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Abstract 
Game theory is a study of strategic decision making. Different optimization techniques are available to optimize a 
game. In this paper a discussion has been done about types of games and method s of optimising these games 
specifically two person zero-sum games. To find out such optimal strategies we have chosen Nash equilibrium concept. 
This paper also discuss about computational problems in game theory. Game Theory is the computation of solution 
concepts of a finite game. This paper establishes a common ground of comparison for testing the efficiency of the 
techniques  by studying the payoffs and cooperation between different players in different techniques. Thus using  
different techniques of optimization of two person zero sum game the paper provide most efficient technique for it. 
Keywords: Game theory, Two Person Zero-sum Game, Nash equilibrium, optimization. 

1. Introduction 

The games studied in game theory are well-defined mathematical objects. A game consists of a set 
of players, a set of moves (or strategies) available to those players, and a specification of payoffs for each 
combination of strategies. Specifically, it is "the study of mathematical models of conflict and cooperation 
between intelligent rational decision-makers". An alternative term suggested "as a more descriptive name 
for the discipline" is interactive decision theory.[1] Game theory is mainly used in economics, political 
science, and psychology, as well as logic and biology. The subject first addressed zero-sum games, such 
that one person's gains exactly equal net losses of the other participant(s). Today, however, game theory 
applies to a wide range of behavioral relations, and has developed into an umbrella term for the logical side 
of decision science, including both humans and non-humans (e.g. computers). There are various kinds of 
games. A broad classification of the games can be into Passive and Dynamic. The passive games deal with 
a finite set of strategies which can be simultaneously applied by players. The Dynamic or Stochastic games 
are repeated games with probabilistic transitions. The main difference between the two types of games is 
the fact that in static games the players have a finite set of pure strategies while in a dynamic game the 
strategies are infinite[2]. Another category is of cooperative and non-cooperative games. A game is 
cooperative if the players are able to form binding commitments. For instance, the legal system requires 
them to adhere to their promises. In noncooperative games, this is not possible. Often it is assumed 
that communication among players is allowed in cooperative games, but not in noncooperative ones. Of the 
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two types of games, noncooperative games are able to model situations to the finest details, producing 
accurate results. Cooperative games focus on the game at large. Considerable efforts have been made to 
link the two approaches. Strategies of a player in a game can be divided into two types i.e. Pure Strategies 
and Mixed Strategies. In case of a pure strategy there is a predetermined plan that prescribes for a player 
the sequence of moves and countermoves the player would make during a complete game. A mixed 
strategy on the other hand is defined by a probability distribution over the set of pure strategy. 
 
Game theory provides various solution concepts, which specify what it means to act optimally in such a 
domain. As a result, there has been much interest in the multiagent systems community in the design of 
algorithms for computing game-theoretic solutions. Most of this work has focused on computing Nash 
equilibria. Nash equilibrium is a solution concept of a non-cooperative game involving two or more 
players, in which each player is assumed to know the equilibrium strategies of the other players, and no 
player has anything to gain by changing only their own strategy.If each player has chosen a strategy and no 
player can benefit by changing strategies while the other players keep theirs unchanged, then the current set 
of strategy choices and the corresponding payoffs constitute a Nash equilibrium. A Nash equilibrium 
consists of a profile of strategies (one for each player) such that no player individually wants to deviate; 
strategies are allowed to be mixed, that is, randomizations over pure strategies. This concept has some 
appealing properties, including that every finite game has at least one Nash equilibrium (Nash 1950).[3] 
 

