
measure many quantum finite automata. Measure once model is defined when it is restricted to accept with 
bounded error. 1-way QFA performs measurement on its configuration. The major difference between measure-
once model and measure many model is that, measure-once model computes at the end of computation whereas 
measure many model measures computes at the end of each transition. So, the acceptance capability of measure-
many automaton is more powerful than measure-once automaton. The languages accepted by measure-once 
automaton is closed under the inverse homeomorphisms and Boolean operations. A measure-once quantum 
finite automaton is defined by a 5-tuples. It can be described as M=(Q,Σ,δ,q0,qacc,F) where Q is a finite set of 
states, Σ is an input alphabet, δ is transition function i.e. δ:Q×Σ×Q→Č, q0 is starting state, qacc ϵ Q is accepting 
state, F is accepting states. A measure many quantum finite automaton consists of six (6) tuples. M= 
(Q,Σ,δ,q0,Σ,δ,q0,qacc, qrej,) where Q is a finite set of state, Σ is a finite input alphabet with an end marker 
symbol $, δ is an unitary transition function with δ:Q×Σ×Q→Č, q0 is the initial configuration of M. The set Q is 
divided in three sets i.e. Qacc is set of accepting states, Qrej is set of rejecting states, Qnon is set of non halting 
states. Measure- many quantum finite automaton measures every transition i.e. it measures every transition with 
respect to three subsets that correspond to three subsets i.e. (i) Qacc (ii) Qrej (iii) Qnon: Eacc = span({|q> |q Є 
qacc}), Erej = span({|q> |q Є qrej}), Enon = span({|q> |q Є qnon}. If the computation M is in the Qnon state, 
then the computation continues, if the computation is in Eacc state then M accepts, else M rejects. After every 
measurement the superposition collapses into measured subspaces and renormalized. In one-way quantum finite 
automaton we only require one end marker at the end of the tape. Measure many model is strictly more powerful 
than the measure-once model but it is more difficult to characterize. The two classes of language, those accepted 
with or without bounded error are closed under inverse homomorphism and complementation. A one-way 
quantum automaton is a reasonable model of computation. The languages accepted by one-way quantum finite 
automaton is a proper subset of regular languages. 1- way QFA is more powerful than 1-way reversible finite 
automata. Obviously, 1-way QFA is more powerful than 1-way reversible automata. If a QFA gives a correct 
answer with larger probability (greater than 7/9), then it can be replaced by a 1-way reversible automaton [5, 7]. 
One-way QFA is more space efficient than other automaton. For example, if there is a 1-QFA that can check 
whether the number of input received from the input is divisible by a prime P with only O (log p) states. But any 
other probabilistic automaton requires P states. This explains that 1-way QFA is space efficient. A 1-way 
reversible finite automaton (RFA) is a quantum finite automaton (QFA) with δ(q1, a,q2) {0,1} for all q1,a,q2. 
RFA can also be defined as a deterministic automata where, for q2, a there is at most one state q1 such that 
reading a symbol a leads to state q1 to q2. To introduce probabilism into finite automata without losing 
reversibility is quite hard. There are some probabilistic choices that are consistent with reversibility. The 
language L = {a 2n+3| aN} cannot be recognised by 1-way reversible finite automata (RFA). However, this can 
be recognized by 1-way quantum finite automata. Therefore we define 1-way quantum finite automata with 
probabilistic choices (PRFAs) [8,9,10]. A PRFA is probabilistic finite automata such that for any state q1 and 
aЃ, there is at most one state q2 such that the probability of passing from q2 to q1 after reading „a‟ is nonzero.  
Drawback of One-Way Quantum Finite Automata If L is a language recognized by 1 way quantum finite 

automata (1-QFA) with N states, then it can be recognized by 1-way deterministic automata (1-DFA) with 

2O(N) states. Therefore transformations of 1-QFA into classical counterpart causes exponentially increase in 

size. Space efficient of 1-QFA is less powerful than classical counterpart. However, Deterministic Finite 

