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Abstract 

In this paper, we define a new concept which we refer to as core nodes in the context of social networks.We present an 
approximate algorithm to determine core nodes based on the well-known game-theoretic concept of Shapley value. We conduct 
thorough experimentation on certain well-known real-life social network data sets to show the efficacy of this proposed new 
concept.  
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1. Introduction 

Social networks are prevalent in real world applications. They manifest in several forms such as online 
social networks (e.g., Face book or Flickr), collaboration networks, email networks, trading networks, and R & D 
networks [Easley and leinberg2010], [Brandes and Erlebach2005]. Social networks are social structures made up of 
individuals (or autonomous entities) and connections among these individuals. In the literature, such networks are 
conveniently represented using graphs, where nodes represent entities in the networks and edges represent the 
connections among these entities. A significant amount of work on social network analysis in the literature is 
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devoted to understanding the role played by nodes/edges, with respect either to their structural placement in the 
network or to their behavioral influence over others in the network. To this end, it is important to rank nodes/edges 
in a given network based either on their positional power or on their behavioral influence. There exist several well 
known ranking mechanisms in the literature, ranging from centrality measures from social sciences such as degree 
centrality, closeness centrality, clustering coefficient, and betweenness centrality [Easley and Kleinberg2010], 
[Brandes and Erlebach2005] to Google PageRank [Brin and Page1998]. 

 

However, the existing centrality measures in the literature are often inadequate to satisfactorily serve the 
needs of emerging real life applications. Let us consider the following problem scenario which is the primary focus 
of this paper. Given an integer k, we want to determine a set of top k nodes that can disconnect the given network 
such that the cardinalities of the resulting connected components are as close as possible. Such scenarios are more 
natural for virus contamination type of applications. 

For instance, given a stylized graph of a social network as shown in Figure 1, if k = 2, then choosing node 4 
and node 9 is the best solution as the resulting components have cardinalities 4, 3, and 4 respectively. On the other 
hand, we can also rank nodes in this network using any wellknown centrality metric and take the top 2 nodes to 
address the problem. Table 1 lists the top 2 nodes using degree, closeness, betweenness, clustering coefficient (CC), 
eigen-vector, and PageRank centrality measures. Strikingly, none of these well-known centrality measures pick node 
4 and node 9 as the solution for the problem. In this paper, we refer to such nodes (such as node 4 and node 9 in 
Figure 1) as core nodes. We believe that this new notion of core nodes is important to study for several reasons and 
some of them are as follows: (i) In a computer network, which nodes to choose to install antivirus software for virus 
contamination? (ii) Assume that some misinformation is spreading in a social network. How to limit the spread of 
misinformation on social networks? (iii) A co-authorship network models the collaborations among the researchers 
[Yang and Leskovec2012]. In this network, each node represents a researcher and there exists an edge between two 
researchers in the network if they co-authored at least one research article. In such networks, nodes with high core 
node scores represent researchers who conduct inter-disciplinary research or possibly also researchers who conduct 
research in diversified areas of certain field. 
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1.1 Our Contributions 

In this paper, we formally model the notion of core nodes. The main contributions of this paper are: 

• We propose an appropriate cooperative game that formally models the notion of core nodes. 

• We propose to work with the Shapley value of the proposed cooperative game. And, as we show, the nodes with 
high Shapley values are the nodes with high ability of being core nodes. 

• We present efficient algorithms to approximate the Shapley values of the nodes. 

• We finally conduct thorough experimentation on certain well-known real-life social network data sets to show the 
efficacy of the proposed concept. 

1.2 Related work 

    The fundamental notion of centrality in networks [Friedkin1991] determines the relative importance of nodes in 
the network, for instance how influential an individual is within a social network. Several classical measures of 
centrality in networks have been proposed in the literature [Brandes and Thomas2005] such as degree centrality, 
closeness centrality, and betweenness centrality. Further, game theoretic approaches have been employed either to 
offer new centrality measures or to enrich the existing well-known centrality measures to complement the literature 
on the theory of centrality in networks [Grofman and Owen1982], [Van den Brink and Gilles2000],  

    [Van den Brink2002], [Van den Brink et al.2007], [Gomez et al.2003a], [Szczepanski et al.2012]. For instance, 
Grofman and Owen [Grofman and Owen1982] were the first to present a game theoretic centrality measure to offer 
a new definition of degree centrality. Szczepanski et al. [Szczepanski et al.2012] proposed the Shapley-value-based 
between’s centrality measure to enrich the classical betweenness centrality [Brandes and Thomas2005]. Brink et al. 
[Van den Brink et al.2007] presented a Shapley value-based approach to define a new network centrality metric, 
namely _-measure. Gomez et al. [G´omez et al.2003b] proposed a new Shapley value-based network centrality 
measure for the class of graph-restricted games [Myerson1077] (where each feasible coalition is induced by a 
subgraph of the given graph).  