2. Strategies for Two person zero sum games 
 

The intuition behind a strategy is that it tells you how you are going to play the game. In examples, it will 
be just a choice from one of a finite list of possible things you can do. This story might help you understand 
the notion of a strategy. You made an arrangement to talk to a friend about what you were going to do 
together, but you unexpectedly cannot be home when the friend is supposed to call. Your roommate will be 
home and promises to talk to your friend. You want to give your roommate instructions about what kind of 
arrangements to make. You would like to walk on the beach,but not if it is going to rain. You would like to 
go to the Belly Up, but only if you can dance. You would like to see a movie, but only if Leonardo 
DiCaprio isn't in it. Most of all, you would like to do something that your friend also wants to do. What 
kind of instructions do you give your roommate? Complete instructions will account for all possible 
contingencies. You won't say: “Tell my friend that I'll do whatever he or she wants to do." Instead, you'll 
saysomething like: “If she wants to go to a movie,  find out if DiCaprio is in it. If he isn't, tell her OK. If he 
is, tell her no." And so on. In game theory, a strategy is a complete set of instructions. It allows your room 
mate to “negotiate"for you no matter what your friend on the phone says. 
 
When you specify a strategy for each player, you determine the outcome of the game. Payoffs associate to 
each outcome a number for each player. You can therefore describe two-player games using a payoff 
matrix. The rows of the matrix represent the strategies of one player. The columns of the matrix represent 
the strategies of the other player. The cells of the matrix represent outcomes. In these cells, you place 
payoff numbers. In general, each cell should have a payoff for each player in it. In zero-sum games, you 
need only have one number in each cell. This number represents the payoff to the player who picks rows. 
The negative of this number is the payoff to the player who picks columns. 

 
2.1 Pure Strategy 
 
A game can have either a pure-strategy or a mixed Nash Equilibrium. A pure strategy is a predetermined 
plan that prescribes for a player the sequence of moves and countermoves he will make during a complete 
game. An optimal solution to the game is said to be reached if neither player finds it beneficial to alter his 
strategy. In this case the game is said to be in a state of equilibrium. This equilibrium is called as Nash 
Equilibrium. The game matrix is usually expressed in terms of a payoff to a player. Thus a payoff matrix 
gives a complete characterization of a game. For solving two-person zero-sum games we find the Row 
Minimum (Maximin) and Column Maximum (Minimax) values. These values provide us with the value of 
the game and determine of a saddle point is present in the game or not. In case the saddle point is found in a 
game the game is bound to have been played by a pure strategy which would minimize the losses of each 
player and maximize their profits correlating each other. This saddle point also represents the Nash 
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Equilibrium that will be present in the game. The Nash equilibrium in any game can be achieved by 
elimination of the unfeasible moves for each player.[2] 

Table 1 
  Player I   
  A B C 

Player J X 2,0 2,6 6,0 
 Y 0,4 0,2 6,0 
 Z 0,4 4,8 10,6 

 
Applying elimination of Rows It is clearly noticeable that for Player I strategy C is not feasible compared 
to A or B and so it is logical to assume that Player I wouldn’t play this strategy. This makes it safe to 
eliminate this strategy. Now for Player J, strategy X and Z clearly dominate strategy Y and hence Y can 
also be eliminated. 

Table 2 
  Player I  
  A B 

Player J X 2,0 2,6 
 Y 0,4 4,8 

 
Now considering this new matrix, for Player I the optimal strategy is B and so Column A can also be 
eliminated. Similarly Row X can also be eliminated for Player J. This shows that for Player I the optimal 
strategy is B while for Player J it is Z. This solution to any game is always a stable one and called as the 
Nash Equilibrium. Considering another 3X3 payoff matrix we calculate the Maximin and the Minimax so 
as to find the saddle point of the game if any.  
 
Eg Stag-Hunt Game 
 
Two hunters go hunting for a stag, which is a large animal and requires the effort of both to becaught. As 
they wait at their respective locations for the stag, one of them notices a hare (a smaller animal) running by. 
The hare can be caught by one person. The hunter who has observed the hare can now choose to continue 
to wait for the stag along with the other hunter or choose to run after the hare and catch it. There is no 
uncertainty, in the sense that if both hunters wait, they will catch the stag and share it. If either of them run 
after a hare, he will catch one and get whole of it. One person waiting for a stag cannot catch the stag. Half 
a stag is worth more than a hare. So you can see in the table that if the player one choose a stag and the 
player two too then they will both get a payoff of 5. But if the hunter one takes a hare a the player two a 
stag then the first player will get 4 and the second 0 and so on.Thus the payoffs are given by, 