Automata (DFA) is more powerful than 1-QFA. For removing the drawback of 1QFA, 2QFA is developed. 
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2-WAY QUANTUM FINITE AUTOMATA(2-QFA) 
The 2-way Quantum Finite Automata (2-QFA) consists of finite state control and a 2 way tape head which scans 
read only tape. The 2-QFA can be defined as M = (Q,Σ,δ,Q0, Qacc, Qrej) where : Q is Finite set of state, Σ is 
input alphabet, δ is transition state function, Q0 is initial state, Qacc Q is set of accepting state, Qrej Q is 
set of rejecting state. The tape alphabet Ѓ = Σ {#,$} where left end and right end marker respectively. The 
transition function can be defined as δ: 
Q×T×Q×{-1,0,1}→C if q and q‟Q,б T, d {-1,0,1}. 
Then δ (q, б, q‟, d) represents the amplitude with which a machine in state q moves to state q‟ by scanning the 
symbol б and with move direction d. Two way Quantum Finite Automata (2QFA) can stimulate any 
nondeterministic automaton and also can recognize some non regular languages. 
This also suffers from some disadvantages, i.e. it allows superposition where the head can be multiple positions 
simultaneously. For implementing this we need at least O(logn) qubits to store the position of head, where n 
represents the length of input tape. Quantum computer may not be fully quantum mechanical. There may be 
classical part and quantum part where quantum part may be expensive than classical part. Therefore we propose 
2-way finite automata with classical and counterpart which acts as an intermediate between 1QFA and 2QFA. 
Let us consider the following languages: L1 ={x (a,b)*|x=xR} and L2 ={anbn|n N}. These languages 
can be solved by 2-way quantum finite automaton with classical and counterpart. While solving these two 
languages, we find that the quantum part of a machine consists of only single qubit [11,12]. That qubit 
represents and process certain information regarding input. A two-way classical quantum finite automaton 
(2QCFA) has to access fixed size of quantum resister by which it performs quantum transformation and 
measurement. The transformations and measurements are determined by local descriptions of the classical 
portion of the machine, and the results of the measurements may determine the manner in which the classical 
part of the machine evolves. 
A two-way finite automaton with quantum and classical States (2QCFA) has 9-tuples. M=(Q,S,Σ,θ,δ,Q0, S0, 

Sacc, Srej) where Q,S are finite set of states quantum and classical states respectively. Σ is finite alphabet, θ. δ 

are the transition functions that defined M. Q0 is initial state, S0 is initial classical state. Sacc, Srej are accepting 

and rejecting state. Ѓ is tape alphabet of M where Ѓ = Σ {¢, $}. ¢ Σ is known as left end marker and $ Σ is right 

end marker. The function θ defines quantum portion of internal state. The language L2 is non-regular language, 

but it is recognized by 2-way probabilistic finite automaton 2-way Quantum Finite Automaton (2QFA) uses 

superposition where the head of QFA is in different places and different components of the superposition. Let us 

consider another language which will describe how the language L={ambn|m,n>0}. The transition diagram is 

given in figure 1. 

 

Fig 1. Transition diagram of L={ambn|m,n>0} 

Algorithm:  

Step 1: First check whether the input string is in the form of ambn, If not then Reject. 

 Step 2: Else repeat the following the following step. 

 Step 3: Move the tape head on symbol ¢ and set the quantum state to |q0>. While the currently scanned symbol 

is not $, do the following. 3. 1. If the currently scanned symbol is „a‟, then perform “add that symbol into 

stack.” 3.2. If the currently scanned symbol is „b‟, then delete that symbol from that stack. 

 Step 4: Then Measure the quantum state (i.e. on symbol $). If the result is $, then accept, otherwise Reject. 
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 Step 5: Finish Another language that could be considered is a Palindrome string. Palindrome can be of two 

types i.e (i) odd palindrome (ii) even palindrome. Odd and Even palindrome diagram with their transition 

diagrams are given in figure 2 and 3 respectively. 