    Game theoretic approaches have also been used to work with central (or influential) nodes in the network in order 
to solve certain important problems associated with social network analytics. For instance, Hendrickx et al. 
[Hendrickx et al.2009] proposed a Shapley value-based approach to identify key nodes to optimally allocate 
resources over the network. Alon et al. [Alon et al.2011] proposed a game theoretic approach to determine k most 
popular or trusted users in the context of directed social networks. Ramasuri and Narahari [Ramasuri and 
Narahari2008] proposed a Shapley value-based approach to measure the influential capabilities of individual nodes 
in the context of viral marketing and then presented Monte Carlo simulation based heuristic to determine top k 
influential nodes for effective viral marketing over social networks. For scenarios where teams of individuals come 
together to accomplish atomic tasks, Papa petrou et al. [Papapetrou et al.2011] presented a Shapley value based 
algorithm to attribute the teamwise scores to the individuals with application to the citation networks.   

2. Preliminary Definitions And Notation 

     Let G = (N,E) be a directed and unweighted graph that models the given social network where N is the set of 
nodes corresponding to the individuals in the social network and E is the set of edges that captures the connections 
between the individuals in the social network. A path in G is an alternating sequence of nodes and edges, beginning 
at a node and ending at another node, and which does not visit any node more than once. Consider a graph H = 
(A,B) where A is the set of nodes and B is the set of edges between nodes in A. We call that H is a subgraph of G if 
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A N and B E. Note that a connected component in G is a subgraph in which any two vertices are connected to 

each other by paths. Consider any subset S N. Let 

G(N \S,E(N \S)) be the graph that is obtained by removing all nodes in S and all the edges incident to the nodes in S 

from G. Also let  (S) be the set of connected components in G(N \ S,E(N \ S)). 

    Let us now formalize the notions of a coalitional game and the Shapley value. To this end, we denote by A = {a1, 
. . . , a|A|} the set of players of a coalitional game. A characteristic function assigns to every coalition C 

A a real number representing payoff attainable by this coalition. By convention, it is assumed that v() = 0. A 
characteristic function game is then a tuple (A, v). 

    It is usually assumed that the grand coalition, i.e., the coalition of all the agents in the game, forms. Given this, 
one of the fundamental questions of coalitional game theory is how to distribute the payoff of the grand coalition 
among the players. Among many different answers, Shapley [Shapley1953] proposed to evaluate the role of each 
player in the game by considering his marginal contributions to all coalitions this player could possibly belong to. A 
certain weighted sum of such marginal contributions constitutes a player’s payoff from the coalition game and is 
called the Shapley value. Importantly, Shapley proved that his payoff division scheme is the only one that meets, at 
the same time, the following four desirable criteria: 

(i) Efficiency — all the payoff of the grand coalition is distributed among players; 

(ii) Symmetry — if two agents play the same role in any coalition they belong to (i.e. they are symmetric) then their 
payoff should also be symmetric; 

(iii) Null player — agents with no marginal contributions to any coalitions whatsoever should receive no payoff 
from the grand coalition; and 

(iv) Additively — values of two uncorrelated games sum up to the value computed for the sum of both games. 

Formally, let  denote a permutation of agents in A, and let  denote the coalition made 

of all predecessors of agent ai in (if we denote by  the location of aj in  then:  

  Then the Shapley value is defined as follows [Shapley1953]: 

 

i.e., the payoff assigned to ai in a coalitional game is the average marginal contribution of ai to coalition  

over all  It is easy to show that the above formula can be rewritten as: 

 

    In our context, we will define a coalitional game over a network G. In this game the players will be nodes in the 
network, i.e.,  A = V (G) and a characteristic function v will depend in a certain way on G. Thus the coalitional 
game will be formally tuple 
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3. The Proposed Game Theoretic Model  

    In this section, we present the coalitional game that is the key to the notion of core nodes. Note that the nodes in N 
is the set of players in the coalitional game. We define three different versions of the characteristic function as 
follows. The intuition for 

this version of the coalitional game is as follows. Recall that, for a given integer k, we want to determine a set of top 
k nodes that can disconnect the given network such that the cardinalities of the resulting connected components are 
as close as possible. One way to capture this phenomenon is to select those k nodes that minimize the sum of 
squares of the cardinalities of the components in the resulting network. Motivated by this, we define the 

characteristic function v1(.) as follows:  

 

Where  = {1, 2, . . . , t} is the set of indices for the t connected components in G(N \S,E(N \S)). We now 
consider the following example to illustrate the two different versions of the characteristic functions defined above. 