Table 3 

 
2. Hunter 

Stag Hare 

1. Hunter 
Stag 5, 5 0, 4 

Hare 4, 0 2, 2 

 
- Two pure strategy Nash Equilibrium: <Stag, Stag> and <Hare, Hare>   
- <Stag, Stag> is payoff dominant   
= <Hare, Hare> is risk dominant 
 
2.2 Mixed Strategy 
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In the theory of games a player is said to use a mixed strat- egy whenever he or she chooses to randomize 
over the set of available actions. Formally, a mixed strategy is a proba- bility distribution that assigns to 
each available action a likelihood of being selected. If only one action has a pos- itive probability of being 
selected, the player is said to use a pure strategy. A mixed strategy profile is a list of strategies, one for each 
player in the game. A mixed strategy profile induces a probability distribution or lottery over the possible 
out- comes of the game. A Nash equilibrium (mixed strategy) is a strategy profile with the property that no 
single player can, by deviating unilaterally to another strategy, induce a lottery that he or she finds strictly 
preferable. In 1950 the mathematician John Nash proved that every game with a finite set of players and 
actions has at least one equilibrium. 
 
To illustrate, one can consider the children’s game Matching Pennies, in which each of two players can 
choose either heads (H) or tails (T); player 1 wins a dollar from player 2 if their choices match and loses a 
dollar to player 2 if they do not. This game can be represented as follows:  

Table 4 
  Player I  
  H T 

Player J H 1,-1 -1,1 
 T -1,1 1,-1 

 
Here player 1’s choice determines a row, player 2’s choice determines a column, and the corresponding cell 
indicates the payoffs to players 1 and 2 in that order. This game has a unique Nash equilibrium that requires 
each player to choose each action with probability one-half.  
Since all data of a finite two-person zero-sum game can be summarized in one matrix, such a game is 
usually called a ‘matrix game’. 
A matrix game is an m×n matrix A of real numbers, where the number of rows m and the number of 
columns n are integers greater than or equal to 1. A ( mixed ) strategy of player 1 is a probability 
distribution p over the rows of A, i.e., an element of the set 
 
∆

m :={p =(p1,...,pm)∈ Rm | , pi ≥0 for all i = 1,...,m}. 
 
Similarly, a ( mixed) strategy of player 2 is a probability distribution q over the columns of A, i.e., an 
element of the set 
 
∆

n :={q =(q1,...,qn)∈Rn | , qj ≥0 for allj = 1,...,n}. 

 
A strategy p of player 1 is called pure if there is a row i with pi = 1. This strategy is also denoted by ei. 
Similarly, a strategy q of player 2 is called pure if there is a column j with qj = 1. This strategy is also 
denoted by ej. The interpretation of such a matrix game A is as follows. If player 1 plays row i (i.e., pure 
strategy ei) and player 2 plays column j (i.e., pure strategy ej), then player 1 receives payoff aij and player 2 
pays aij (and, thus, receives−aij), where aij is the number in row i and column j of matrix A. If player 1 
plays strategy p and player 2 plays strategy q, then player 1 receives the expected payoff. 
pAq =  

and player 2 receives −pAq.[4] 
 

3. Graphical solution for Two person zero sum games 
 
For solving a game with mixed strategy there are many methods. On comparison, it is observed that the 
graphical method is much easier and quicker than other me- thods. For solving with graphical method we 
need to reduce matrix (each of col- umns or rows in to two) and then we can use the graphical method. 
 
Suppose that you want to make decision on gaining player’s (A) strategies. (Find- ing the min-max point) 
So draw columns instead of loosing player’s (B) strategies. Then draw the strategies of player A. The 
distance of adjacent columns is unit. 
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 Consider these points for reduction (min-max): 
 
 - Eliminate the strategies of player A which are dominated by other strategies. 
 
