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Abstract

Error Correcting codes are used to provide efficient transmission of data over the noisy channel. Convolutional 
codes are one of the FEC (Forward error correction) codes which are being used in wireless communication 
from early 1970s. In this paper, we will study the various methods of encoding and decoding process of 
Convolution Codes using various examples. These codes are known to perform near Shannon limit of capacity 
based on several criterions like computational complexity, fast and easy encoding, hardware simplicity, 
decoding delay and BER performances.

1. Introduction

Convolutional codes form the large class of codes used for error-control coding. Convolutional codes are those 
error-correcting codes which generates parity bits by sliding the Boolean function with respect to the input data. 
This sliding process represents convolution of encoder over data. Convolutional codes are characterized by base 
code rate and the depth (memory) of encoder [n, k, K] where n is the number of bits of the codeword and k is 
the number of information bits.  Depth is also called constraint length ‘K’ where the output is a function of 
previous K-1 inputs. The depth can be defined as a number of memory elements ‘v’ in the polynomial or the 
maximum possible number of states of the encoder (typically 2v) [2].

Convolutional codes transform a whole sequence of information bits into a sequence of encoded bits by 
convolving the information bits with a set of generator coefficients. Convolutional codes are not constructed by 
analytical methods but by trial and error methods. Convolutional codes are sometimes defined by their 
continuous characteristics. However, it may also be said that convolutional codes have arbitrary block length. 
Convolutional codes are used as inner codes with burst error correcting block codes as outer codes to form 
concatenated codes [2].
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I. Convolution Encoding

A rate k/n convolutional encoder with constraint length K consists of k*K-stage shift registers and n Mod-2
adders. At each unit of time k bits are shifted into the 1st k stages of the register. All the message bits in the 
register are shifted k stages to the right. The output of the n adders is sequentially sampled to give the coded 
bits. There are n coded bits for each input group of k information or message bits. Hence R = k/n information 
bits/coded bit is the code rate (k<n) [1]. 

Encoder Structure:

Fig. (a) Encoder 

The figure is used to describe the basic process of convolutional encoding. Here the encoding process can be 
described as the function that characterizes the relationship between the information sequence m and the output 
coded sequence U. First, we specify n connection vectors for each of the n mod-2 adders. Each of the 
connection vectors has k*K dimension which describes the connection of the shift registers to the mod-2 adders. 
The binary symbols can be used to specify whether there is a connection between them or not. For example: the 
bit ‘1’ in the ith position of the connection vector implies shift register is connected and the bit ‘0’ implies that 
no connection exists. 

Encoder Representations: The encoder can be represented in several different but equivalent ways. There are 
basically four types of representations of Convolutional Encoder:

1. Generator Representation
2. Tree Diagram Representation
3. State Diagram Representation
4. Trellis Diagram Representation

Generator Representation: Generator representation shows the hardware connection of the shift register taps to 
the modulo-2 adders. Let the encoder has k inputs and n outputs, then the code generator matrix is said to be of 
the form k-by-n matrix. The element in ith row and jth column indicates how the input is associated with the 
output, where ith element of the row represents an input and jth element of the column represents an output.  A 
generator vector represents the position of the taps for an output. A 1 represents a connection and a 0 represents 
no connection. Example: the two generator vectors for the encoder are g1= [111] and g2= [101]. 

State Diagram Representation: In the state diagram, the state information of the encoder is shown in the circles. 
Each new input information bit causes a transition from one state to another. Contents of the rightmost K-1 shift 
register stages define the states of the encoder. So, the encoder in fig below has four states. The transition of an 
encoder from one state to another is depicted in the state diagram. The path information between the states 
denoted as x/c represents input information bit x and output encoded bits c. Generally convolutional encoding 
begins from all zero state [5].
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Fig. (b) State Diagram

Example: Consider the half rate encoder in the following figure. The present state values are the possible 2 bit 
combinations for both 0 and 1 input. The output AB is obtained from the expressions in the above figure. Then, 
the next state values are calculated by right shifting the input and present state values together by 1 bit position
[3].

Truth Table for the encoder in fig (b):

INPUT PRESENT 
STATE

OUTPUT NEXT 
STATE

0 00 00 00

0 01 11 00

0 10 01 01

0 11 10 01

1 00 11 10

1 01 00 10

1 10 10 11

1 11 01 11

Table 1

From the truth table we can deduce the state diagram representation as follows:

Fig. (c) State Diagram
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Interpretations from state diagram:

Let 00      State a; 01      State b; 10     State c; 
State d 11;

1. State a goes to state a when the input is 0 and the output is 00
2. State a goes to state a when the input is 1 and the output is 11
3. State a goes to state b when the input is 0 and the output is 10
4. State a goes to state b when the input is 1 and the output is 01
5. State a goes to state c when the input is 0 and the output is 11
6. State a goes to state c when the input is 1 and the output is 00
7. State a goes to state d when the input is 0 and the output is 01
8. State a goes to state d when the input is 1 and the output is 10

Tree Diagram Representation: Tree codes are generated by a state-changing process. These are the most general 
form of convolutional codes. In this representation, the code generator moves from one state to another which is 
totally dependent on the input sequence, the symbols to be encoded, and on transition between the states. Thus, 
from a given state possible paths spread out like the branches of the tree which forms a codevector. The received 
codevector must be able to recreate the input sequence. 