Example 1. Let N = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and consider the graph G as shown in Figure 2. Let S = {3, 4}. By 
removing the nodes and the edges incident to the nodes in S from G, we get 4 connected components as shown in 
Figure 2(ii). That 

is  = {C1,C2,C3,C4} where C1 = {1, 2}, C2 = {5, 6}, C3 = {7, 8, 9}, and C4 = {10}. 

 

Note that |C1| = 2, |C2| = 2, |C3| = 3, and |C4| = 1. The three different versions of the characteristic function are as 
follows: 
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3. Approximate Algorithm To Compute Core Nodes  

    Since computing the Shapley values of the nodes exactly is a hard problem computationally, we compute Shapley 
values of the nodes approximately using a sampling based approach that works in polynomial time. We do this by 

using a randomly sampled set, call it  of permutations where the cardinality of  is a polynomial in n. 

 so that t = O(n). Using this sampled set  we compute the Shapley values of the nodes approximately 
(Algorithm 1). In this algorithm: 

•  represents the set of nodes that occur before node i in the permutation  

• MC[i] represents the marginal contribution of node i, and 

     • represents Shapley value of a node i. 

    We sort the nodes in non-increasing order of their Shapely values and construct a rank list and the subroutine 
presented in Algorithm 1 constructs this rank list of the nodes. The implementation details of Algorithm 1 are as 
follows. We randomly generate t permutations of the nodes in the network. Let  be a permutation from the set of t 
randomly generated permutations. 

Assume that  represents the i-th node in the permutation . Now following the order of the nodes as dictated by
, we compute the marginal contribution of each node that represents being the core node. 

 

In the network. First we remove the node  (1) to determine the value of the characteristic function. Next 
we consider to remove node  (2) from the network and if it is already isolated node, then the contribution of  
(2) is 0. Otherwise, we remove  (2) to determine the value of the characteristic function. Likewise, we continue 
up to  (n). Furthermore, we repeat all the above steps for each permutation in the set of sampled permutations and 
we determine the average contribution of each node towards the spread of information. Finally, we sort the nodes in 
non-increasing order of their contribution values to construct the rank list of nodes. 



T.Padma Priya, IJRIT  307 

 

4. Experimental Results  

    In this section, we conduct experiments with real life network data sets in order to show the efficacy of the 
proposed algorithm. We first consider a well known friendship network in the literature. This network represents the 
friendships between 34 members of Zachary karate club [Girvan and Newman2002] in the US over a period of 2 
years. It has emerged as a standard test network for social network analysis in the literature. Figure 3 shows the 
karate club network along with its three communities (nodes that belong to different communities are shown with 
different shapes). We ran the proposed algorithm to determine the top 10 core nodes in this karate club network. 
Using first version of the characteristic function, the top 10 nodes are as follows: 34, 1, 33, 3, 2, 32, 4, 24, 9, 14. 
Using second version of the characteristic function, the top 10 nodes are as follows: 1, 34, 33, 3, 2, 32, 4, 24, 9, 7. 
From the visualization of karate network as shown in Figure 3, we can see that the suggested algorithm actually 
returns certain key nodes as the top 10 core nodes. 

 

6.1 Application to Co-authorship Networks 

    The DBLP computer science bibliography provides a comprehensive list of research papers that appeared in 
computer science community. From this information, we can construct a co-authorship network where each node 
represents an author and we keep an edge between a pair of nodes if the corresponding authors published together in 
at least one article. In particular, we constructed a coauthorship network of DBLP data set that consists of research 
papers that appeared in the areas of theoretical computer science (TCS) and databases. For TCS, we considered all 
the research articles that appeared in FOCS, STOC, and SODA conferences; and for databases, we considered all 
articles that appeared in SIGMOD, VLDB, ICDE and ICDT conferences. The number of authors in this network is 
15273; out of these, 4390 authors belong to TCS and 11319 authors belong to databases. 

    We then ranked all the authors based the Shapley values computed using the proposed algorithm and Table 2 
shows the list of Top 30 authors (i.e. with high core node values). We also manually verified the authors in this list 
and observed that this list includes several prolific authors both from TCS and database communities who co-
authored with a diverse set of other authors. 
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7. Conclusion 

    In this paper, we introduced a new notion of key nodes in social networks and we referred to this as core nodes. 
We proposed an game theoretic based approximate algorithm to compute Shapley value of this game in order to 
rank the nodes based on being as core nodes. 
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