 - Eliminate the strategies of player B by comparing columns with each other. (By aid of player A 
strategies). Do not compare the column which has the maximum and minimum values. 
 
 - Check the previous points. It might be produced another new reduction.  
 
- If the pay-off matrix do not been reduced still, get the average of 2 columns by drawing a vertical line just 
between 2 columns and compare it with other columns for reduction, there is must be a column for 
reduction. 
 
 - At last calculate the min-max value and strategies probabilities by graph[5].  
 
 To illustrate the procedure for solution, consider following example. 
 
Assuming that player 1 is playing his best, player 2 could choose strategy Y and the worst that could 
happen is to get a 2 (and it could turn out better for player 2, if player 1 mistakenly chose B.) The situation 
is that an optimal strategy for each will be mixed strategies because, the worst that could happen to each is 
not the same value… that is to say, based on the maximin and minimax strategies of each, each knows the 
worst that could happen assuming the other plays their best.  Each player will try to do better than that by 
mixing strategies on repeated plays of the game. 
 
Assign probabilities for repeated play for each strategy. 
 

Table No.5 

                                   Player 2 

 
 
 
 
 
 
 

 

First, let’s determine P2’s optimal mixed strategy.To do this, we will consider the payoffs that P1 would 
receive with pure strategies corresponding to P2’s mixed strategy. 
 
EA= -3p + 2(1-p) = -3p+2-2p = -5p+2   (1) 
 
EB = 4p + -1(1-p) = 4p -1+p = 5p-1   (2) 
 
Find intersection by solving equations, Eq(1) and eq(2) 
 
5p-1 = -5p+2 
10p = 3 
p=3/10  then plug p = 3/10 into either function to get payoff of ½  

   p 1-p 

   X Y 

Player 1 q A -3 2 

 1-q B 4 -1 



IJRIT International Journal of Research in Information Technology, Volume 2, Issue 4, April 2014, Pg: 856- 863 
 

Ms. Shital S.Wagh, IJRIT  861 
 

Graphing the Payoff Functions

1
p

EB = 5p - 1

EA = -5p + 2 

expected
value

1

4

-1

-3

Intersection at (3/10, 1/2)

 
Graph 1: determine P2’s optimal mixed strategy 

 
Now, for player 1,we assume pure strategies for player 2 and find q and 1-q which represent the optimal 
mixed strategy for player 1. 
 
EX= -3q + 4(1-q) = -3q + 4 – 4q = -7q + 4   (3) 
 
EY = 2q -1(1-q) = 2q – 1 + q = 3q – 1   (4) 
 
Find intersection by solving Eq.(3) and Eq.(4)  
 
-7q + 4 = 3q -1 
10q = 5 
q = 1/2 
 

Graphing the Payoff Functions

1
q

EY = 3q -1

EX = -7q + 4 

expected
value

1

4

-1

-3

Intersection at (1/2, 1/2)
.

 
Graph 2: determine P1’s optimal mixed strategy 
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The goal for player 1 is to maximize his own payoff.  Because it is a zero sum game, that’s the same as 
minimizing the other player’s payoff. For example, if player 1 chose a value of q = 1 which corresponds to 
playing strategy A, then the best strategy for player 2 is to pick strategy X. 
Player 1 finds that q=1/2 is optimal because player 2 can not get a lower payoff at this point. The 
conclusion is that an optimal mixed strategy for player 1 is play strategy A with probability 1/2 and strategy 
B with probability 1/2.   
 
We were seeking an optimal strategy for each player in this 2-player zero-sum game. 
The answer is that the optimal strategies for each player lie in mixed strategies. 
We’ve found that the optimal strategy for player 2 is play strategy X with probability 3/10 and therefore 
play strategy Y with probability 7/10. 
And we found that the optimal strategy for player 1 is to play strategy A with probability 1/2 and strategy B 
with probability 1/2. 
We’ve also found that the value of the same is 1/2.  Note that the value of the game is the payoff to the row 
player (and thus negating the value of the game is the payoff to the column player).  Also note that the 
value of the game is always the second coordinate in both calculations of an intersection point for the 
payoff functions. 
 