Fig (d) Tree Representation

Trellis Diagram Representation: This representation is actually an extension of the state diagram. It shows all
the possible state transitions at each time step. It is drawn by joining all the possible states in the vertical axis. 
Then we connect each state to the next state by the codeword for that state. There are only two choices possible 
at each state. These are determined by the input bit, that is, either a 0 or a 1 bit. The arrows going upwards 
represent a 0 and going downwards represents a 1. The general steps to construct trellis diagram are:

1. It starts from scratch (all 0s in the SR i.e. state a) and makes transitions corresponding to each input 
data digit.

2. These transitions are denoted by a solid line for the next data digit 0 and by a dashed line for the next 
data digit 1.

3. Thus when the first input digit is 0, the encoder output is 00 (solid line)
4. When the input digit is 1, the encoder output is 11 (dashed lines)
5. We continue this way for the second input digit and so on as depicted in fig e 

Fig (e) Trellis Representation
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II. Convolutional Decoding:

The decoding process can be divided into two parts, that is, soft decoding and hard decoding. In soft decoding 
process, the codeword received at the receiver end is first compared with all the possible codewords and the 
codeword which gives minimum Euclidean distance is selected. Soft Decoding is said to improve the decision 
making process by providing additional and highly reliable information. Whereas in case of hard decoding 
process, after comparing the received codeword with all the possible codewords, the one with minimum 
hamming distance is selected.

Several algorithms exist for decoding convolutional codes. For relatively small values of k, the Viterbi 
Algorithm is used as it provides maximum likelihood performance. Longer constraint length codes are more 
powerful and thus decoded with sequential decoding. Decoding convolutional codes is practically performed 
using Viterbi Algorithm [3]. In 1967, Andy Viterbi introduced what became known as the Viterbi algorithm 
(VA) as an “asymptotically optimal” decoding algorithm for convolutional codes, in order to prove exponential 
error bounds [4]. It was quickly recognized that the VA was actually an optimum decoding algorithm. The 
algorithm is optimum in the sense that the nearest codevector to the received vector is found, the entire space of 
code vectors being searched. The algorithm becomes slow as the constraint length k increases. The free distance 
d of convolutional code is the smallest number of positions in which two infinitely long encoded paths can differ 
that leave by different branches at the root of the trellis. Generally d equals the minimum number of non-zero 
encoded digits on an infinitely long path through the trellis that is caused by all-zero information bits [4]. One of 
the best features of VA decoding is that it is possible to use the state-transition probabilities of the memory less 
channel to derive a very tight upper bound on decoding bit error probability. Basic idea of VA decoding could 
be explained below [5]:

a. At time t i, there are 2K-1 states in the trellis and each state can be entered by means of 2 states.

b. Viterbi Decoding consists of computing the metrics for the 2 paths entering each state and eliminating 
one of them.

c. This is done for each of the nodes at time ti.

d. The decoder then moves to time t i+1 and repeats the process.

Example:
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Fig. (f) 

III. Free Distance of Convolutional Codes

The free distances of a convolutional code is defined as the minimum Hamming weight of any non-zero 
codeword of that code. Trellis diagram can be used to find free distance of Convolutional codes starting from an 
all zero state. Paths that diverge from the zero state and merge back to the zero state without intermediate passes 
through the zero state.

IV. Punctured Convolutional codes

The basic idea of puncturing is to delete some bits in the code bit sequence according to a fixed rule. In general, 
the puncturing of a rate K/N code is defined using N puncturing vectors. Each table contains p bits, where p is 
the puncturing period. If a bit is 1 then the corresponding code bit is not deleted, if the bit is 0, the corresponding 
code bit is deleted. The N puncturing vectors are combined in an N x p puncturing matrix P [6].

Example: the information bit sequence u= (0, 0, 1, 1, 0) generates the un-punctured code bit sequence XNP = (00, 
00, 11, 01, 01). The sequence XNP is punctured using a puncturing matrix:

ܲ1 = ൬1 1 1 0
1 0 0 1൰

The puncturing period is 4. Using P1, 3 out of 4 code bits and 2 out of 4 code bits of mother codes are used, the 
others are deleted (punctured). The rate of the punctured code is thus R= ½. (8/5)=4/5 and u are encoded to x = 
(00, 0X, 1X, X1, 01) = (00, 0, 1, 1, 01).

The performance of punctured code reduces as we compare with the mother code. The advantage of using 
puncturing is that all punctured codes can be decoded by a decoder that is able to decode the mother code, so 
only one decoder is needed. Using different puncturing schemes one can adapt to the channel, using the channel 
state information, send more redundancy, if the channel quality is bad. And send less redundancy/more 
information if the channel quality is better.
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V. Good convolutional Codes:

The good convolutional codes can only be found in general by computer search. The error correction capability 
of a convolutional code increases as n increases or as the code rate decreases. Thus, the channel bandwidth and 
decoder complexity increases.

VI. Advantages of Convolutional Codes:

The advantage of Convolutional codes lies in their ability to perform economical maximum likelihood soft 
decision decoding. The convolution operation encodes some redundant information into the transmitted signal, 
thereby improving the data capacity of the channel. Convolution encoding with Viterbi decoding is a powerful 
FEC technique that is particularly suited to a channel in which the transmitted signal is corrupted mainly by 
AWGN. 

VII. CONCLUSION

Channel codes are meant to eliminate the need of re-transmission of data in wireless digital communication 
because re-transmission leads to wastage of energy to send data packets. Due to this reason, convolutional codes 
are highly recommended with their robust decoding techniques. The Viterbi Algorithm has been adopted widely 
in digital communication and is constantly being studied to make it more efficient. The basic design of the 
convolutional codes is based on code rate and the constraint length. Thus, we can say these codes are suitable 
for high data rate based wireless communication applications which include deep space communications, voice 
band modems, satellite communication, etc.
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