 

Fig 2. Transition diagram of an odd palindrome 

 The following describing the even palindrome ={SSR}. There is no middle character in an even length 

palindrome. 

 

Fig 3. Transition diagram of even length palindrome To overcome the problems of 1-QFA and 2-QFA and to 
make it more powerful A.Kondacs and J.Watrous proposed some ways which can be followed for the 
development of the QFAs..  
They are classified into five types, (i) 1-way QFA with classical automata (ii) 1-way QFA with 1-counter (iii) 1-
way QFA with multiple counter (iv) 1-QFA scanning the input strings with multiple times (v) 2-QFA with one 
counter (vi) 2- QFA with classical automata. 
 
 1-way with Multiple Counters: 1-way k-counter means this automaton has k counter and each counter 
initialized into Zero [15,16]. 1-way k-counter can be defined as M = (Q,Σ,δ,Q0, Qacc, Qrej ).  
The transition function cab be defined as follows. δ: Q×Ѓ×S×S×Q×{-1,0,1}×{-1,0,1}→C with Ѓ =Σ {#,$} and 
S=(0,1).  
If we consider K=3,for fixed input, the configuration of the 1-way 3-counter automaton may be defined as (i) 
the internal state of the automaton (ii) the value of first counter (iii) the value of the second counter (iii) the 
value of the third counter. Let us take one automaton L3= {ambncmn | m, n are real number}. 
 Here we are using three counters i.e. m, n, z. The steps of the automaton are given below.  

Steps: 
 

1. Initialize the value of three counters to „0‟. That means m = n = z = 0.  

2. By reading “a” increment the value of counter “m” and counter “z”. The value of counter n remains constant.  

3. By reading “b” increment the value of “n” and the value of “m” and “z” remain constant.  

4. By reading “C” decrement the value of “n”.  

5. When the value of „n‟=0 and the value of „m‟ 0, then decrement the value of „m‟ and assign ‟n‟=‟z‟.   

6. Go to step 4.  

7. Repeat the process until the reading head reads right end marker „$‟.  

8. When „$‟ is read if the value of the counter „n‟=0 and the value of counter „m‟=0, then accept otherwise 
reject.  
 
Let us take an input string “aabbbcccccc”. The input string is “#aabbbcccccc$”. The steps are given below.  
Steps: 
  
1. In the first step “#” is read. So the counter are initialized into m=1, n=0 and Z=1.  

2. In the second step „a‟ is read. So the counter values are m=2, n=0, Z=2.  
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3. In the third step „a‟ is read. Counter values will be m=2, n=0, Z=2.  

4. In the forth step „b‟ is read. Counter values will be m=2, n=1, Z=2.  

5. In the fifth step „b‟ is read. Counter values are m=2, n=2, Z=2.  

6. In the sixth step „b‟ is read. Counter values are m=2, n=3, Z=2.  

7. In seventh step „c‟ is read, then counter values are m=1, n=2, z=2.  

8. In eighth step „c‟ is read, then counter values are m=1, n=1, z=2.  

9. In ninth step „c‟ is read, then counter values are m=1, n=0, z=2.  

10. Again „c‟ is read, the counter values will be m=1, n=-1, z=2.  

11. Again „c‟ is read, the counter values will be m=0, n=1, z=2.  

12. Now „c‟ is read, the counter values will be m=0, n=0, Z=2.  
 

 
V. CONCLUSIONS  
In this paper, we discussed about the Quantum Finite Automata (QFA). Here we focused the developing 

algorithms by one-way quantum k-counter automata. This automaton is increasing the power of 1QFA and 

2QFA. Here we focused several methods for constructing the methods of 2QFA‟s for recognizing the non-

regular languages. Some more method can also be possible for developing the power of both 1QFA and 2QFA 

such as 2QFA with classical finite K-counter automata and 2QFA with K-counter. And it will be a best idea to 

test the steps and ideas with more number of language test cases to check the efficiency of the automaton. The 

authors are currently working on this. 
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