Here is a succinct way to write the final answer. 
Optimal strategies: 
Player 2:  (3/10, 7/10) 
Player 1:  (1/2, 1/2) 
Value of the game:  1/2 
 
In writing it this way, it is understood that the first coordinate is the probability for playing the first strategy 
and the second coordinate is the probability for playing the other strategy when reading the strategies from 
the given table in the natural order – from left to right and top to bottom. 
Graphical representation of the games may be viewed as a Tournament game played on a directed network. 
In this setting, there are two kinds of nodes: terminating and continuing. Terminating nodes lead to no other 
node, and player I receives the payoff associated with his/her own arcs. Continuing nodes lead to at least 
one additional node. The two players simultaneously choose one node each. For the numerical example, the 
corresponding graph is given in the figure below. In this directed network the edge goes from vertex u to 
vertex w, and if one player chooses w while the other chooses u, the player who selects w, which is at the 
head of arc connecting the two nodes, receives payoff tuw. Graphical method is ideal only when you can 
find exactly two variables. When number of variables are usually three constructing the 3D graph is very 
hard to interpret. 
 

4. Linear Programming and Zero-Sum Game Theory 

Linear programming is a technique for the optimization of a linear objective function, subject to linear 
equality and linear inequality constraints. The Minimax Theorem is a simple consequence of the Duality 
Theorem of Linear Programming. Seeing the relationship allows you to use Linear Programming 
techniques to solve zero-sum games. You should not be surprised to find that there is a relationship. Aside 
from the cynical reasons, there is obviously something linear going on in the problems that define security 
level. Furthermore, the maxmin objective (pUq looks a lot like the yAx object that appeared in our 
discussions of duality and complementary slackness). 
 
Consider the following pair of LPs: 
 
Max w subject to pU - we ≥ 0; p. e =1; p≥ 0  
 
Min v subject to pU - ve ≤ 0; q .e =1; q ≥ 0 
 
In these problems, e is a vector of ones (be careful, sometimes e has n ones, sometimes m ones, depending 
on context. To test your understanding,figure out which is which). In the first problem, the variables are w 
(a real number) and p (an n-dimensional vector). The first constraint says that each component of pU (there 
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are m of them) should be greater than or equal to w. The second and third constraints state that p should be 
a probability distribution for the Row player(a mixed strategy). Suppose that the Row player uses the mixed 
strategy p. If the column player could observe this choice, then she could compute her payoff  for any 
strategy. pU is an m vector ,the jth component of which gives the expected payoff to Row if Row plays p 
and Column picks her jth pure strategy (Column gets 1 times this). Hence if pU -we ≥ 0, then Row gets at 
least w (no matter what Column does) when he uses p. It follows that the solution (p*,w*) to the first LP 
above gives Row's security level (w*) and a strategy that attains the security level(p*). Similarly, the 
second problem gives Column's security level. Careful: The second problem does describe how to find 
Column's security level ,but the value of the problem actually gives the payoff to the Row player. That is, if 
(q*,v*) is the solution to the second problem, then the security level of the column player is -v*. 

5. Conclusion 

This paper discusses various games and their optimization techniques with examples. While optimizing 
Two person zero-sum game conclusion  can be drawn  that ‘Every finite two-person zero-sum game has at 
least one Nash equilibrium in mixed strategies.’ Graphical methods are applicable to only games where at 
least one of the players has only two strategies. This hinders the use of graphical methods in applications 
and real life problems since hardly any game involves players with limited strategy. On the other hand 
every game can be represented as a Linear Program and hence can be optimized as a linear programming 
problem of maximization or minimization. The presence of the dual of a Linear Programming Problem 
facilitates the use of linear programming since using one objective function and solving for it the objective 
of the other player can also be found. Graphical method is quicker and easier than other methods. 
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